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DEPTH OF PENETRATION AND CHARACTER OF DISTRIBUTION OF ATOMS INJECTED 


INTO Si*° ISOTOPE TARGETS 
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Physico-technical Institute, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor October 5, 1957; resubmitted September 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 3-9 (January, 1959) 


We investigated the depth of penetration and distribution of silicon atoms injected in tantalum 
and copper backings. The targets, which were prepared in an electromagnetic separator by 
directly depositing the si*? isotope on the backing, were bombarded with protons accelerated 
in an electrostatic generator. The shape of the resonance yield of gamma rays from a single 
gamma resonance in the Si®? ( ey) P*! reaction was observed in four targets and compared 
with the theoretical density distribution of the injected atoms. The penetration depth and na- 
ture of the distribution of the Si®” atoms injected in the tantalum backing are in satisfactory 


agreement with the theory. 
INTRODUCTION 


Tae use of isotope targets in nuclear research is 
on the increase. The most effective among the vari- 
ous methods of preparing thin isotope targets is to 
force ions, accelerated in an electromagnetic sep- 
arator to an energy of several tens of kev, to pene- 
trate into a metal backing. 

The essential characteristic of an isotope target 
prepared by the penetration method is the depth of 
penetration of the injected atoms and their distri- 
bution in the backing material. An investigation of 
the depth of penetration and of the character of dis- 
tribution of the target atoms in the backing is of 
considerable interest both from the point of view of 
determining the optimum conditions under which 
isotope targets can be prepared in an electromag- 
netic separator, and from the point of view of the 
subsequent use of these targets in nuclear research. 
Furthermore, data obtained from these investiga- 
tions can be of great importance in the formulation 
and verification of a theory of interaction between 
ions with energies of several kev and the backing 


substance, and also in the understanding of the phe- 
nomenon of cathode spattering. A theoretical ex- 
amination of these problems is found in the papers 
by Bohr! and Nielson.? 

Experimental data on the depth of penetration 
of injected atoms can be obtained from experiments 
on scattering of protons and alpha particles,° from 
resonant capture of protons,” and with the aid of 
tracer atoms.‘ One of the most convenient methods 
of investigating isotopic targets is the study of reso- 
nant capture of protons, for it yields directly the 
distribution density of the ions that penetrate into 
the backing. 

The purpose of this study was an investigation 
of the depth of penetration of Si®’ ions injected in 
copper and tantalum backings as a function of the 
backing material and ion energy. We also investi- 
gated the character of the distribution of the Si*? 
atoms injected into a surface layer of the backing. 
The depth of penetration and the character of the 
distribution were investigated on the basis of ex- 
perimental data obtained in a study of the 
$i%? (io yecys) P*! reaction. For the investigation of 
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TABLE I 


Amount of 
silicon in- 
jected, ug 


Time of ex- 
posure in beam, 
min 


Ion energy 
Ej, kev 


Backing 
material 


Number of 
target 


it ia 25 30 20 
2 Cu 25 90 50 
S Cu 28 9 5 
4 Cu 9 5 


this reaction we used Si*” targets prepared as 
described in the following section. All the inves- 
tigations were made at the same gamma resonance 
of the Si®°(p, y) P*! reaction at a proton energy of 
940 kev, to permit ready comparison of the experi- 
mental data with each other and with experiment. 


PREPARATION OF SILICON ISOTOPE TARGETS 


The silicon targets were prepared in an electro- 
magnetic separator by directly depositing the ions 
on metallic backings.® The ion source used for such 
a purpose is described in reference 6. The back- 
ings used were copper and tantalum disks 14 mm in 
diameter and 0.2 to 0.6 mm thick. The ion current 
into the target was 30 wa during the process. We 
prepared four si% targets. The conditions under 
which these targets have been prepared are listed 
in Table I. 

The amount of Si®? injected into the backing, 
listed in the last column of Table I, is based on the 
measured target current. The total quantity of 
_ electricity flowing into the target during the time 
of the experiment was measured with a Coulomb 
meter. The actual concentration of the silicon atoms 
injected into the backing was determined by calori- 
metric analysis of several isotopic targets, pre- 
pared under analogous conditions. Experience has 
shown that at a given ion energy the fraction of 
trapped silicon atoms depends on the current den- 
sity in the target. When the current density is in- 
creased to a fixed value that depends on the ion- 
metal combination, the number of penetrating atoms 
decreases. This decrease is due to an increase in 
the spattering coefficient of the backing material 
with increasing intensity of the bombarding ions. 
Thus, as the current density is increased from 20 
to 200 pa/em?, the coefficient of spattering of cop- 
per by 25-kev silicon ions increases by one order 
of magnitude (from 0.3 to ~ 3 atoms per ion’). 

At a target current density of ~ 20 ya/em?, main- 
tained during the experiments, the actual concen- 
tration of the Si®? ions amounted to 85 or 90 per- 
cent of the value estimated from the target-current 
measurement. 
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FIG. 1. Experimental 
setup and arrangement of 
apparatus: 1) FEU-19, 

2) Ps-64, 3) beam-current 
integrator, 4) amplifier, 
5) target. 


PROCEDURE 


The investigation of the depth of penetration and 
the character of distribution of Si?’ atoms in a sur- 
face layer of the target backing consisted of meas- 
uring the resonance gamma yield at a proton energy 
Ep = 940 kev in the Si29(p, y) P*! reaction, and a 
determination of the width of the resonance peak 
and of its shape. Si*? isotope targets with the char- 
acteristics listed in Table I were used in these 
measurements. The gamma-ray resonance peak 
was measured with the precision electrostatic gen- 
erator of the Physico-technical Institute of the 
Academy of Sciences of the Ukrainian S.S.R.2 The 
accelerating voltage of the generator was stabilized 
with an accuracy of +0.05%, and the energy of the 
bombarding protons was measured with an electro- 
static analyzer® having an energy resolution AE/E 
Se", 

The gamma-ray yield was measured with an 
NalI(T1) crystal and an FEU-19 photomultiplier, 
amplifier, and PS-64 scaler. The current into the 
target was measured with a current integrator. The 
arrangement of the apparatus is shown in Fig. 1. 

The number of gamma quanta, Ny, registered 
by the detector, was referred to the number of 
counts Nj; of the current integrator, correspond- 
ing to the charge of the protons incident on the tar- 
get. The relative gamma yield from extraneous 
radiation sources and from the backing material 
was plotted as a function of the energy of the pro- 
tons incident on the target. The total gamma back- 
ground amounted to not more than 10% of the main 
effect measured with the gamma-ray detector. The 
statistical errors in the measurement of the rela- 
tive gamma yield did not exceed 3%. With this, 
equally good reproducibility was obtained for the 
shape of the resonance curve both in repeated 
measurements with the same target, and in re- 
peated measurements on different targets prepared 
in the electromagnetic separator under analogous 
conditions. 

The width of the resonant peak at half maximum, 
T'exp, which characterizes the depth of penetration 
of the Si*® ions into the backing material, was de- 
termined from the resonance-peak curve in kev. If 
the stopping powers for protons of given energy in - 
the target and backing material are known, and if 
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4kev 


SS! ——— =5 
IIS I40 GAS 950 GSS 


4 ats 4 = 
IIS G40 GAS G50 G55 
Ep, Kev 


FIG. 2. Relative yield of gamma radiation from the Si*°(p, y) 
P** reaction; resonance at Ep, = 940 kev, a) target No. 1 — Si® 
on tantalum backing; b) target No. 2 — Si®*® on copper backing. 
Ion energy Ej; = 25 kev. 


the concentrations of the isotope atoms injected 
into the backing are also known, it is possible to 
determine from the width of the resonance peak 
(in kev) the depth of penetration of the ions of 
the target isotope in yg/cm?. 

Since the width of the resonance peak is deter- 
mined by three independent quantities — the thick- 
ness I; of the isotope target, the energy inhomo- 
geneity I; of the protons incident on the target, 
and the natural resonance width Ty, the experi- 
mentally determined with Pexp satisfies the 
relation 


Ei em Wer ee (1) 


The last two terms in (1) give the width of the 
gamma resonance for a thick target 


n= y iSieticg Gees (2) 


The width of the gamma resonance on a thick 
target was determined in a separate measurement, 
where a thick target of a natural mixture of silicon 
isotopes was used. 


TABLE II 


Target No. 


RwWND 


May [My 
Aa\e 


of oe 
plete peat 2 Base ati 
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£ Kev 


FIG. 3. Relative gamma yield in the Si*® (p, y) reaction. 
1) Target No. 3 — Si*® isotope on copper backing, ion energy 
Ej = 28 kev; 2) target No. 4 — Si*® on copper backing, ion en- 
ergy E; = 10 kev. 


Inserting (2) in (1) we get 
De", dieun ales (3) 
It is obvious that if 
len) Deze 3d (4) 


the curve of the gamma-ray yield will reproduce 
with sufficient accuracy the density distribution of 
the target atoms injected into the backing. 


MEASUREMENT RESULTS AND DISCUSSION 


Figures 2 and 3 show the results of the meas- 
urements of the relative gamma yield Ny V Nias 
a function of the energy Ep of the bombarding 
protons. The resonant peaks for four Si*®? targets 
indicate the experimental widths Texp, expressed 
in kev. The value of Iy4,, measured on a thick 
silicon target (natural isotope mixture) for reso- 
nance in the Si*(p, y) P*! reaction at Ep= 940 kev, 
was found to be 2 kev. Condition (4) is thus quite 
well satisfied for all the investigated targets. The 
gamma-yield curves represent quite well the den- 
sity distribution of the Si®° atoms injected into 
tantalum and copper backings. 

Table II lists the widths of the targets, in kev, 
determined from the experimental values, Ty, and 
Dexp- 

A theoretical analysis of the interaction between 
ions of energy less than 50 kev and the material of 
the backing is given in the paper by Nielson? for 
two limiting cases: A; «K A, and A, > Ay, where 
A, and A, are the mass numbers of the ions and 
atoms of the backing material. In the case of in- 
terest tous A, << A,, when the ion transfers on 
the average in a single collision only a small frac- 
tion of its energy, the analysis is quite analogous 
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to that of diffusion of thermal neutrons. The den- 
sity distribution of the penetrating ions is in this 
case 


qt) ey, (5) 


where x is measured from the surface of the 
backing and 7 is a certain parameter.” 

A natural quantity by which to specify the depth 
of penetration is the distance x in which the den- 
sity diminishes by one half. Under this condition 
we obtain from (5) 


p= nV cine. (6) 
Nielson? has shown that 


(ee + ze yr A2E. 


2122 


0.83 


ali = ly 
£6 (Le cosig)} 2 


‘ ug/em?, (7) 


where z, and Zz») are the charges of the ion and 
of the backing atoms, while £ and cos g are 
quantities familiar from neutron-diffusion theory.° 

As applicable to our own measurements, a sat- 
isfactory agreement with (7) is expected for the 
Si*°-Ta combination, for here A,/A, ~ 6. To com- 
pare the experimentally-determined width Tt = 
3.46 kev (Table II) with the depth of penetration 
determined from (7), it is necessary to convert 
the former into wg/cm? units of the backing mate- 
rial. For this we must know the stopping power of 
the material through which the protons pass. It is 
necessary to recognize here that a considerable 
contribution to the stopping power Sp is made by 
the silicon ions injected into the tantalum base. 
This contribution depends in turn on the thickness 
of the layer in which the given amount of silicon 
has been injected. We thus obtain a system of 
equations for the thickness of the Si*® layer: 

I, [ kev]/S, [kev - cm?/mg] =, [mg/cm?] 3 (8) 
S,= St? + S3'8[mg/em?’] /T, [mg/cm?] . 


Here 6 is the amount of the Si®’ isotope 
(mg/cm*) in a layer I; (mg/em?), obtained by 
multiplying the silicon actually injected into the 
backing by a factor ¥/,, since, according to (5), a 
thickness t=2V7I1n2 _ contains approximately 
y, of all the atoms injected into the backing. Put- 
ting in (8) sia = 60 kev-em?/mg and spi = 180 
kev-cm?/mg, we get Ty = 30 ug/em?, which is in 
good agreement with the width Inveor = 31 ug/cm?, 
computed with the aid of Eq. (7). 

Since the experimental and theoretical values 
of the depth of penetration of silicon atoms into 
tantalum are in good agreement, and the formula 
for the resonance peak represents accurately the 
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FIG. 4. Depth distribution of Si*® ions in a tantalum back- 
ing. Solid line — theoretical distribution. The experimental 


points for target No. 1 are joined by dotted lines. 


distribution of the atoms injected into the backing, 
it becomes interesting to compare the theoretical 
distribution of the density of the injected atoms 
with the experimentally-observed shape of the 
resonance peak. 

Figure 4 shows a curve, calculated with the aid 
of Eq. (5), together with the experimental curve ob- 
tained with target No.1. The curves are made to 
coincide at point A, where the density of the pene- 
trated particles and the intensity of the gamma-ray 
yield decrease by one-half. Such an alignment of 
the curves determines their overall scale. The co- 
ordinates of the remaining points on the theoretical 
and experimental curves were recalculated to fit 
the scale so selected. We see that the experimental 
curve follows Eq. (5) rather closely. The portion 
of the experimental curve to the left of zero is ap- 
parently due to the “tail” of the Breit-Wigner curve, 
broadened by the energy inhomogeneity of the pro- 
ton beam. 

A simple calculation shows that in this case, a 
layer of thickness [; =2V7T In 2 , contains approx- 
imately two silicon atoms for each tantalum atom. 
Such a concentration ratio may correspond to the 
formation of an intermetallic compound TaSi,. One 
might assume that so large an impurity of silicon 
atoms would also affect the character of diffusion 
of the silicon ions, causing a deviation from the law 
given by Eq. (5). However, one must take it into 
account that, firstly, the Si?9-si2? and $j30-Tq!8 
collision cross sections are related as the nuclear 
charges, i.e., the ratio of their cross sections is 
14:73 =0.19. Secondly, the 2:1 concentration 
ratio is attained only at the conclusion of the ion 
injection. Thirdly, one must consider that scatter- 
ing at large angles (~ 180°) in the c.m. system 
cannot influence the diffusion of identical particles. 
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All these circumstances, apparently, make for only 
a slight effect of Si%?-si%? scattering on the course 
of the diffusion process. 

We must not expect satisfactory agreement with 
(7) in the case of the Si®’-Cu combination, which 
was derived by Nielson for A, «Ag, for in this 
case A,/A,; © 2. Actually, our experimental values 
of the depth of penetration of silicon ions into cop- 
per (see column 4, Table II) do not agree with the 
values calculated with Eq. (7). It is interesting 
that for all three copper-backing targets the depth 
of penetration of the silicon ions is 3 or 4 times 
greater than the theoretical value. 

In Fig. 3 the maxima of the resonance peaks of 
targets 3 and 4 are displaced, owing to the differ- 
ent energies of the silicon ions (see Table I, data 
for Ej). This effect is expected both from the 
theory of N. Bohr and from Eq. (7). 

It would be interesting to verify experimentally 
the correctness of Eq. (7) for several other ion and 
metal combination, and to investigate the other lim- 
iting case, when A;,> Ag. 

A very interesting fact is that isotope targets 
prepared by penetration in an electromagnetic sep- 
arator were more stable in a proton beam than tar- 
gets obtained by condensation of previously sepa- 
rated Si®? evaporated in vacuo. 


CONCLUSIONS 


1. The depth of penetration of Si®? ions into tan- 
talum, at an ion energy of 25 kev, was found experi- 
mentally to be 30 yg/ em’, a value in good agreement 
with theory. 

2. The character of distribution of the silicon 
stoms penetrating in a tantalum backing is analogous 
to the distribution derivable from the theory of the 
diffusion of thermal neutrons. 

3. A layer 30 ug/em? thick contains on the aver- 


age two silicon atoms for each tantalum atom; this 
indicates a considerable deformation of the tantalum 
lattice. It is probable that the penetration results 
in the formation of the intermetallic compound TaSig. 

4, The experimental values of the depth of pene- 
tration of silicon ions into copper are 3 to 4 times 
greater than those computed by the Nielson formula, 
but smaller than those obtained from the theory of 
N. Bohr. 

The authors are grateful to K. D. Sinel’nikov 
and A. K. Val’ter for continuous interest in the work 
and for valuable discussion, to Yu. P. Antuf’ev, V. 
Yu. Gonchar, A. N. L’vov, P. M. Tutakin, and E. G. 
Kopanets, who participated in the measurements 
with the electrostatic generator, and also to A. A. 
Tsygikalo and his associates, who ensured precise 
operation of the electrostatic generator during the 
time of these measurements. 
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Cascade curves for 101, 224, and 407 Mev positrons in lead and copper were measured. The 
curves are in agreement with shower curves computed by the Monte Carlo method. Functions 
approximating the cascade curves were determined. 


INTRODUCTION 


Ge passage of fast electrons through matter is 
accompanied by the production of electron-photon 
showers. Although this fact has been known for a 
long time,! no theory has so far been developed 
which could adequately describe the development 
of showers produced by electrons with energy Ee 
comparable with the critical energy « (7 Mev in 
lead). The cascade theory’ existing presently is 
correct for large energies, of a few orders of mag- 
nitude greater than the critical. Difficulties arise, 
however, even in the description of showers in 
heavy substances, since the cross section for pair 
production is then dependent on the energy, and be- 
cause of the scattering of shower particles. The 
asymptotic formula for cross sections which is 
used in the cascade theory becomes incorrect with 
decreasing energy, which invalidates the results 

of the theory for Ee < 1 Bev, i.e., exactly in that 
energy range which has now become accessible to 
experimental investigation thanks to powerful par- 
ticle accelerators. This gap has recently been 
filled by the work of Belen’kii and Ivanenko,’? who 
calculated the cascade curves and the spectrum of 
shower particles using the moment method. How- 
ever, the experimental data which would enable us 
to test the accuracy of these calculations (espe- 
cially the most interesting ones concerning the 
spectrum ) is still lacking. In connection with the 
above, the study of showers at Ee < 1 Bev is at 
present of considerable interest. Data concerning 
the cascade curves,* fluctuations, etc., in the above 
energy range have also an application which has in- 
creased in importance in recent years owing to the 
construction of spectrometers based on the detec- 


*The cascade curves describe the number of electrons and 
positrons N(E,, E, T) with energy greater than E, contained 
in the shower at the depth t below the shower initiation point 
as a function of t. E, is the energy of the primary particle. 


tion of Cerenkov light pulses’ associated with show- 
ers. In these spectrometers the magnitude of the 
light pulse is proportional to the area under the 
cascade curves N(Eg, €, t) =n(t). The depend- 
ence of n(t) onthe electron energy Ee in the 

50 to 500 Mev range was calculated by Wilson,° 
using the Monte-Carlo method. The purpose of the 
present work is to determine experimentally the 
cascade curves n(t) in the above range, and to 
compare them with the calculations of Wilson. 


2. EXPERIMENTAL METHOD 


The experiments were carried out with a beam 
of monoenergetic positrons. A collimated beam of 
high energy photons (produced by 7° -meson decay ) 
from the phasotron chamber at the Joint Institute 
for Nuclear Research, was directed towards a lead 
target (1 mm thick) placed before the magnet (see 
Fig. 1). The positrons produced in the target were 
deflected in the magnetic field by an angle of 20° 
and then collimated by a counter telescope (a) and 
a lead diaphragm 5 cm in diameter. The energy of 
the positrons could be varied from 50 to 500 Mev 
by varying the intensity of the magnetic field. The 
energy spread amounted to 2 or 3%. Behind the last 
counter of the telescope (a), a 20x20 cm? copper or 
lead absorber was placed in the way of the positron 
beam and the number of fast electrons emerging 
from the absorber n(t) was measured for differ- 
ent thicknesses t of the absorber. 

Before the construction of the detector used for 
the measurement of n(t) is discussed, it should 
be noted that in showers produced by electrons 
(here and in the following discussion we do not 
distinguish between electrons and positrons) of 
several hundred Mev energy there is a high prob- 
ability that several electrons with a small angle of 
divergence will be produced simultaneously, espe-_ 
cially at small thicknesses t. One can measure 
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FIG, 1. Experimental set-up. 
a — telescope, b — tray of low- 
efficiency counters, c — absorber 
of thickness t, d— lead diaphragm, 
f — shield, e* — positron beam, 
g — magnet, h — lead target, i — pho- 
ton and neutron beam. 


the number of these electrons, say, by means of a 
scintillation counter used together with a pulse- 
height analyzer. Such a method is in general com- 
plicated, and in our case, the difficulties are in- 
creased because of the large cross-section of the 


positron beam. For the measurement of the number 


of shower electrons, we used a tray of halogen 
counters (see Fig. 1) placed behind the absorber. 
The counters were fed by a triggered pulsed power 
supply.® The tray measured 15x15 cm and con- 


sisted of STS-8 counters of identical characteristics. 


Whenever a particle passed through the telescope 
(a), a high-voltage pulse (—1000 V) of 1.5 usec 
duration with a rise time of 0.15 usec, and delayed 
for 0.6 wsec with respect to the time of the passage 
of the particle, was applied to the cathodes of the 
counters, which were held at a constant voltage Vo. 
Since the high voltage pulse was delayed, the detec- 
tion efficiency of the counters for single fast elec- 


trons w(1l) was much smaller than unity for small 


Walues OL Va (see Fig. 2). 

The probability w(n) that a discharge will 
occur in the tray when n electrons pass simulta- 
neously through it is given by the expression 


AG) =) erty (1) 


where a is the mean number of ions produced by 
a single fast electron, which remain in the counter 
till the moment of the arrival of the high-voltage 
pulse. The dependence of the efficiency on n was 
measured, and the result is in good agreement with 
formula (1). 

The necessary small value of w(1) which is 
determined by the condition 


w(l)n<1 (2) 


can be obtained by adjusting Vp». When this condi- 
tion is satisfied, the detector has almost linear 
counting characteristics 


w(n)~anzw(l)n. (3) 
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FIG. 2. Dependence of the probality w(1) onthe value of 
the constant V, in the pulsed operation of the STS-8 counter. 
Delay of the high-voltage pulse equal to 0.6 psec. 


Thus, for an energy of 400 Mev (ns 3), itis 
sufficient to choose w(1) = 0.04, in order that 
the maximum correction due to the nonlinearity of 
the characteristics amounts only to 6% of the count- 
ing rate of the tray. 

When counters of such small efficiency are used, 
the problem of stability of the efficiency with re- 
spect to time becomes very serious, since small 
changes of the circuit parameters can change the 
value of w by factor of several times (from its 
normal value of w = 1). The stability of the array 
used was satisfactory. 

The low efficiency of halogen counters used in 
the described method of operation is due not to the 
narrow zone of sensitivity, but to an almost iden- 
tical decrease in the efficiency all over the counter 
volume.® The latter decrease is essential, since 
the diameter of the counters used (20 mm) is 
comparable with the dimensions of the positron 
beam. If the decrease of the efficiency were due 
to narrowing of the sensivity zone, the measure- 
ment would depend on the position of the tray with 
respect to the center of the beam. The radial de- 
pendence of the probability w(1) has been meas- 
ured. The STS-8 counter was placed between two 
small counters which selected a beam of electrons 
3 mm in width. The efficiency w(1), defined as 
the ratio of the counting rate of the investigated 
counter to the counting rate of the coincidences of 
the master counters, was measured for various 
distances between the anode of the counter and the 
electron beam. The measurements were carried 
out for several values of w(1), in the range of 
3 to 25%. The results indicate that the sensitivity 
of the whole volume of the halogen counters is uni- 
form, which is in agreement with Vishnyakov and 
Tyapkin.°® 
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RESULTS OF MEASUREMENTS AND DISCUSSION 


The measuring apparatus was placed in the im- 
mediate vicinity of the neutron beam (see Fig. 1). 
However, thanks to the fact that the resolving time 
of the whole array amounted to ~ 1 usec, tne back- 
ground of chance coincidences was less than 1% for 
a counting rate of the tray equal to 200 pulses per 
minute (for the measurements of the number of 
chance coincidences, the triggering pulse was de- 
layed for 2.5 usec.). 

The cascade curves n(t) were measured for 
positrons with energy equal to 101 4 2, 294 + 10, 
and 407 + 10 Mev. The positron energy was deter- 
mined by the method of current-carrying wire.! 
We limited ourselves to an energy of 400 Mev, in 
view of the fact that for larger energies the back- 
ground of chance coincidences increased sharply, 
and the intensity of the positron beam decreased. 
Simultaneously, the mixture of protons in the posi- 
tron beam increased, which caused a fast drop of 
the counting rates with and without the target. 

The value of n(t) was determined by comparing 
the counting rate of the tray (b) and of the telescope 
(a) [the “tray-counting rate” to “telescope counting 
rate” ratio is equal to w(n); for t=0, the ratio 
is equal to w(1)]. The measured probabilities 
w(n), related to the values of an by Eq. (1), are 
given in the table. The errors given are statistical. 

Before comparing the cascade curves with the 
results of calculations of Wilson,° it was necessary 
to determine the energy threshold of the tray (b). 
For that purpose, an aluminum absorber was placed 
before the tray in order to cut off slow electrons. 
The threshold of the tray was found to be close to 
the critical energy « = 7 Mev, which made it pos- 
sible to compare our results directly with the cal- 


culations of Wilson. It can be seen, by comparing 
the integrals J of the measured cascade curves 
n(t) with the value of the ratio Ee/e, that the 
apparatus does not detect soft electrons of the 
shower. The ratio J/(Ee/e) is equal to 0.35. 

It follows that the detector detects roughly one- 
third of the total number of electrons in the shower. 
The cascade curves calculated by Wilson and 
those obtained by us differ in the fact that the thick- 
ness of the lead absorber t is measured in differ- 
ent units: in g/cm? (present work) and in radiation 

units in lead, r.u.Pb (Wilson). A comparison of 
the data contained in the table and the cascade 
curves of Wilson makes it therefore possible to de- 
termine the value of one radiation unit in lead in 
units of g/em?, which is of interest since the values 
of the radiation unit in lead calculated by various 
authors??’® are considerably different from each 
other. The value of radiation unit in lead was found 
by the least-squares method to be 


1 r.u.Pb = 5.6 + 0.2 g/cm’, 


which is in agreement with the value given in refer- 
ence 8, if the latter is corrected according to the 
latest data on the energy dependence of the pair 
production cross-section in lead.? 

The cascade curves obtained in the course of 
the present work (measured in radiation units ) 
are compared with the curves of Wilson in Figs. 3 
and 4. It can be seen from these figures that the 
two results are in agreement. 

To test the present cascade theory, we measured 
the cascade curves n(t) for lead and copper (see 
Figs. 3 and 4). It is well known that the theory pre- 
dicts the following relation for the position of the 
maxima (tmax) of the cascade curves? in the 
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FIG. 3. Cascade curves n(t), measured for positrons: 
© — with energy (101 + 2) Mev, o ~ (294 + 10) Mev in lead. 1. 
r.u. in lead = 5.6 g/cm’. The curves shown in the figure were 
calculated by Wilson5 for electrons with energy of 100 and 
300 Mev. 
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FIG. 4. Cascade curves n(t), measured for positrons of 
407 + 10 Mev in lead(@) and copper(0). 1 r.u. Pb = 5.6 g/cm?, 
1r.u. Cu = 11.5 g/cm’. The solid line was obtained for E, = 
407 Mev by an interpolation of the results of Wilson.> 


approximation B: 


tmax Pb / Umax cu = by In (Use if Sor Pb) } In (Ee / Ser Cu)- (4) 


This ratio is equal to ~ 1.7 for Ee = 407 Mev, 
which is in agreement with the experimentally 


found value of 1.5 + 0.2. 
The following relation holds for the maxima of 


cascade curves according to the cascade theory: 


max Pb / Mmax Cu 


=e be (Se Cu / Ser Pp) {In GE / Ser Cu) i In (E / Ser Pp) }/. (5) 


For Eg = 407 Mev, the ratio (5) is equal to ~ 1.5, 
which is close to the ratio 1.20 + 0.25 obtained by 
us. It should be noted that, if the ratio (5) is cal- 
culated neglecting the dependence of the pair pro- 
duction cross section on energy (assuming hb, = 1), 
then the value obtained is considerably different 
from that measured in our work: for b,=1, the 


relation (5) is equal to 2.5. 
The cascade curves n(t) obtained for lead can 
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FIG. 5. Approximation of the cascade curves in lead (show- 
ers initiated by electrons). Solid curves — function n* (t)., 
calculated according to formula (6). The numbers at the curves 
indicate the energy of the primary electron E, in Mev. Dashed 
curves were calculated by Wilson. @, O, m — data of the present 
work (errors not shown). 


be approximated by the very simple functions 


n* (to = (1 + 1.08 aé%82) e-0-5¢, (6) 
ee (t). = 1.08 af 0-54 ene.st (7) 


(see Fig. 5), where @=1In(E)/25), Ey is the 
energy of the primary particle in Mev; and t is 
measured in radiation units. The index e or y 
indicates the nature of the particle initiating the 
shower. Equations (6) and (7) enable us to find 

the dependence of the position of shower maximum 
on the energy of the primary particle in an analytic 
form: 


U siveaws (Es = xX. (8) 
Nnax (Eo)y = 3 (a / e)me@t+1 ~ 0.008 E,. (9) 


The functions tmax(Ep)e and nmax(Ej)e are 
similar to Eqs. (8) and (7) (see Fig. 6), but are 
more complicated. 

One advantage of Eqs. (6) to (9) given above is 
that they contain only one parameter a which de- 
pends on the energy of the primary particle. For- 
mulae (6) to (9) may be used for calculating total 
absorption spectrometers, and also in other prob- 
lems, where it is not necessary to know exactly the 
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FIG. 6. Maxima of the showers in lead for various energies 
E,. Solid curves — dependence of n*,,, on the energy of the 
incident electron (e) or photon (y). Dashed lines — the same 
for tmax: ®, O — data of the present work; @, X — data of 
reference 5. 


tails of the cascade curves (t>10r.u.). The 
agreement between the curves can also be attained 
in the region t > 10 r.u., if we introduce a term 
exp (—0.24t) into the approximating functions, 
describing the tail of the cascade curves for large 
thicknesses.® The approximating functions then 
become complicated. It is at present difficult to 
establish the degree of applicability of the rela- 
tions (6) to (9) for higher energies than those used 
in the present work. The results of experiments 
carried out so far with cosmic rays!? cannot be 
used for such a purpose, since the energy of the 
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particles initiating the showers is not sufficiently 
well known. 
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The results of an experimental investigation of the structure of the cores of extensive air 
showers are presented. Photographs of the cores of extensive air showers traversing the 


chamber are shown. 


INTRODUCTION 


Ais study of extensive air showers (EAS) has 
become of increasing interest in recent years. This 
is due to the fact that the investigation of the com- 
position and energy distribution of the shower par- 
ticles, and also of the Cerenkov light pulses asso- 
ciated with the EAS, makes it possible, in principle, 
to study the interaction of ultra-high-energy par- 
ticles (> 10!8 ev). From this point of view, it is 
especially important to study the central region of 
the shower — its core. However, the core is the 
least known region, and at present it is even im- 
possible to indicate its dimensions. The core struc- 
ture might be understood through a detailed study of 
the energy fluxes and the energy spectra of particles 
contained in the central region of the EAS. In that 
respect, the study of the air-shower cores by means 
of a large number of ionization chambers yields 
rich quantitative material. More visual although 
less statistically founded data on the structure of 
shower cores can be obtained with cloud chambers. 
This method was used in the present experiment. 

The measurements were carried out at sea level 
in Moscow in 1957. 


1. MEASUREMENT PROCEDURE 


For an effective observation of the cores of EAS, 
we used a rectangular cloud chamber with a special 
triggering system. This system selected only those 
showers in which the particle density, recorded by 
means of counters placed above the cloud chamber, 
was larger than the density of shower particles re- 
corded by groups of counters placed further away. 
The position of the master group of counters can 
be seen in the general diagram of the array (see 
Big, 1). 

Groups 1 to 4 contain 12 counters each, and 
groups 5 and 6 contain 18 counters. The area of 
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each counter was o = 100 cm? in the first series 
of measurements, and o = 330 cm? in the second 
series. The amplitude of the pulse in each group 
was proportional to the total number of discharged 
counters init. If we denote the number of dis- 
charged counters in the i-th group by mj, then 
the condition of recording EAS can be given by 

the formula 

4 


i Sf a em 
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> MM; — 

6=5 
The minimum value of & was 6 and 9 for the ex- 
periments with master counters 100 cm? and 330 
cm? in area, respectively. Local showers produced 
in the cover above the array were practically ex- 
cluded by the requirement of discharges in not less 
than 2 counters of each of the groups 5 and 6. 

For the determination of the total number of 
particles in the recorded showers, we used a hodo- 
scopic array consisting of 6 groups of counters with 
an area o= 100 cm” each. Each group contained 
24 counters (group 7—12 in Fig. 1). The resolv- 
ing time of the master system amounted to about 
10 psec. 

The cloud chamber used! measured 60 x 60 x30 
cm. Six lead plates with a total thickness amounting 
to approximately 120 g/em? were placed in the 
chambers. The plates were 1, 2, 2.5, 2, 2.5, and 
1.5 cm Pb thick respectively. The cloud chamber 
was placed directly under the master counter 
groups 5 and 6 (dashed line in Fig. 1). A block 
diagram of the array is shown in Fig. 2. 

For the experimental conditions described above, 
we calculated the differential spectrum of the show- 
ers with respect to the number of particles, the 
probability of recording the shower cores as a func- 
tion of the distance from the center of the array, 
the number of EAS recorded by the given array per 
unit time, etc. In the calculations it was assumed 
that: 
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FIG. 1. General diagram of the array. 


TABLE I 
r(m) n 

O—1 0 

1—12 1 
12—50 1.5 
50—2060 2.0 
200—500 2.9 


(1) EAS possess circular symmetry, and their 
lateral distribution is independent of the number of 
particles in the shower and is given by the expres- 
sion 

e(r) = A,N /r’, (1) 


where N is the number of particles in a shower, 
the exponent n depends on the distance as in 
Table I, and Ay =1.5 xX 107° for the distance 
range 1 <r < 12m from the axis. The value 
n=0 for r<i1m, although not corresponding to 
experimental results,” is caused by the fact that the 
linear dimensions of each of the master counter 
groups are larger than 1m (cf. Fig. 1). 

(2) The differential spectrum of showers with 
respect to the number of particles is of the shape 
£(N)dN ~ N7(Y*1) aN, where N is the number of 
particles in the shower at the observation level, 
and the dependence of y on N is that given in 
reference 3. 

(3) The number of axes of EAS with N > 10° 
particles, arriving hourly per m? at sea level, is 
7x 10°73 m™ hour”, which corresponds to the data 
of reference 3. 

(4) The distribution of the recording probability 
of the EAS particles is described by the Poisson 
law. 

The calculated differential size spectra of show- 
ers recorded by the given selecting system for 
£=>9, o = 330 cm? (curves 1 and 2) and é=6, 
o = 100 cm? (curves 3 and 4) are shown in Fig. 3. 
Curves 1 and 3 correspond to showers, the axes 
of which pass not further than 2m from the array 
center, and the curves 2 and 4 correspond to all 
showers recorded by the array independently of 
the position of the axes. It can be seen from Fig. 3 
that the areas under the curves 1 and 3 are not 


FIG. 2. Block diagram of the array. 2,2, — circuit pro- 
ducing a pulse proportional to the number of discharged coun- 
ters in the trays 1 to 4 and 5, 6, respectively; C,\. — double 
coincidence circuit of the trays 5 and 6; € — voltage compara- 
tor of circuit for the total pulses from trays 1 to 4 and 5, 6; 

D — discriminator; M — master pulse shaping; Hod — hodo- 
scope circuit; C.C. — cloud chamber control; 1 to 6 — master 
counter trays. 


much different from the corresponding areas under 


the curves 2 and 4, indicating a sharp concentration 


of the cores of recorded showers near the cloud 
chamber. 

A comparison between the experimental and 
theoretical numbers of recorded EAS and of the 
mean density of the charged particle flux recorded 
by the array for €=>6 and a= 100 cm? is given 
in Table II. 

It can be seen from Table II that the results of 
the calculations are in good agreement with the ex- 
periment. This confirms the correctness of the 
assumptions underlying the calculations. 

An advantage of the foregoing triggering system 


over the often-used triggering by counters connected 


in coincidence lies in a much greater efficiency of 
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FIG. 3. Calculated differential size spectrum of the show- 
ers. The ordinate axis represents kdf/d log N, where k is a 
proportionality factor. The x axis represents the logarithm 
of the number of particles in the showers. The normalization 
is such that the areas under the corresponding curves corre- 
spond to the detection efficiency of the cores of the EAS. 
Curves 1 and 2 — €> 9, o = 330 cm’, curves 3, 4— € > 6, 

o = 100 cm’. 3 
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CLOUD CHAMBER INVESTIGATIONS 
TABLE II 


Experiment Calculation 

Number of particles recorded Msi 22 (0D 1—2* 
per hour 

Mean value of the density of par- a5 10 = 13 


ticles detected by the array 


*Best agreement with the experiment is obtained if we as- 
sume A, ~ 2x 10°? in Ege): 


recording of the axes of EAS. In the given case this 
is important because of the large dead time of the 
cloud chamber which sharply diminished the time 
of measurements and makes it easier to select in- 
teresting cases in the reduction of data. 


2. EXPERIMENTAL RESULTS 


During the operation of the described array we 
recorded 1800 showers with £ => 6, o = 100 cm? 
and 100 showers with £ =>9, o = 330 cm’. 

A comparison between the experimentally ob- 
served and theoretically calculated numbers of the 
cores of the electron-photon component of EAS 
passing through the cloud chambers are given in 
Table III. It can be seen from this table that the 
experimentally observed and the expected number 
of cases where the core of the electron-photon 
component of EAS traversed the cloud chamber 
are in a good agreement, at least for showers with 
N < 3.5 x 104. If we assume that the energy Ey of 
the primary particle initiating the extensive shower 


FIG. 5. Nuclear interactions in the lead of the chamber in 
the 5th and in the 6th plate. The energy of the nuclear-active 
particle initiating the interaction > 10°* ev. The number of 
particles in the EAS is N = 3.3 x 10°. 
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FIG. 4. A photograph of the electron-photon core of an 
EAS traversing the cloud chamber. The total number of par- 
ticles in the shower is N = 10* ev. 


is proportional to the number of particles in the 
showers, and that at sea-level Ey ~ 1.5 x 10!°N ev, 
then such an energy of the primary particle corre- 
sponds to an energy at which, according to the data 
of reference 5, the structure of the cores of EAS 
might undergo a change. A photograph of an event 
in which the electron-photon core of an extensive 
air shower has traversed the cloud chamber is 
shown in Fig. 4. This corresponds to a case where 
a large number of high-energy (> 10° ev) electrons 
traverse the chamber simultaneously. It follows 
from the analysis of the events in which the cores 
of the electron-photon component traverse the 
cloud chamber that the high energy electrons are 
concentrated in a region whose linear dimensions 
are on the order of 20 or 30 cm, which can be seen 
in Fig. 4. 

If we assume that one nuclear-active particle of 
2 10!! ev is present in the core region then, during 
the time of operation of the array, one should ob- 
serve in the cloud chamber about five nuclear in- 
teractions for showers with a number of particles 
N < 3.5 X 104 and one to two nuclear interactions 
for showers with N > 3.5 x 104. During the total 
time of operation of the chamber, we observed four 
nuclear-active particles with energy & 10!! ev, 
associated with showers with N 23.5 x 10* (cf. 
Table III). 

A characteristic feature of these interactions is 
the absence of high-energy electrons in their im- 
mediate vicinity. This indicates that the nuclear- 
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FIG. 6. Nuclear interaction produced by a charged particle 
in the first plate. The energy of the nuclear particle > 3 x 10” 
ev. The number of particles in the extensive shower is N = 
Peel One 


active particle can be present at a certain distance 
from the core of EAS determined from the elec- 
tron-photon component. 

We shall consider each of these interactions 
separately. 

No.1 (Fig. 5). Not less than seven particles 
were produced as a result of a nuclear interaction 
which took place in the cover of the cloud chamber. 
Three of these particles underwent nuclear inter- 
actions in traversing the lead plates (these inter- 
actions could be identified by means of heavy ion- 
izing particles). The energy of the interacting 
particles can be estimated only for the nuclear- 
active particles that have undergone. nuclear inter- 
actions in the top of the chamber and in the sixth 
plate. If we estimate the energy of nuclear-active 
particles from the number of secondary penetrating 
particles and from their angular distribution,® we 
obtain for the energy of the interaction in the cham- 
ber lid a value E = 10!° ey. Since, however, the 
energy of the nuclear-active particle initiating a 
shower in the sixth plate is E~ 5x10!" ev, we 
must ascribe an energy of ~ 10!! ev to the pri- 
mary particle. The total number of particles in 
the EAS is N ~ 3.3 x 104, 

No.2 (Fig. 6). A nuclear interaction produced 
by a charged particle occurred in the first plate. 
As a result, about 15 particles were produced. The 
majority of these particles lie within a cone with 
an opening angle not larger than 5°. This corre- 
sponds to ye 210, i.e., to an energy of the inci- 
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FIG. 7. Differential energy spectrum of the observed nu- 
clear-active particles. The y axis represents the number of 
nuclear-active particles in the given energy range, and the x 
axis the energy of nuclear-active particles in electron-volts. 
The dashed figure indicates the expected number of nuclear- 
active particles in the energy range 10’° to 10** ev. 


dent nucleon E 2 2 x10!! ev. At least four sec- 
ondary nuclear-active particles undergo nuclear 
interactions in traversing the lead plate. It is dif- 
ficult, however, to estimate their energy because 
of the large number of secondary electrons. 

This interaction is accompanied by a large num- 
ber of high-energy electrons in spite of a relatively 
small number of particles in the extensive shower 
(N AP2.5 50104); 

No.3. A nuclear interaction produced by a 
charged particle in the third plate. The majority 
of secondary particles are concentrated in a very 
narrow cone with an opening angle not larger than 
5°. The energy of the nuclear-active particle can 


FIG. 8. Nuclear interaction produced by a nuclear-active 
particle with energy < 10°° ev. 
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be estimated from the maximum of shower devel- 
opment. This occurs at the depth of ~ 10 t-units. 
If we assume that, in the given interaction, all the 
energy has been carried away by one 1° meson, 
then the energy of the nuclear-active particle is 
E * 1.5 x 10'! ev. This is the lower limit of the. 
energy. If we assume that, in lead, on the average 
~ 20% of the energy of the incident nucleon is car- 
ried away by a mesons at interaction energies of 
101! to 10'? ev, then the energy of the nuclear- 
active particle initiating the given shower is 
~(8 to 10) x 101! ey. 

It should be noted that the total number of par- 
ticles in this EAS is very small (N < 10‘). 

No.4. An intensive electron-nuclear shower, 
the energy of which can be estimated only very 
roughly ( 210!! ev) because of the large number 


of high-energy electrons accompanying the nuclear- 


active particle, can be observed in one of the lower 
lead plates of the cloud chamber. 


3. DISCUSSION OF RESULTS 


As has been said above, the theoretically ex- 
pected number of events in which the cores of EAS 
with N < 3.5 x 104 traversed the cloud chamber, 
coincides with that observed experimentally. This 


indicates not only the correctness of the assumption 
underlying the calculations, but makes it possible to 


estimate the number of nuclear-active particles of 


high energy in the core of the shower. The expected 


and observed numbers of nuclear-interactions pro- 
duced by these particles in the lead plates of the 
cloud chamber is given in Table III. These num- 
bers are practically identical for showers with a 
number of particles N < 3.5 x 104. Since it was 
assumed in the calculation of the expected number 
of nuclear interactions that only one particle in a 
given energy range is present in each shower, the 
agreement between the calculation and the experi- 
ment confirms this assumption for showers with 
N < 3.5 x 104. A question arises as to whether the 
selection of the four cases among the remaining 
nuclear interaction events was objective. Twelve 
nuclear interactions were observed during the op- 
eration of the cloud chamber.* In eight cases 
(apart from those described above the energy was 
estimated by the method given in reference 6. The 
estimate showed that all the nuclear-active par- 
ticles have a relatively low energy (< 10? ev). 


*One can determine the mean value of the fraction of nu- 
clear-active particles in a shower by using the mean value of 
the charged particle flux density in the detected showers. 
This fraction was found to be equal to (1 + 0.3)%, which is in 
agreement with the data of reference 7. 


TABLE III 
N < 3.5+10° 


N > 3.5-10° 


Number of cores of 
the electron-photon 
component 


Number of nuclear- 
active particles 
with energy 10** ev 


The differential energy spectrum of nuclear-active 
particles observed in the cloud chamber is given 

in Fig. 7. It is characteristic that in the energy 
range of nuclear-active particles, 10! to 101! eV, 
no nuclear interactions were observed. The prob- 
ability of such an event is less than 0.05. This 
feature of the energy spectrum can be explained 

by errors in the estimate of the energy of nuclear- 
active particles. A photograph of a nuclear inter- 
action produced by a nuclear-active particle with 
energy < 10'° ev is shown in Fig. 8. A comparison 
of the particle under consideration and of other 
nuclear-active particles in the core of EAS. The 
question arises here as to the role of such a par- 
ticle in the development of a shower in the depth 

of the atmosphere. A comparison of the energy of 
the particles observed by us (E = 2 x 101! ev) with 
the mean energy carried by the electron-photon 
component in the same showers (~ 2.5 X 1012 ev), 
shows that the energy of one particle is not suffi- 
cient in order to change substantially the absorp- 
tion of the shower and, consequently, a larger part 
of the secondary electron-photon component is pro- 
duced in interactions of particles of lower energies. 
The energy of the particle is, however, fully suffi- 
cient for re-initiating the high-energy electron- 
photon component in the shower core. In fact, it 
follows from the analysis of the detected cores of 
EAS that the energy of the nuclear-active particle 
singled out is of the same order of magnitude as 
the energy of the electron-photon component in the 
core of the EAS. It should be noted that the position 
of the singled-out particle can be somewhat different 
from the position of the electron-photon component 
of high-energy and from the axis of the EAS, be- 
cause of the transverse momenta (uc) gained by 
secondary particles in the nuclear interactions. 
Such a core region diffused up to a distance of 
~1m, was observed in our experiments, as well 
as in earlier investigations.” 

We shall compare the mean energy of the de- 
tected singled-out particles with the energy of the 
primary particle initiating the EAS. The energy 
of the primary particle can be found from the total 
number of shower particles at the observation 
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level. For showers with a number of particles 
2x 104, this amounts to Ey) = 3 x 10'4 ev. The 
mean energy of the four nuclear-active particles 
detected in the cloud chamber amounts to ~ 2 X 
10!! ev. If we assumed that the mean free path for 
nuclear interactions in air is 70 g/cm’, and that 
we can neglect the fluctuations in the development 
of EAS, then the energy fraction conserved by 
these singled-out particles in each nuclear inter- 
action development amounts, on the average, to 
~0.6. We have already indicated in the introduc- 
tion that more accurate quantitative results can be 
obtained using ionization chambers. It can be con- 
cluded from the photographs of cores traversing 
a cloud chamber that, in the central regions of EAS, 
high energy nuclear-active particles propagate in 
close vicinity of each other. In consequence, it is 
possible and worthwhile to use ionization chambers 
of sufficiently large dimensions for the study of the 
energy characteristics of the core of EAS. 

In conculusion, the authors consider it their 
pleasant duty to express their gratitude to Prof. 
N. A. Dobrotin and G. T. Zatsepin for their inter- 
est in the work; to N. G. Birger and D. S. Cherny- 
avskii for the discussion of the results, as well as 


to O. A. Kozhevnikov, A. M. Mozhaev, B. V. Subotin, 
and E. N. Tarasov for their help in carrying out the 
measurements. 
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The differential B-y angular correlation was measured for the cascade Eg = 2.23 Mev and 


Ey = 0.163 Mev in the decay of Ba!®?, 


The anisotropy coefficient was found to be a = +0.058 


+ 0.023 for B particles with tutal energy 4mc*. This result is compared with calculations 
based on the independent-particle model. The theoretical result is in agreement with experi- 


ment only if the ratio gy /Ea is negative. 


ie existing data on the ratio of the Fermi and 
Gamow-Teller $-interaction coupling constants 
come from an analysis of ft values in allowed 
transitions.! Such an analysis, however, gives 
only the absolute value of the ratio. The relative 
sign of the coupling constants can be determined 
from the shape of the 8 spectrum in forbidden 
transitions only. Thus a calculation of ratios of 
matrix elements for the 6 transitions becomes 

a necessary involvement. Morita, Fujita, and 
Yamada? analyzed, in calculations based on the 
independent particle model, the shape of the for- 
bidden 6 spectra of Reo? Ro Tee and Cs!3", 
They have shown that it agrees only with a nega- 
tive Eo/ gy ratio. This conclusion was confirmed 
in a later work by Fujita? in which the same spec- 
tra were analyzed with the strong-coupling Bohr- 
Mottelson model. Lee-Whiting* deduced the oppo- 
site result (go/gp > 0) from a study of the shape 
of the 8 spectrum of RaE. However, Takebe, 
Nakamura, and Taketani® have shown that it is im- 
possible to determine the sign of go [Sp from an 
analysis of the spectrum shape of RaE. 

All these attempts at a determination of the 
relative sign of the coupling constants were based 
on the assumption that only the scalar and tensor 
covariants contribute to the f interaction. It has 
recently become apparent that the main covariants 
are the vector and axial vector.® Clearly the prob- 
lem of the relative sign requires further study. 

The relative sign may be determined from data 
on £-y angular correlation. Dolginov! has shown 
that the anisotropy coefficient a in the expression 
for B-y angular correlation W(#)=1t+a cos? 6 
may be expressed as an explicit function of the 
coupling-constant ratios (Sg /Sp or gy//s A) and 
certain ratios of $-transition matrix elements. 
For example, for AJ=1 first-forbidden 6 tran- 


iy, 


sitions the expression for the coefficient a con- 
tains only three ratios x, y, and z of matrix 
elements:' 


* : 7 z ; 
x= \ Cyr al Gon) | 0) Diu, ar / \ dir ¥ 1APjyu, AE; 
= — L \ Pius («Y ix) Di. dr I\ Ginat¥ radi dr: 


. = ~ / Cie ceeee : 
| Shor (SY-A) djp, at / CoAju, ( dip Y1adju, a. 


To calculate x and z itis sufficient to assume 
that the nuclear levels involved in the 8 transition 
are described by the independent-particle model. 
Furthermore, only the angular momentum J/ of the 
odd nucleon in the nucleus is needed in the calcula- 
tion of x and z. The computation of the third 
ratio y requires more detailed assumptions about 
the structure of the nucleus. However, as will be 
shown below, the uncertainties in y do not pre- 
clude the possibility of determining the relative 
sign of the ratio of coupling constants. Dolginov’ 
listed the B decays of In'!", Ba!8®, Cel4!, and 
possibly Hg? and Tl?" as being of interest in 
this connection. We measured the differential 
B-y angular correlation in the decay of Ba'®?, 
An analysis of the results based on formulas given 
by Dolginov shows that the ratio gy/g,a is nega- 
tive. 

The f£-y angular correlation was studied for 
the cascade:® 


P 5/ v oc 
Ca) (ie). 


The end point energy of the B-spectrum is\2.23 
Mev, the energy of the y-rays is 0.163 Mev. 
According to the shell model? Ba'®? has one 
f;~ neutron outside a closed shell of 82 neutrons 
which $-decays into a 5/2 proton of lal??) The 
transition from the d;/, level to the gy, ground 
state of La!%? proceeds via magnetic dipole radia- 
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tion with a small admixture (4%) of electric quad- 
rupole.!° The structure of the Bal? nucleus, 
namely (82 +1) neutrons and an even (56) number 
of protons, raises the hope that a description of the 
ground state of this nucleus in terms of the inde- 
pendent particle model is justified. Existing data 
on Coulomb excitation of the 163-kev level of 
La?! on the lifetime of this state,!? on the multi- 
pole order of the y transition, !” and on the ft 
value of the 8 transition indicate that the 163-kev 
level of La!®* also has a single-particle character. 
Ba!8? was obtained in the cyclotron from the 
Ba!38(d,p) reaction and was chemically rid of the 
other active elements produced simultaneously. 
Practically no unwanted radiation was present in 
the purified samples. The measuring apparatus 
used was the standard type for this kind of experi- 
ment; a schematic diagram is given in Fig. 1. The 


FIG, 1. Schematic diagram of experimental setup. 1,2) photo- 
multipliers, 3) magnetic lens spectrometer, 4) fast-coincidence 
circuits, 5) amplifiers, 6) slow-coincidence circuits, 7) pulse- 
height analyzers, 8) variable-delay lines, 9) sample under study, 
10) scaler circuit and electromechanical counters. 


electrons were analyzed with a lens spectrometer 
of 5% resolution and detected by a photomultiplier 
with a plastic scintillator. A similar detector was 
used for the y rays. The two counters were ar- 
ranged in a fast-slow coincidence circuit. -The 
resolving time of the coincidence scheme was 

2.5 107° sec for 100% efficiency in the chosen 
range of incident pulse height. The counts of the 
8 and y counters and accidental coincidences 
were registered simultaneously with true coinci- 
dences. The measurements were performed for 
two positions of the y-counter: at 180° and at 90° 
with respect to the direction of emission of the B 
particle. 

The correlation measurements for Ba!®? were 
performed for electrons with total energy 4mc’. 
Since the half-life of Ba!®® is only 85 minutes, the 
measurements were performed in 30 series, each 
of 2 or 3 hours duration. The results of all series 
are consistent within statistical error. The aniso- 
tropy coefficient, averaged over all 30 series, is 

a =: {N (=) -— N (&/2)}/ N (=/2) = 0.058 + 0.023, 


/ 
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The indicated error is statistical. Results of con- 
trol experiments with Sc46 and Sb!4 indicate the 
absence of any systematic errors. In the case of 
Sc“® the angular distribution of the 0.89 and 1.12- 
Mev y rays is isotropic with respect to the B 
electron (Eg = 0.36 Mev). As result of our meas- 
urement we found a = 0.005 + 0.020. In the case 
of Sb!*4 the differential angular correlation for the 
cascade Eg end = 2.317 Mev, Ey = 0.603 Mev was 
measured for two values of £8 -particle energy, 
3mc? and 4mc?. The values of a were —0.12 + 
0.03 and —0.34 + 0.03, in agreement with previous 
measurements.'? 

The calculation of the anisotropy coefficient a 
was performed for a mixture of vector and axial 
vector as well as scalar and tensor covariants. It 
was assumed that 


SS ap = as 1 = BY ZA= ZA; 


©, 


where the primed constants refer to parity noncon- 
servation. The calculation was performed for a 
mixture of magnetic dipole (96%) and electric quad- 
rupole (4%) radiations. 

The result of the calculation gives a as a func- 
tion of the coupling-constant ratios (8g /Sq or 
Sy/ a) and the ratio y of matrix elements. For 
the other two ratios of matrix elements numerical 
values x=0.7 and z=0.9 were obtained. 


| (2056+0023) 
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FIG. 2. Dependence of the anisotropy coefficient on the 
ratio of the vector and axial vector interaction coupling con- 
stants. 


In Fig. 2 the dependence of the coefficient a is 
given as a function of y7/ ga for various values 
of the parameter y. The horizontal lines give the 
experimentally determined limits for a and the 
vertical lines give the known limits on l gy /En ee 
Falling within the allowed region, for gy/ga <0, _ 
is the curve for y =—5. For positive Sy/Ea 
there exists no value of y in agreement with 
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FIG. 3. Dependence of the anisotropy coefficient on the 
ratio of the scalar and tensor interaction coupling constants. 


a= 0.058. This means that the ratio gy/g, is 
negative. It should be noted that varying x and 
z between 0.1 and 5 does not lead to values of a 


in agreement with experiment for positive gy// SA: 


In Fig. 3 the analogous curves are given for a 
mixture of scalar and tensor covariants. In this 
case there exist curves in agreement with a posi- 
tive or negative ratio Bg / Sp and no conclusions 
are possible. 

The authors are grateful to A. Z. Dolginov for 
his kindness in communicating the results of his 
calculations and discussing the results, to S. P. 
Kalinin for constant interest in this work and col- 
laboration in its completion, and also to L. A. Sliv 
and I. S. Shapiro for discussion of results. 


‘J, B. Gerhart, Phys. Rev. 95, 288 (1954). 

2 Morita, Fujita, and Yamada, Progr. Theoret. 
Phys. (Japan) 10, 630 (1953). 

3 J, Fujita, Progr. Theoret. Phys. (Japan) 13, 
26041955), 

4G. E. Lee-Whiting, Phys. Rev. 97, 463 (1955): 

> Takebe, Nakamura, and Taketani, Progr. 
Theoret. Phys. (Japan) 14, 317 (1955). 

6R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 1937(1958): 

TA, Z. Dolginov and I. N. Toptygin, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 20, 1377 (1956) [Columbia 
Tech. Transl. 20, 1260 (1956)]. A. Z. Dolginov, 
Nucl. Phys. 5, 512 (1958). A. Z. Dolginov and 
N. P. Popov, Nucl. Phys. 7, 591 (1958). 

8A, Mitchell and E. Hebb, Phys. Rev. 95, 727 
(1954). 

9p, F. A. Klinkenberg, Revs. Modern Phys. 24, 
63 (1952). 

10 Ambler, Hudson, and Temmer, Phys. Rev. 101, 
196 (1956) . 

‘tN. P, Heydenburg and G. M. Temmer, Phys. 
Rev. 100, 150 (1955). 

127 R, Gerholm and H. DeWaard, Physica 21, 
601 (1955). 

13D. T, Stevenson and M. Deutsch, Phys. Rev. 
83, 1202 (1951). 

Translated by A. M. Bincer 
4 


SOVIET PHYSICS aE PP 


VOLUME 36 (9)5 


NUMBER 1 TUL Yo 196 


Gd!46 AND Eul4® CONVERSION-ELECTRON SPECTRA 


N. M. ANTON’ EVA, A. A. BASHILOV, B. S. DZHELEPOV, and B. K. PREOBRAZHENSKII 


Leningrad State University 


Submitted to JETP editor July 12, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 28-31 (January, 1959) 


The conversion electron spectra of the neutron-deficient isotopes Gd'4® and Eul® were in- 
vestigated. The conversion electrons observed correspond to three nuclear transitions with 
energies of 114.8, 115.5, and 155 kev in the case of Gd'4® and to two transitions with energies 


of 630 and 742 kev in the case of Eul46, 


Wier investigating! the conversion electron 
spectra of neutron-deficient isotopes of Gd formed 
in the fission of Tanucleibyfast protons (660 Mev), 
we observed an activity with a half-life of 45 days.” 
First the usual chemical methods and then chroma- 
tography were employed to isolate the gadolinium 
fraction. The active material was then collected 
on a thin aluminum foil. 

The Leningrad State University’s “Ketron” mag- 
netic spectrometer, with a resolving power of 0.5%, 
was used to investigate the conversion-electron 
spectrum of the gladolinium fraction. However, in 
the low-energy region the lines had a greater rela- 
tive width because of the scattering and stopping of 
electrons in the material of the radioactive prepa- 
ration. A film over the counter window admitted 
electrons with energies over 7 kev. 

Figure 1 shows the portion of the conversion 
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electron spectrum that contains lines due to y rays 
from the 45-day gadolinium, with Ey = IA sy 110) 5). 
and 155 kev. Figure 2 shows a decay curve con- 
structed from the decaying heights of the K-114.8 
and L-155 peaks. 

The identification of the 45-day activity was 
attempted by Murin et al.? In their report they 
advanced several arguments in favor of the theory 
that this activity is due to Gd!4°. However, their 
identification cannot be considered as proved. 

Our study of the 114.8- and 115.5-kev y tran- 
sitions, in which we used a magnetic spectrometer 
(Ketron), were impaired by the nearness of the 
transition energies and because the L-114.8 and 
L-115.5 conversion lines were not separated from 
the K-155 conversion line. Therefore, V. M. Lo- 
bashev and one of the authors of this paper ( Bashi- 
lov) used a magnetic spectrograph of high resolv- 


FIG. 1. The conversion electron 
spectra of Gd'*®, 
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ing power, available in our laboratory, for further 
study of the conversion electron spectrum of Gd!4°, 
It has been in this way determined that the K-114.8 
and K-115.5 lines possess approximately the same 
intensity and that for both transitions the K: L 
ratio is great (~ 7). Moreover, only L, lines 
were observed; no Ly or Ls; lines appeared on 
the photographic plate. It is suggested that the 
most natural explanation of these facts is that the 
114.8 and 115.5 kev y transitions are of the M1 
type and that their total intensities are approxi- 
mately equal. 

Murin and his co-workers‘ proved that these 
transitions occur in cascade. 

Two factors complicated the investigation of the 
155 kev transition. In the first place, as was men- 
tioned, the K-155 conversion line was not separ- 
ated in the spectrometric measurements from the 
L-114.8 and L-115.5 lines. Secondly, additional 
conversion electrons were present in our spectrum 
from a transition with the same energy (155 kev) 
but due to Gd!*!, 

A £B spectrograph with a photographic plate was 
used to give a rough evaluation of the K: L ratio of 
the 155-kev y transition immediately after the 
preparation of the compound, when the K-155 line 
of Gd'4* was considerably more intense than the 
K-155 line of Gd!®!. The ratio proved to be ~7. 
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FIG, 3. Gd**° > Eu’*® = Sm'*® decay scheme. 


This indicates that the 155-kev y transition of 
Gd'46 is most likely of the M1 type. 

Coincidence measurements? indicate that the 
155-kev y transition occurs in a cascade with at 
least one of the ~ 115-kev transitions. Since the 
114.8- and 115.5-kev y transitions have equal in- 
tensities, and since there are no intense lines with 
Ey ~ 40 kev, it directly follows that all three tran- 
sitions occur in a cascade. Moreover, the intensity 
of the 155-kev y transition, based on a theoretical 
value for the internal conversion coefficient 6,, is 
also very close to the intensity of the 114.8- and 
115.5-kev y transitions. A suggested decay 
scheme is depicted in Fig. 3. 

The daughter nucleus of Gd'48_ Bul4® is radio- 
active and decays to the even-even Sm nucleus 
with T1/2 = 45 days. The decay process in Sm 146 
gives rise to at least two nuclear transitions with 
energies of 630 and 742 kev. 

In the conversion electron spectrum of the gado- 
linium fraction the peaks for these conversions 
(Fig. 4) grow higher at first, during which time 
the half-life is ~5 days. After a while their in- 
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tensity begins to decline, with a half-life of ~ 50 
days. In the europium fraction spectrum the con- 
version lines of the transitions in question steadily 
decline, with a half-life of 4.5 days. All of these 
facts prove that 630 and 742 kev transitions must 
be ascribed to daughter activity of Gd!, 

Apparently these transitions belong to the vi- 
brational system of levels of the Sm nucleus 
(Fig. 3). 

The authors are grateful to V. M. Dzhelepov, 
Director of the Laboratory of Nuclear Problems 
in the Joint Institute for Nuclear Research, and 
to the synchrocyclotron crew for irradiating our 
tantalum specimens. 
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Muons with momenta between 1.0 and 1.8 x 108 ev were scattered in 7-mm thick lead plates. 
The experimental angular distribution is compared with the theoretical multiple scattering 
curve for a finite nucleus. It is shown that after all necessary corrections are made the ex- 
perimental results are in good agreement with the calculations. 


1. INTRODUCTION 


Ix recent years a number of investigators have 
discovered that the scattering of muons with mo- 
menta above 100 Mev/c does not agree with the 
calculated angular distribution based purely on a 
Coulomb interaction between muons and nuclei. 
Whittemore and Shutt! studied the scattering of 
muons with momenta 0.3 to 3.1 Bev/c in a 5-cm 
lead plate mounted inside a cloud chamber and 
observed considerable scattering at larger angles 
than are predicted by Olbert’s theory’ for finite 
nuclei. The experiments of George, Redding, and 
Trent? at 60 m water equivalent (m.w.e.) under- 
ground also revealed an apparent excess of muon 
scattering in 2-cm lead plates, especially at angles 
greater than 15°. A cross section of the order of 
4 x 1072" em?/nucleon was obtained at 100 to 300 
Mey, where the scattering results exceeded the 
theory. 

McDiarmid,’ working with a cloud chamber at 
_ a depth of 26 m.w.e., found that the scattering in 
lead of muons with momenta 200 to 600 Mev/c 
agrees with scattering theory, whereas at 500 to 
1700 Mev/c the experimental results for angles 
greater than 4° considerably exceed the predictions 
of the theory for a finite nucleus. Leontic and 
Wolfendale® have also found a larger number of 
muons scattered in lead above 285 Mev/c. 

The discrepancy between the observed angular 
distribution of scattered muons and the theoretical 
distribution calculated for Coulomb scattering by 
a finite nucleus has been called the “anomalous” 
scattering of muons. 

All of the experimental work mentioned above 
was performed with fairly thick plates in which a 
considerable fraction of the mesons underwent 
multiple scattering. Kannangara and Shrikantia® 
investigated pure single scattering of muons at 
100-600 Mev/c in an emulsion irradiated 60 m.w.e. 
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underground, obtaining the anomalous scattering 
cross section Ogy = (1.5 + 1.0) x 1072" cm?/nucleon. 
Alikhanov and Eliseev’ obtained the same order of 
magnitude for the anomalous muon scattering cross 
section in graphite at 200 to 800 Mev/c. 

Alikhanyan and Kirillov-Ugryumov® investigated 
slow muon scattering in thin copper plates within a 
narrow momentum range from 80 to 140 Mev/c and 
detected excess scattering at projected angles 
greater than 15°. The small number of observed 
events did not permit any final conclusion regard- 
ing the existence of anomalous scattering in this 
energy region. 

Establishment of the existence of anomalous 
muon scattering would be of fundamental signifi- 
cance for the theory of elementary particles but 
would disagree strongly with the known properties 
of muons. Specifically, it is known that the spec- 
tra of x-ray emission in  -mesonic atomic tran- 
sitions very accurately establishes the absence of 
appreciable non-Coulomb interaction between slow 
muons and nucleons. 

It has been found impossible to account for the 
observed anomalous muon scattering by means of 
incoherent scattering accompanied by nuclear ex- 
citation, or by excess scattering resulting from 
anomalous muon and nucleon magnetic moments. 

The present paper describes an experimental 
investigation of muon scattering in lead plates at 
C150 tO 2b. Sax 10° ev/c. An exact nuclear model 
is required to establish excess muon scattering 
by heavy nuclei. Experiments on fast electron 
scattering by Hofstadter? and Schiff!’ have per- 
mitted a direct experimental determination of a 
nuclear form factor for various nuclei, including 
lead. 


2. EXPERIMENTAL PROCEDURE 


Muon scattering was investigated at the cosmic- 
ray station on Mt. Aragats (3200 m above sea level) 
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using a magnetic mass spectrometer in conjunction 
with two multiplate cloud chambers. A detailed de- 
scription of the apparatus has been given in refer- 
ences 12 and 13. Particle trajectories were se- 
lected which satisfied the conditions given in refer- 
ences 8 and 13. The present paper gives data on 
muon scattering in 7-mm lead plates. 


Particle Identification 


Momentum and range measurements by means 
of the mass spectrometer were used to determine 
the particle masses. Momenta were determined 
from the radius of curvature of trajectories in the 
magnetic field and ranges were determined from 
the amount of matter traversed by particles inside 
the chamber before stopping. Range measurements 
took into account the entrance angles of particles 
into the scattering plate and the systematic path 
lengthening due to multiple Coulomb scattering. 
For 812 particles with masses measured at 150 to 
360 mg the experimental mass distribution is well 
approximated by two normal distribution curves 
with half-width corresponding to a root mean 
square error of 10%. 

Assuming that all particles with measured mass 
below 240 mg are muons and that all particles with 
mass greater than 250 me are pions, the average 
mass for the muon group is 209 me and for the pion 
group 278 me. An analysis of this mass spectrum 
with corrections for the transmission of the appa- 
ratus shows that the muon group should contain no 
more than 2% pions and that the pion group should 
not contain more than 12% muons. 

Reference 8 gives the mass spectra when the 
chamber contained 5-mm and 2-mm copper plates, 
in which case the separation of pions and muons is 
considerably less clearcut. 


Measurement of Angles 


Large numbers of angle measurements, obtained 
by means of a special goniometer, were averaged, 
the accuracy being limited principally by cloud- 
chamber distortions (diffuseness of tracks, turbu- 
lent eddies, etc.). The root mean square error of 
angle measurements due to these factors is 0.6°. 
The error is constant over the entire angular range 
so that the relative error decreases as the angle 
increases. 

The multiple Coulomb scattering of charged par- 
ticles is usually determined theoretically for pro- 
jections of the scattering angles on a plane passing 
through the original trajectory, which generally 
differs from projections on the plane of the photo- 
graphic plate. The two angles are equal only when 
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a trajectory before the scattering event is parallel 
to the photographing plane. The original trajectory 
makes an angle y with the photographing plane be- 
cause of scattering in the previous plate, so that 
the angle measured in the photograph is greater 
than the projection of the scattering angle on a 
plane passing through the original trajectory. Also, 
when a particle passes through the cloud chamber 
at a relatively great distance from the optical axis 
of the camera objective (compared with the dis- 
tance from the objective to the scattering point in- 
side the chamber) a nonorthogonal projection of 
the scattering angle is photographed. The true 
projection of the scattering angle is thus increased 
or decreased, depending on the orientation of the 
trajectory inside the chamber; this was pointed 

out to us by M. I. Daion. 

The trajectories of mesons which, because of 
their large curvature in the magnetic field, enter 
the side regions of the chamber and are scattered 
in the plates at relatively large angles are subject 
to the indicated angular discrepancy. For mesons 
scattered at angles greater than 20° a stereocom- 
parator was used for each angle separately to de- 
termine the trajectory in space, i.e., the coordi- 
nates of the intersections of the trajectory and the 
plate, after which the true projection of the scat- 
tering angle was determined from simple geometric 
relations. 

From the distribution of the angle differences 
Ab y = 09 — 9%, where 06 is the true projection 
of the scattering angle and Cy is the angle meas- 
ured directly in the photograph, we determined that 
the systematic excess in these directly measured 
angles was 0.45°. All angles smaller than 20° were 
corrected by this amount. 


Measurement of Momentum at the Point of Scat- 
tering 


The particle momentum at the point of scattering 
must be known for comparison of the observed and 
the expected scattering angle. When the particle 
mass is known the momentum can be determined 
in two ways: (1) From the residual range after 
scattering, which is taken to be the amount of mat- 
ter traversed by the particle from the middle of the 
scattering plate to the middle of the plate in which 
the particle is stopped. (2) From the momentum 
measured in the magnetic field and the amount of 
matter traversed by the particle up to the scatter- 
ing point. 

When the plate in which a particle is stopped is - 
denoted by i=0 and the other plates above it are 
numbered serially i=1, 2, 3 etc., the two methods 
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yield, for a plate of the same number i values of 
the average momentum which agree to within 2 to 
3%. 

The distribution function of multiple Coulomb 
scattering is derived on the assumption that the 
momentum loss in the scattering plate is negligibly 
small, but a calculation shows that when this mo- 
mentum loss is taken into account the scattering 
curve is broadened. The broadening depends on 
the plate number i and for i>1 does not exceed 
5% (depending on the stopping point of the particle 
in plate i=0); for i=1 it varies from 5% to o. 
We therefore do not investigate scattering in plates 
with the number i = 1. 

The residual range after scattering is thus 
known with maximum inaccuracy AR =t/2, where 
t is the thickness of plate i=0. This value of AR 
corresponds to a certain momentum difference Ap, 
which must be taken into account in plotting the 
scattering curves. Corrections were obtained for 
the multiple Coulomb scattering curves plotted for 
the mean momentum py by taking this uncertainty 
of the momentum measurement into account. At 
large scattering angles these corrections reach 30 
or 40%. 


Material and Thickness of the Scattering Plates 


The lead plates in which scattering was investi- 
- gated contained impurities which we took into ac- 
count in calculating the rms scattering angle and 
distribution function. For example, 7% of antimony 
reduces by 1.5%the rms scattering angle calculated 
for pure lead. Particle tracks in a cloud chamber 
form different angles with the normal to a scatter- 
ing plate first, because they enter the chamber at 
different angles and secondly, because of scattering 
in the plates, so that there was a certain distribu- 
tion of scattering plate thickness which had to be 
taken into account. 

For a given single scattering angle @ and par- 
ticle momentum p, different scattering plate thick- 
nesses t;, ts, ts,...,t,; occurring with frequencies 
Nt)» Nty»--++>Dtp, respectively, correspond to differ- 
ent probabilities of observing the angle 0 ptt, (9 9), 
tf, (OO) 7.5 ft, (99). We select a certain effective 
scattering plate thickness teff such that the rela- 
tion 
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is valid for the entire investigated angular range. 

For 7-mm lead plates this teff equalled the rms 

thickness calculated from the experimental thick- 
ness distribution and was 9% greater than the geo- 
metrical thickness of the plate. 


Experimental Geometry 


Our apparatus defined a certain region of space 
in which particle scattering was investigated. The 
projection of the total scattering angle @ on the 
plane in which scattering is investigated will be 
denoted by Oy, and the projection on a plane per- 
pendicular to the plate of investigation will be de- 
noted by Oy. Because of the geometrical limita- 
tions in the investigated plane the probability of 
registration varies for different scattering angles. 
This was also pointed out by McDiarmid‘ and more 
recently by Cousins et al.!® The same result is 
produced by geometrical limitations in the plane 
perpendicular to the plane of investigation, but this 
depends also on the distribution function of scatter- 
ing angles. The registration of particles scattered 
at projected angle To) will depend on the corre- 
sponding angle O43 hence the observed distribution 
of Ta) will depend on the allowed distribution of 
Oy. 

The experimental geometry thus leads to a cor- 
rection function C (9%) consisting of two parts, 
Cy (9% ) and Cy, (9% ye ey (9% ) results from the 
experimental geometry in the investigated scatter- 
ing plane and gives the probability that the scatter- 
ing angle by will be observed if there are no geo- 
metrical limitations in the perpendicular plane. 

When a particle impinges on scattering plate i 
at angle y to its normal and at the distance el 
from one end of the chamber (J is the length of 
the illuminated region of the chamber in the photo- 
graphing plane, which is generally simply the length 
of the chamber ) and is then scattered at angle 0, 
then we can always find in plate i+1 a length b 
such that if the particle passes through this length 
it must be stopped in plate i - 1 within the illu- 
minated region of the chamber. 

Then, if above the scattering plate there is a 
certain angular distribution ¢(y)dy of incident © 
particles, simple geometry leads to an expression 
for the total relative probability of observing the 
angle 0%, as follows: 


¢—(1/n)tan0, ng[tan™ (nz) — 9) i 
P (09) = \ age 5 + netan0, ie (1 -F (ne)? | oe 
c=) (2) 
where n=lJ//a, a is the plate separation and the 
correction function C, (99) is given by 


C, (8) = P (92) / P(O). (3) 


It was very difficult to determine the exact an- 
gular distribution of incident particles in our ap- 
paratus; in calculating C, (9% ) we used the ex- 
perimentally observed angular distributions of 
incident particles. C;(@)) was then calculated 
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FIG. 1. Correction function C, (@,,), 1) Muons in momemtum 
range (1.0 to 1.4) x 10° ev/c in 7-mm lead plates; 2) muons 
in momentum range (1.4 to 1.8) x 10° ev/c; 3) pions in mo- 
mentum range (1.2 to 1.6) x 10° ev/c in 7-mm lead plates; 
4) pions in momentum range (1.6 to 2.0) x 10° ev/c; 5) C, (Cy) 


assuming € (y) dy = cos*ydy. 


by numerical integration of (2). The angular dis- 
tributions differ according to the plate number i 
and also for muons and pions; C, (99) is there- 
fore not identical for muons and pions in different 
momentum ranges. Figure 1 shows values of 

Cy (99) for muon and pion scattering in 7-mm 
lead plates. C, (9% ) is also shown when we as- 
sume ¢(y)dy=cos*ydy. 

C2 (9) is the correction function for the ex- 
perimental geometry in a plane perpendicular to 
the plane of investigation. The multiple Coulomb 
scattering curve for a finite nucleus can be approx- 
imated very accurately by a normal distribution; it 
is easily shown that there is identical probability 
of registering different angles so that Cy, (99) is 
independent of Oo. 
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FIG, 2. Differential distribution of projected angles for 
muons scattered in 7-mm lead plates. Curves 1 and 2 repre- 
sent multiple Coulomb scattering for an extended and a point 
nucleus, respectively. 
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Thus the multiple Coulomb scattering curves 
with which experimental results are to be compared 
need be corrected only by the function C;(99). 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


We investigated a total of 2337 muon scatterings 
and 818 pion scatterings in 7-mm lead plates. The 
total range in lead of muons with p = (1.0 to 1.8) x 
108 ev/c is 19 m; for pions with p = (1.2 to 2.0) x 
10° ev/c it is 6.7 m. 

The experimental results for muon and pion scat- 
tering in 7-mm lead plates were compared with mul- 
tiple Coulomb scattering for a point!® and an ex- 
tended!! nucleus. Multiple Coulomb scattering 
curves for a finite nucleus were obtained by Ter- 
Mikaelian; in the calculation experimental results 
on the nuclear scattering of fast electrons were 
used. 

In comparing the experimental and theoretical 
curves we used all corrections that were analyzed 
in Sec. 2. These corrections depend principally on 
the number of the plate in which scattering is inves- — 
tigated, i.e., on the momentum at the point of scat- 
tering; therefore the entire momentum range was 
divided into two groups, each of width 0.2 x 10° ev/c. 
After suitable corrections the muon and pion scat- 
tering curves were plotted for each group separately. 

Figures 2 and 3 show the total scattering curves 
for muons and pions in lead for all groups combined. 
The horizontal axis represents the dimensionless 
quantity gy defined by 


p= §./ xB”, 


where @ is the projected scattering angle in de- 


grees and X,B'/* is the characteristic angle of 
11 


multiple Coulomb scattering. 
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FIG. 3. Differential distribution of projected scattering 
angles for pions in 7-mm lead plates; 1) extended nucleus, 
2) point nucleus. 
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rived from the use of g is that scattering data in 
different momentum ranges and for different plate 
thicknesses can be combined. 

Figures 2 and 3 show the statistical errors com- 
bined with errors in determining the correction 
function Cy, (8m); values of the latter were based 
on the experimental angular distribution of incident 
particles ¢(y)dy. The error in measuring the 
scattering angle is much less than Ag = 0.3 and 
is not shown in the figures. 

It is evident from Fig. 2 that the experimental 
points are well fitted by the multiple Coulomb scat- 
tering curve for a finite nucleus. 

AY -type test showed that the experimental 
angular distribution is in very good agreement with 
theory for a finite nucleus (Pye = 95%) and differs 
sharply from the curve for a point nucleus (P 
0.33%). 

Experimental data on pion scattering in lead also 
agree with the corresponding curves for multiple 
Coulomb scattering. It would seem at first that 
such agreement could not occur because of diffrac- 
tion scattering of pions, but an investigation of mul- 
tiple proton scattering in reference 18 showed that 
when the proton energy and scattering substance 
obey the relation *x/R > XcBY?, which also holds 
true for the pions, diffraction scattering resulting 
from the absorption of particles by nuclei can occur 

only at very large angles which are outside of the 
investigated region. 

As a control of our results we plotted the scat- 
tering curves of the muons with measured mass 
< 220 me and of pions with mass > 270 me. These 
curves do not differ at all from those given above 
and are not reproduced here. 


x2 = 


Number of scattered 
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The magnitude of the possible anomaly can be 
determined from the table, which contains data 
(with all corrections ) for the total number of 
scattered muons with gy larger than a given value. 
The small excess of the observed number of scat- 
tered muons over the values given by Ter-Mikael- 
yan lies within the limit of statistical fluctuations. 
The total amount of material traversed by the 
muons is 2.16 x 104 g/cm? of lead. It follows that 
the cross section for anomalous scattering, if it 
exists, does not exceed 10~°° cm?/nucleon in the 
investigated momentum range. 


It should be noted that if we neglect all of the 
corrections and refinements given in Sec. 2 (espe- 
cially with reference to the geometry ) we obtain 
strong disagreement between the experimental 
data and the theoretical multiple Coulomb scatter- 
ing curves. In this case the experimental points 
also lie above the theoretical curve for a point 
nucleus and the cross section for “anomalous” 
muon scattering is oan = (2 to 5) x 1077" em?/ 
nucleon, which has been obtained by many inves- 
tigators. 

In experiments on muon scattering it is very 
important to determine the momentum accurately 
at the point of scattering. We therefore cannot 
trust data on muon scattering at a few hundred 
million electron volts in which approximate mo- 
mentum values were used. 

Just as serious is the insufficient consideration 
(or, in the majority of experiments, the complete 
disregard) of the experimental geometry. The 
dimensions of the apparatus are often arbitrary 
and in some instances strongly distort the mul- 
tiple Coulomb scattering curves. Incomplete con- 
sideration of these two factors has apparently led 
to “anomalous” muon scattering, at least for slow 
muons. In any event our data indicate that if anom- 
alous muon scattering exists in the investigated 
momentum range it is smaller by a factor of tens 
than the observed value given by a number of in- 
vestigators. This question can be answered by 
experiments in which single acts of scattering 
are observed. 

Our data provide a useful indication of muon 
spin, which is usually assumed to be EX although 
there is still no direct experimental verification. 
Ter-Mikaelian’s!! calculations show that for spin 
7, the angular distribution curve lies considerably 
above our experimental curve. 

In conclusion we wish to thank M. L. Ter-Mikael- 
ian for very useful discussions and assistance. We 
are also indebted to B. A. Dolgoshein and B. I. 
Luchkov, who assisted with the preparations and 
measurements, and to M. I. Daion and V. G. Kiril- 
lov-Ugryumov for discussions. 
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An investigation has been made of the secondary ions that are produced in single collisions 
between air molecules and H* and H} ions with energies between 5 and 180 kev. The follow- 
ing secondary ions were found: Nj, Of, Nt, Ot, N+, 02+, and Art. 

The cross sections for secondary ion formation have been measured. The cross sections 
for electron capture by H* and Hj and the total cross section for ionization of the air mole- 


cules have also been investigated. 


INTRODUCTION 


ap ionization of air by protons has been studied 
chiefly in connection with investigations of the de- 
pendence of proton range on energy.! The magni- 
tude and position of the maximum of the ionization 
cross section have been determined by various in- 
direct methods, all of which are characterized by 
poor accuracy .” To the best of our knowledge, no 
direct measurements of the ionization cross section 
for air by protons or the dependence of cross sec- 
tion on energy have been carried out. 

The present work was undertaken to investigate 
ionization in single collisions of H” and Hy ions 
with air molecules. Collisions between fast posi- 
tive ions and gas atoms are characterized by the 
detachment of electrons from the shells of both 
colliding particles and by electron exchange. 

These and other processes lead to the formation 

of singly-charged and multiply-charged secondary 
ions.’ Because of electron capture by the fast pri- 
mary ions the total charge of the secondary ions is 
usually greater than the total charge of the second- 
ary electrons. Furthermore, since it is not a fixed 
quantity, the total charge of the secondary ions does 
not give a direct indication of the number of second- 
ary ions. For this reason the “number of ion pairs,” 
which is generally used to characterize ionization, 
is not a reliable parameter. The total ionization 
eross section is more properly denoted by the cross 
section for the formation of the free electrons, which 
are detached from the shells of the colliding par- 
ticles. Hence, in the present work the total ioniza- 
tion cross section was determined directly by re- 
cording the electrons produced when an ion beam 
was passed through a chamber containing air. The 
total electron capture cross sections for Ht and 
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Hz were also determined; this quantity was also 
reported in reference 4. In addition, mass-spec- 
trometer measurements were carried out to deter- 
mine the identity of the secondary ions. The cross 
sections for the formation of these ions were also 
measured. 


MEASUREMENT PROCEDURE 


The method of measurement has been described 
in detail in earlier papers®”® and will be discussed 
only briefly here. 

A beam of primary H* or H} ions, which first 
passes through a monochrometer, enters a system 
of collimating slits and the collision chamber, 
which contains air at 1.5 x 104mm Hg. It has 
been found that this pressure is low enough to sat- 
isfy the requirements for single collisions. A 
pressure less than 5 x 10 ° mm Hg is maintained 
in the rest of the system by means of differential 
pumping. 

The collision chamber contains a measuring 
condenser; this condenser is used to collect the 
secondary ions and electrons which are formed 
when the primary ion beam passes through the 
chamber. The measuring condenser is used to 
determine the total cross section for the forma- 
tion of positive ions [reduced to unit charge (0+)] 
and the total ionization cross section (o_) by the 
formulas 


5, == Ff eillle (1) 


} 


of pint (2) 


In Eqs. (1) and (2), i, is the current of primary 
ions, i; and i_ are the saturation currents for 
positive and negative particles respectively when 
the collision chamber is filled with air (taking 
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FIG. 1. Secondary-ion spectrogram. ©) spectrum at an air 
pressure of 1.5 x 10-* mm Hg in the collision chamber, @) spec- 
trum with a residual pressure of 5 x 10™° mm Hg. The lines due 
to the residual gases are shown cross-hatched. 


account of the background due to the residual gas ), 
n is the number of air molecules per cm, and 1 
is the length of the electrodes. The total cross 
section for electron capture by primary ions (049) 
is defined as 


710 


== Sia Oke (3) 


A magnetic mass analyzer is used with the col- 
lision chamber; this analyzer is used to analyze 
the e/m ratios of the secondary ions. Using the 
mass analyzer the cross section for the formation 
of secondary ions Ant ( Oant) is determined from 
the expression 
se an (4) 


a 


where o ant is the relative intensity of the line for 
the A* ion in the secondary-ion spectrum. 

The primary-ion current and the saturation cur- 
rents at the plates of the condenser are 5 x 10° to 
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FIG. 2. Energy dependence of the total cross section for 
electron capture by protons. The solid curve represents the 
air data of the present work. The dotted curves are as follows: 
1) data of reference 4 for air, 2) data of reference 7 for nitro- 
gen, 3) and 4) data of reference 6 for N, and O, respectively. 


5 x 10-8 amp and 4x 107" to 8 x 107” amp respec- 
tively and are measured with a mirror galvanom- 
eter. The current at the collector of the mass 
analyzer is 8 X 10719 to 4 x 107!4 amp and is meas- 
ured with a vacuum-tube voltmeter with a sensitiv- 
ity of 1 x 107'* amp/division. 

The air pressure in the collision chamber is 
measured with a radiometer gauge and is moni- 
tored with a manometer. 

The errors in the cross section measurements 
are estimated at +12% of the measured quantities 
and consist of the errors in the pressure measure- 
ments (+6%) and the errors in the current meas- 
urements (+6%). 


RESULTS OF THE MEASUREMENTS AND 
DISCUSSION 


1. Mass Spectrometric Analysis of the Secondary 
Ions 


A spectrogram of the secondary ions formed in 
the passage of 75-kev protons through air is shown ~ 
in Fig. 1. The spectrogram was taken at a pressure 
of 1.5 x 1074 mm Hg; the residual pressure in the — 
chamber was 5 x 10-° mm Hg after evacuation. The 
intensity of the lines is plotted along the vertical 
axis while the strength of the magnetic field is 
plotted along the horizontal axis (both quantities 
are plotted in arbitrary units ). 

The strongest lines in the spectrum were as- 
signed to the following ions: Nj, Of, Nt, Ot, N?*, 
ous and Art. Lines due to HT, Hy, and HO" 
were observed; these were attributed to the resid- 
ual gases. The H* and Hy lines are due to the 
presence of a small amount of water (from the 
ion source) in the collision chamber while the 
line characterized by m/e ~ 55 is apparently due 
to vapors of organic compounds. The total contami-- 
nation of the air was less than 2%. | 


2. Total Cross Section For Electron Capture by 
Primary Ions 0; 


The energy dependence of oj), the total electron} 
capture cross section protons in air is shown in 
Fig. 2. This cross section falls off as the proton 
energy is increased (for the entire region which 
was investigated). The cross section for electron 
capture by protons has also been measured by 
Kanner.* The di9(T) curve obtained in the pres- 
ent work lies above the curve obtained in reference 
4; however the difference lies within the experimen-; 
tal errors. The figure also shows the electron cap— 
ture cross sections measured by Stier and Barnett® | 
in oxygen and nitrogen and by Gilbody and Hasted’ 
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FIG. 3. Energy dependence 
of the total cross section for 
electron capture by i ions 
in air (the quantity o,, x 10*° 
is plotted along the ordinate 
axis). 


in nitrogen. The capture cross sections in these 
gases are approximately the same as those in air. 

Figure 3 shows the energy dependence of the 
total electron capture cross section (04)) for Hf 
ions in air. This cross section is similar to the 
proton capture cross section in that both fall off 
with increasing energy over the entire range which 
was investigated. 


3. Total Ionization Cross Section o_ 


In Fig. 4 is shown the totai ionization cross sec- 
tion for air (o_) as a function of the energy of the 
primary ions, H* and H;. The o_(T) curve has 
a broad maximum for proton ionization at about 
60 kev, at which o_ ®& 6.3 X 10716 em?. According 
to the data of reference 2 the maximum of the 
cross section for ionization of air by protons, as 
determined by indirect methods lies, in the 50 to 
120 kev region; the maximum cross section is 8.6 
fo.12,5 x 107%° cm?, i.e., somewhat higher than the 
value obtained in the present work. The position 
of the ionization maximum found in the present 
work is in agreement with the position of the maxi- 
mum of the stopping power of air for protons. Ac- 
cording to the data of various authors, reported in 
the review paper by Allison and Warshaw,’ this 
maximum lies in the 60 to 80 kev region. 

Figure 5 shows the velocity dependence of the 
cross section for ionization of air by H* and Hy 
ions and the cross section for ionization of nitro- 
gen and oxygen by electrons as reported in refer- 
ence 9. It is apparent from Fig. 5 that the ioniza- 
tion maximum for protons and Hj ions lies in the 
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FIG. 5. Velocity dependence of the total ionization cross 
section. Solid curves are the data of the present work (the 
designations of the primary ions are given on the correspond- 
ing curves); the dotted curves are the data of reference 9 for 
ionization of nitrogen and oxygen by electrons. 


velocity range v © (1.5 to 2)e?/f (e?/fi = 2.2 x 

10° cm sec is the electron velocity in the Bohr 
hydrogen atom). The ionization maxima in oxygen 
and nitrogen for electrons corresponds to the higher 
velocity value v = 3e2/h. The maximum cross see- 
tion for ionization gf air by electron collision is 
approximately one half the value for proton ioniza- 
tion and four times smaller than that for ionization 
by Hy ions. It is also apparent that ionization of 
air by protons and Hy ions takes place in the ve- 
locity region v ~ 3e2/h, where ionization by elec- 
tron impact does not occur. 


4. Cross Section For the Formation of Secondary 
Ions 


(a) Formation of Secondary ions in air. In Fig. 6 
are shown the dependences of the cross sections for 
the formation of nitrogen and oxygen ions when air 
is ionized by protons. In Fig. 7 the same relations 
are shown for Hj} ions. Data on the ionization of 
argon atoms by H* and H} ions have been reported 
in reference 10 and have not been investigated in 
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FIG. 6. Energy dependence of the cross sections for the 
formation of secondary ions in air for ionization by protons. 
The designations of the secondary ions are given on the cor- 
responding curves. 
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the present work. The cross sections are expressed 
in em? and in cm™!, giving the number of secondary 
ions formed in one centimeter of primary-ion path 
at 1 mm Hg and 0°C. The cross sections are com- 
puted for one primary ion and one molecule. Ex- 
amination of Figs. 6 and 7 shows that the number 
of secondary nitrogen ions is approximately four 
times greater than the number of oxygen ions. 
Secondary ions can be produced in the readjust- 
ment of the electron shells of the colliding particles. 
When the energies of the primary ions (hydrogen) 
are of the order of several kev the collision time 
is less than 107! sec. Hence, in the ionization of 
air (which consists essentially of molecular gases ) 
this readjustment process should be governed by 
the Franck-Condon principle. Under these condi- 
tions the collision of the primary ion with a mole- 
cule leads to the formation of a secondary molecu- 
lar ion with charge equal to the number of electrons 
detached from the shell of the molecule. The mo- 
lecular ions which are formed can be stable or un- 
stable. In the latter case they dissociate into atomic 
particles. 9 
In the interaction of protons with nitrogen mole- 
cules the most probable processes which lead to 
the formation of secondary ions are the following: 


(I) 


H” +N, H°+N,, 

H* +Ne+H' +N, +e, (II) 
H” +N,> H°+N,” +e, (III) 
H UN Ny 4 De. (IV) 


Here (I) is the reaction in which an electron is 
captured by a proton, (II) and (IV) are ionization 
reactions in which one and two electrons are de- 
tached respectively, and (III) is a capture reaction 
accompanied by ionization. It is obvious that there 
are also reactions in which three or more electrons 
are detached from the molecular shells and capture 
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FIG. 7. Energy dependence of the cross sections for the 
formation of secondary ions in air for ionization by H} ions. 
The designations of the secondary ions are given on the cor- 
responding curves. 
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FIG. 8. The cross sections for the formation of secondary 
ions in nitrogen as a function of the velocity of the primary 
ion. The designations of the secondary ions are given on the 
corresponding curves. ©) ionization by protons; @) ionization by 
H} ions. 


reactions in which two electrons are captured by 
the proton. However, these reactions are much 
less probable than those given in (I) to (IV). 

The NP ions which appear as a result of (I) and 
(II) and the N3* ions which appear as a result of 
(III) and (IV) are predominantly stable.* The un- 
stable secondary ions can dissociate by various 
modes, forming the atomic particles N, Nt and 
N+, The Of, Ot, and O** ions are formed as a 
result of similar processes. 


(b) Cross sections for the formation of singly 
charged molecular ions in nitrogen and oxygen 
(ont_and Joy). Figures 8 and 9 show the veloc- 
ity dependences of the cross sections for the for- 
mation of various secondary ions for the passage 
of protons and H} ions through pure gases (nitro- 
gen and oxygen). In computing these cross sec- 
tions from the data given in Figs. 6 and 7 it has 
been assumed that the air is 78% nitrogen and 21% 
oxygen. Inspection of the curves in Figs. 8 and 9 
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FIG. 9. The cross sections for the formation of secondary 
ions in oxygen as a function of the velocity of the primary ion. 
The designations of the secondary ions are given on the corre- 
sponding curves. ©) ionization by protons; @) ionization by Hf 
ions. 


*It is apparent from Fig. 7 that the number of N+ and N27! 
atomic ions which arise as a result of dissociation is less 
than 50% of the number of molecular N} ions. It follows thus. 
that the maximum number of unstable N} ions is less than. 
one third of the total number. 
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shows that the formation cross sections for singly 
charged molecular ions fall off with increasing 
primary-ion velocity; the only exception is the 
cross section for the ionization of nitrogen by Hf, 
which has a maximum at v * 1.2 x 108 cm/sec. 

In the velocity region v < e?/h the formation 
of secondary molecular ions is due chiefly to the 
capture of electrons by the primary ions. This 
follows from the fact that in this region the total 
capture cross section is greater than the cross 
sections OND and JO} while the total ionization 
cross section is smaller than these cross sections. 
The shape of the ont (Vv) and oof (v) curves in 
this region is probably determined by the Cio (V) 
curve. On the other hand, in the velocity region 
v >e’/h the molecular ions arise predominantly 
as a result of ionization. This result follows from 
the fact that the total electron capture cross sec- 
tion (049) for v >e?/fh is considerably smaller 
than the cross sections ony and JO; 


(c) Cross sections for the formation of singly 


charged atomic ions in nitrogen and oxygen got_ 
and ont. It is apparent from Figs 8 and 9 that the 


cross sections for the formation of singly charged 
atomic ions reach a maximum of about 50% of the 
cross sections for the formation of singly-charged 
molecular ions. The cross sections for the for- 
mation of the singly charged atomic ions (N* and 
Ot) reach a maximum in the region v ~ (0.5 to 1) 
_xe?/h. It is interesting to note that the velocities 
corresponding to the appearance potentials of these 
ions in electron collision (according to the data of 
reference 11) are larger, being 2.6 to 2.9 x 108 
cm/sec. 

It is important to note that the maxima for the 
formation of secendary atomic ions occur at lower 
velocities than the maxima for total ionization by 
H* and Hy ions. This experimental fact may be 
explained qualitatively as follows. The oyt(v) 
curve (and the o9+(v) curve) must be a super- 
position of the curves for capture with dissociation 
and ionization with dissociation. According to the 
data reported by Lindholm,'” processes involving 
capture with subsequent dissociation can have cross 
sections which are comparable with the cross sec- 
tions for ordinary charge exchange (at primary 
ion energies of the order of 1 kev). Hence it is 
reasonable to assume that the basic contribution 
in ont and oo? in the velocity region v< e*/h 
is due to processes involving capture with subse- 
quent dissociation rather than ionization with dis- 
sociation, for which a relatively high energy is 
required. 

The oxygen atom has a positive electron affin- 
ity; hence in the interaction of Ht and Hj ions 


with oxygen molecules the latter may dissociate 
with the formation of the negative atomic ions, O7. 
In the present work we have estimated the cross 
section for the formation of negative oxygen ions 
for primary-ion energies between 11 and 29 kev. 
The results are shown in the table; the cross sec- 
tions are given in units of LOme2tom- melt is appar - 
ent from the table that this cross section is much 
smaller than oo+ and falls off as the energy of 
the primary ions is increased. 
Primary ion 
Energy, 
kev Ht | au 


(d) Cross section for the formation of double 
charged atomic ions oo+tt and _ont+. The cross 
sections for the formation of doubly charged atomic 
ions have maxima which lie in the velocity region 
v © (1 to 1.5)e2/h. The maximum values for ioni- 
zation by protons are oott = 1 x 107!" em? and 
ontt+ = 8.3 x 10718 em?; for ionization by H} ions 
these cross sections are larger: oott © 2.9 x 10°!" 
em? and ontt = 2.4 x 107!" em. An estimate of 
the analogous cross sections for electron impact, 
made with the data of references 9 and 11, yields 
the values oott < 3 x 10729 em? and ontt & 8 x 
10s ecm: 

It is apparent from Figs. 8 and 9 that oot+ and 
ont+ and oot and ont for ionization by H} ions 
are 1.5 to 3 times greater than for ionization by 
protons. This would seem to indicate that the cross 
sections for processes which involve a sizeable con- 
sumption of energy increase with increasing atomic 
number of the primary ion. A similar conclusion 
was reached in earlier work, in which we investi- 
gated the ionization of argon by hydrogen ions.'° 

The experimental data of the present work lead 
to the following conclusions. 

(1) Ionization of air by protons occurs at veloci- 
ties smaller than e?/fi, i.e., below the threshold 
for ionization by electron impact. The total cross 
section for ionization by H* and H} ions, at veloci- 
ties corresponding to the threshold for electron 
ionization, are 6 x 107!° em? and 11 x 107! em? 
respectively. 

(2) In ionization of air by protons and Hy ions, 
about one-third of the secondary ions produced at 
the total-ionization maxima are atomic ions. 

These experimental findings and the data on the 
ionization of inert gases by positive ions*»!° indicate 
that the ionization mechanism in atomic collisions 
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is different from that which operates in electron 
impact. 

In conclusion the authors wish to thank Profes- 
sors V. M. Dukel’skii and O. B. Firsov for valuable 
discussions of the results of the present work. 
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A relation of the type Ny, ~ Ey has been investigated for the flux of 4 mesons possessing 
energies = 0.41 Bev and moving 0 to 24 meters from the axis of extensive air showers. It 
is shown that for energies 1.54 x 104 < E) < 3.14 x 10! ev the exponent is x = 0.42 + 0.14. 


A dependence Nipples Ej has been established for 
the number of penetrating particles on the primary 
shower energy in several papers!~3 devoted to the 
investigation of the penetrating component of ex- 
tensive atomospheric showers under thin absorbers. 
We deemed it interesting to study an analogous de- 
pendence at our level of observation using available 
data on the flux density of 4 mesons under lead in 
showers of various energies. The corresponding 
measurements were carried out in Tbilisi (~ 400 m 
above sea level) in the winter and spring of 1957. 

The apparatus intended to fix the shower, to de- 
_ termine its magnitude, and to locate its axis was 
analogous to that used in reference 4. The only 
difference was that one of the laterai hodoscopes 
that were located symmetrically relative to the 
separating system was replaced by a penetrating- 
particle detector consisting of three rows of GS-60 
hodoscopic counters, separated by layers of lead. 
Each row had 8 counters, and the total area of each 
row was 0.26 m*. The minimum thickness of lead 
that a penetrating particle had to pass to produce 
a discharge in all three rows was 28cm; a p- 
meson energy greater than 0.41 Bev was thus nec- 
essary. 

In the analysis of the hodoscopic data obtained 
with the penetrating-particle detector, an event 
was considered to be produced by a » meson if: 

(a) one counter was discharged in each of the 
rows in such a manner that the track of the particle 
could be reproduced, 

(b) two or three neighboring counters in one of 
the rows operated together with single counters in 
the remaining rows. Thus p» mesons that produce 
a delta shower were also considered. 

In the reduction of the material, we took into 
account the role played by different kinds of ran- 
dom coincidences of discharges in the detector 
counter. The contribution of random coincidences 
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to the total number of u mesons does not exceed 
3% for all groups of investigated showers (the re- 
solving time of the hodoscope was T = 30 usec, 
and the background of each counter was n = 1000 
pulses/minute ). 

Based on the accuracy with which the magnitude 
of the shower was determined,‘ all extensive atmo- 
spheric showers were grouped in our experiments 
by the number of particles into the three groups 
shown in Table I. 


TABLE I 
Average | Primary 
Group No. Interval adie energy 
| 
it 7-108—2.8 -104) 1.4 -104| 1.54-1014 
2 2.8 -404—1.12-10°| 7.2 -10%)7.92-1034 
3 1.42-10°—4,48-10° | 2.85-10° | 3.414.102 


For each group of showers, the average density 
of the » -meson flux was determined from the for- 
mula 


1 | N 
— nae nN TaN nee 


(1) 


where o is the area of one row of detectors, N 

the number of registered showers in a given group, 
and Ny, the number of showers of a given group in 
which a » meson was registered. Of the total 
number of showers, N, we excluded those in which 
the »-mesons could not be identified unambiguously. 
The data are summarized in Table II, which con- 
tains also the average distance r of the axis of the 
extensive atmospheric shower from the detector 

of the penetrating particles. 

The values of the effective distance of the axis 
from the detector, given in Table II, were calculated 
in the following manner. If d is the distance be- 
tween the detector and the center of the separating 
system, then the average distance R from the axis 
from the center of the separating system, the dis- 
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TABLE II 

| Total Ningie | A 
Energy Of| umber Brot | Density Effective 
primary | jber of | of meson | distance, 
particle, show- | ™S" | flux. tot cs 
eee lea ee tilt 

| | 
1.54.10! | 562 | 59 0.44+0.06 10 
eo a hOLE Wi Sis 62 0.86-+-0.13 | 10 
3 44-40% |) 222 71 1.48-++0.25 10 | 


tance r from the axis from the detector of the pene- 
trating particle, and the azimuth angle ¢ are all 
related by 


r2 = R? + d?—2Rd cose. (2) 


We calculate N and N, from the following rela- 
tions: 


Nig \\ P (R) RdRdg; (3) 
Re 


=\ | P(R) (1 exp {— 


Ro 


ou (r) 9}) RdRdg, (4) 


where P(R) is the distribution of the number of 
registered showers by distance from the axis of 
the center of the separating system, as obtained 
from the hodoscopic data, and py (r) is the spatial 
distribution function of the 4 mesons. For py (r) 
we used an expression from the paper of Yu. Vavi- 
lov et al.® of the form Py = a/r°-®, at distances 
from 0 to 24 m. 

Since our data did not include a single shower 
with an axis more than 24 m away from the center 
of the separating system, the use of a spatial dis- 
tribution function in the form p,, = a/r*-® is well 
justified. 

From the ratio of N, and N we calculated the 
probability of detector operation, P(r) = Nu {N= 
1-—exp(—pyo) and estimated the corresponding 
value of reff. As can be seen from Table II, all 
distances were the same in our case (r ~ 10m). 
This permits us to set up a relation of the type 
Nu ~ Ej} for » mesons incident within 24 m from 
the axis. Actually, it is easy to verify that 


24 


Gf: 
ie 2m \ mr! df == const <a, (5) 
0 


ice., Ny ~ a. On the other hand, if the distance 
from the shower axis to the detector is the same 
for all showers and equals ro, then py (Yo) = 
a/r}'®, i.e., py(t%o) ~ a. Consequently, the de- 
pendence oe (X9) ~ ins will have the same expo- 
nent as Ny ~ EK 

Analysis of our experiments has shown that in 
the energy range 1.54 x OS Ey) = 3.14 X 10! ev 
the exponent, as found by the least-squares method 
with allowance for the weights of the various meas- 
urements, is kK = 0.42 + 0.14. The results obtained 
are in agreement, within the limits of statistical 
error, with those of Vavilov? for mesons of en- 
ergies => 0.44 Bev and a corresponding primary- 
particle energy interval. This result does not con- 
tradict the value x = 0.62 + 0.12, cited in refer- 
ence 3 for # mesons with energies = 1 Bev. 

In conclusion, I take this opportunity to express 
my deep gratitude to Academician of the Georgian 
§.S.R. E. L. Andronikashvili and to M. F. Bibil- 
shvili and T. V. Varsimashvili for interest in the 
work and for a discussion of the results, and also 
to R. V. Kuridze, I. V. Khaldeeva, and M. M. 
Freidlin for help in the performance of the work. 
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Thick emulsions were used to measure the angular distribution of protons from the ground 
and first excited states in the reactions Si2*»39(d, p)sSi393! at a deuteron energy of 4.3 Mev. 
The orbital angular momenta 7 of the captured neutrons were determined, as well as the 
absolute differential reaction cross sections and the reduced neutron widths of levels in the 
final nuclei. The experimental proton angular distributions were compared with the theo- 
retical curves of Butler and Bhatia. The spin and parity of the ground and first excited 
states in Si*! confirm the calculations of Goldhammer. 


Tae angular distributions of protons or of neutrons 
in stripping reactions of the type (d, p) or (d,n) 
have become a generally accepted tool of nuclear 
spectroscopy for investigating the quantum numbers 


of states in the product nucleus.!~? As is well known, 


the orbital angular momentum 7 of the neutron cap- 
tured by the nucleus in the (d, p) reaction is deter- 
mined by the position of the peak in the angular dis- 
tribution of the emitted protons, and can be used to 
find the parity 7m anda set of possible spins Ig of 
the final nucleus. The absolute value of the cross 
section for the stripping reaction is proportional to 
the probability that a particle with orbital angular 
momentum 17 will be captured on the surface of 
the nucleus, provided that the core remains unex- 
cited. This probability is proportional to the re- 
duced widths v4 and 0} for the captured particle 
or to the nuclear matrix element INGE If the states 
of the final nucleus can be described by the shell 
model, then the values of these parameters should 
be relatively large; they should at least be of the 
same order of magnitude for the excited states as 
they are for the ground states. 

(d, p) reactions on enriched Silicon isotopes 
Si? and Si®® were studied at deuteron energies of 
4.3 Mev.® The energy spectra were calibrated using 
magnetic field measurements of the proton spectra® 
from the reactions Si2®»?9»39 (d, p) 912930, 31 | 
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DESCRIPTION OF THE EXPERIMENT 


A 4.3-Mev deuteron beam from the 72 cm cyclo- 
tron of the Institute of Nuclear Physics, Moscow 
State University was electromagnetically focused 
and, passing through a system of collimating slits, 
fell at 45° on the target, placed at the center of a 
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cylindrical camera. The energy spread in the beam 
had been determined earlier in previous experi- 
ments! and was less than 40 kev; the beam did not 
diverge by more than 20’. Since the deuteron en- 
ergy varied from one bombardment to another, the 
value of Eg used was obtained from the proton 
group of longest range and from a reaction with 
known Q. The protons emitted from the target 
were detected by type YA-2 NIKFI emulsions 100 
and 200 thick and placed about 10 cm from the 
target at angles of 6.5 to 150° with the incident 
deuteron beam. Aluminum absorbers were placed 
between the target and the emulsions to suppress 
elastically-scattered deuterons and low-energy 
protons. The beam current was measured with a 
Faraday cylinder and integrator. 

The targets for reactions on the enriched iso- 
topes were made by depositing finely divided SiO, 
powder on a piece of gold tinsel 0.15 mg/cm? thick 
stretched over a frame. ‘The silicon dioxide was 
enriched with Si?® or Si®° (see table 1). The thick- 
ness of the target was found by weighing and turned 
out to be 0.30 mg/cm? for Si2? and 0.34 mg/cm? for 
Sio) es Thessi- target was made by evaporating a 
silicon sample with the natural isotopic abundances 
in vacuum. Only chemically pure materials were 
used in making the targets. Bombardments carried 
out as controls showed that there was a negligible 
amount of impurities in the targets and underlying 
tinsel foil. 

The tracks were counted using an MBI-2 micro- 
scope with magnification 1.5905. In the histo- 
grams below, the scale along the abscissa is in 
units of the scale in the ocular of the microscope. 
In the angular distributions shown below, the errors 
are statistical; the dotted lines show the isotropic 


38 V. G. SUKHAREVSKEII 


TABLE I 
Natural Composition | Composition 
Isotope Abundance, of the Si?® of the Si°° 
% sample, % sample, % 
Sizé 92.28 34.6 SOn8 
Si2? 4.67 63.9 112A 
Sie? 3.05 Nae) ane 


part of the angular distribution, which is presumably 
due to formation of the compound nucleus. 


RESULTS 


Si? (d, p) Sis’: Figure 1 shows the proton spec- 
tra at angles @]ab, = 6.5° and 40°. According to 
Dzhelepov and Peker,® Si®? has an excited state at 
1.250 mev. It does not appear in our experiment. 
The dotted line in Fig. 1 shows the position of the 
proton group which should correspond to such a 
state. If this state is formed its intensity of forma- 
tion is 0.3% of the corresponding quantity for the ; 
ground state of Si®? at @4p.=6.5° and less than 
0.6% for ®,4p,= 40°. The energy resolution of the 
nuclear emulsions is insufficient to distinguish be- 
tween the proton groups Si?’ (1) corresponding to 
reactions on the first excited state of Sir and the 
proton group Si??(0) corresponding to reactions 
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FIG. la. Proton spectrum at 6,ap, = 6.5° from the reaction 
SiG p) SP 
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FIG. 1b. Proton spectrum at 9,1. = 40° from the reaction 
Sid, py Si, 


leading to the ground state of Si**. The Q’s for 
these reactions differ only by AQ = 0.098 mev. 

The sum of the angular distributions has been 
plotted for these groups. Figure 2 shows the meas- 
ured angular distributions together with the theo- 
retical curve of Bhatia.? When the neutron was 
captured with orbital angular momentum /=0, 

the radius of the target nucleus was taken to be 
R=R)+2x107%cm, while R=Ry+1x10°% cm 
was used for 1=2. Ry was calculated as Ry = 

(1s 1k 22 AY3) x107!3 em. In Fig. 2a the angular 
distribution of the group Si®°(0) agrees satisfac- 
torily with theoretical curve for 1/=0. The angular 
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FIG. 2. Angular distribution of protons from the reaction 
Si” (d, p) Si**: a — ground state of Si’, 1 = 0; b — first excited 
state of Si*® / = 2 and the ground state of Si”, 1=0. do/dQ is 
in units of 7.30 mbn/sterad. 


(d,p) STRIPPING REACTIONS 


FIG. 3. Proton spectra: a — from the reactions Si*° (d, p) Si® 
and Si’* (d, p) Si” at an angle @,ap. = 40°; b — from the reac- 
tion Si* (d, p) Si?” at an angle O;,,. = 40°. 


distribution shown in Fig. 2b for the two groups 
Si%°(1) and Si?°(0) agrees with the sum of the 
curves for 1=2+0. Since the neutron is captured 
by the ground state of Si?’ into an 1 =0 state,?»!0 
the angular distribution of the proton group Si? (1) 
corresponds to neutron capture with 1 = 2. 

Si?’ (ole ja) sit. The proton spectra from the re- 
actions Si? (d, Pp) si*! and Si*8(d, p) si?’ are 
shown in Fig. 3. The energy resolution is not 
enough to separate the proton groups Si*4(0) from 
Si-’(2) or Si*'(1) from Si??(3) (the Q’s for 
these reactions differ only by 0.144 and 0.212 mev). 
Figure 4 shows the sum of the angular distributions 
for these two groups. The bottom part of the figure 
shows the angular distributions of the proton groups 
si? (2) and Si”? (3 ), drawn to a scale which shows 
the contributions these groups make to the total an- 
gular distribution. A correction was made for the 
variation in deuteron energy (AEg = 0.4 mev), 
using. the data of Tobocman and Kalos.!! The cor- 
rection never exceeded 0.5%. The angular distri- 
bution of the Si2®(3) group is isotropic, while the 
Si2°(2) protons correspond to capture of a neutron 
with 1=2 (the theoretical curve is drawn using 
Bhatia’s formula with R= R,+ 1 x 107'3 cm). 
These results agree with those of Holt and Mar- 
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FIG. 4. Angular distributions of protons from the reactions 
Si*° (d, p) Si** and Si (d, p) Si??: a) A — ground state of Si*?, 
1 = 2, and the second excited state of Si”, / = 2; o — for the 
proton group Si”? (2); b) A — first excited state of Si?!, 1 = 0, 
and the third excited state of Si’® (isotropic). do/dQ is in units 
of 9.30 mbn/sterad. 


sham,” taken at a deuteron energy of 8 Mev. The 
final angular distributions for the proton groups 
Sit (0) and si%! (1) (obtained from the difference 
between the angular distributions of Fig. 4) are 
shown in Fig. 5, together with theoretical curves 
calculated from the formulas of Bhatia (solid 
curves, R=R)+1x10°%cm for 1=2 and R= 
Ly an 7A 10°73 em for l= 0) and Butler (dotted 
curves, R=R)+1x10'%cm). The radius R 
was increased by 1x 107'3 em for J=2 in order 
to obtain better agreement with experiment. The 
change displaces the peak in the theoretical curve 
by 3 or 4° toward the smaller angles. 
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FIG. 5. Angular distribution of protons from the reaction 
Si*° (d, p) Si*? a — ground state of Si*', / = 2; b — first excited 
state of Si*, 1] =0. do/dQ is in units of 9.30 mbn/sterad, 
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TABLE II 
— rrvr'—mvvrrvwwsvw00O—OlrTrTT 
| Level Ie > | = 
: position |25 45, i do/dQ, § 2 Shell model 
Reaction E Mev em 9 1 | fin ™ mbn/ 513) 2 configuration 
|from ref- |S cS steradian ea 
erence 6 [2 9 2~ 2 OF) 
Ser =& 
Si? (d, p) Si2° | 0 | 0 | O+,(4*) ‘S(O! | O63 | O09 (251), Nz 
Paes |e Oae 
+0.020 | +0.09; 2 | 2+,(1+,3+)) 41.55 (38°) | 0.57 | 0.019 (2s1,,)* (1ds),)* 
Si (d, p) Si? | 0 OT 2uiSfer,(C/aty|) 66(88°) Orsi O04 (2s1),)? (1ds,,)* 
| 0.757+ !0.76+ 2 
+0.007 | +£0.08 | 0 1] ot U3) (OP) 0.17 | 0.006 (2s.,,)* (1d,,,)° 


*The indicated uncertainty is the root-mean-square error. 


The fact that the experimental angular distribu- 
tion is shifted toward the smaller angles and is 
somewhat narrower than the theoretical curve for 
R= R, indicates that there is a nuclear interaction 
not accounted for in the theories of Butler and 
Bhatia. In our case the deuteron energy was 4.3 
Mev, almost equal to the height of the Coulomb 
barrier for the nuclei investigated, so that Coulomb 
effects cannot be neglected; their effect is to shift 
the peak in a direction opposite to that given by the 
nuclear forces, that is, toward larger angles. The 
Coulomb barrier of the nucleus Si*? is 3.70 Mev, 
while for the nucleus Si?’ it is 3.66 Mev. However, 
when Eg is about the same as the Coulomb barrier, 
the shape of the angular distribution is not deformed 
enough to give a wrong value for J, at least for nu- 
clei up to Z=19 andfor l= 2,12 even though the 
Coulomb forces, together with other nuclear inter- 
actions, can have a big effect on the magnitude of 
the stripping cross section. 


DISCUSSION 


The results of the experiment are shown in 
Table Il. The level spins were obtained from the 
selection rules corresponding to the formula I¢ = 
tae 1 3, the values in parentheses being less re- 
liable. The values of the absolute differential cross 
sections were calculated without taking into account 
the isotropic part of the angular distributions at the 
maxima of the theoretical curves (for @=0° for 
Z=0 and @=36 to 38° for 1=2). The accuracy 
of do/dQ is about 40%. The reduced neutron 
widths v4 and 03 for levels of the final nuclei 
were calculated from the results of Friedman and 
Toboeman? and from the tables of reference ie 
without taking into account the Coulomb and nuclear 
interactions. OF is given in units of the Wigner 
sum rule limit. 

In principle, a measurement of the absolute 
value of Ogtr gives the value of 4 and the kind 
of nuclear excitation. However, it is not possible 


to make a direct determination of the reduced width 
because one cannot take properly into account the 
nuclear interaction between the particles taking 
part in the reaction. The effects of the Coulomb 
forces can be calculated exactly, but such a calcu- 
lation is very complicated. The reduced widths ob- 
tained without taking these interactions into account 
are too small. Hence the values of v4 and OF 
quoted in table II should be regarded as only rela- 
tive. From the calculations of Tobocman and Kalos, 
the neglected interactions should increase v4 and 
@} by a factor N > 10. Calculations carried out by 
Neudachin and Teplov'‘ for the reaction Ca‘(d, p) Ca‘t 
for Eg ~ 4 Mev give avalue of N about 40 or 50. 
Since the nuclear intezactions have but little effect 
on the cross section, one can carry out an approxi- 
mate calculation of the Coulomb corrections. Such 
estimates were obtained by Sawicki!® and Butler!® 
but the corrections obtained were small compared 
with the numerical computations of Tobocman and 
Kalos. According to Butler, a correction factor 
{Ro}? can be calculated in the limit of small 1 
and for Eq > Ze?/R, i.e., for relatively large 
angular momenta of the deuteron, Ag, and proton 
Ly. (The correction factor weave = is applied to 
decrease the value of Tstripping 4S calculated 
taking Coulomb corrections into account). The 
approximation improves with increasing Ag and 
Lp, because of the short range of nuclear forces. 
For Eg © Ze?/R, the factor {Ro}* is too small, 
but still can be used to obtain a lower limit for 
Cstripping- The factor {Roo}* is almost exactly 
equal to exp [-—7(mp + 7d)] where 7 is the 
Coulomb parameter, 7 = Ze’m/fi*k (k is the wave 
number). The second factor in {Ro} is usually 
little different from one (Eq Ze?/R, Q > binding 
energy of the deuteron). 

For the reaction Si®(d, p) Si®® at Eg = 4.30 
Mev, the correction decreases ogty by a factor 
10°, which is clearly wrong but does provide a 
lower limit to the reaction cross section. From — 
the values of the reduced width @} for the ground 
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state of Si® (see table II), Sstr Cannot be de- 
creased by more than a factor 30, since {@3}coul = 
; ; ; oul. 
@7/{Roo}* cannot be more than unity ({©7} coul. 
is the reduced width taking Coulomb corrections 
into account). The reason for this discrepancy 
with experiment is not hard to find, since the or- 
bital angular momentum of the incident deuteron is 


Mg==h RI2Ma(E 4 — Ze? R)|? = 1. 


For the ground state of Si®, the orbital angular 
momentum of the captured neutron is 1=0, ice., 
the values Ag = Lp = 1 are too small. In the case 
of the reaction a? (d, p) gk): proceeding from 
the ground state with Eg = 14.3 Mev, the Butler 
correction is small compared to the result given 
by the calculations of Toboeman and Kalos. Here 
l=2, Aq=4, Eq > Ze*/R = 2.4 Mev, but {Rw}? 
is less than the result given by Tobocman and Kalos 
by a factor 7.5. We may conclude that the approxi- 
mations made by Butler are too crude, at least for 
deuteron energies up to 14 Mev. 

The nucleus Si?? is even-even and has isotopic 
spin T=1. The spin and parity of the ground state 
‘are 0*. For even-even nuclei, the first excited 
state usually has spin and parity 2*, which for this 
nucleus means that one of the two neutrons outside 
a closed shell has undergone the transition (2s;/2) 
— (1d3,). The close agreement between the values 


_ of the reduced widths for the ground and first excited 


states suggests that these can be pictured as two 
neutrons interacting outside a closed shell. 

The nucleus Si?! is even-odd, with T =%. Pos- 
sible values for the spin and parity of the ground 
state are %*, %4*; according to Dzhelepov and 
Peker the ground state is ae The spin of the first 
excited state is determined uniquely by this experi- 
ment; itis 4*. The values %t, ¥,+ for the spins 
and parities of the ground and first excited states 
agree with the calculations carried out by Gold- 
hammer;'" for three neutrons outside a spherical 
core, his calculations involved a coupling between 
nucleons in orbits of the same parity introduced by 
surface oscillations of the core. 

In conclusion, I should like to thank S. S. Vasil’ev 
for his guidance. I should.like also to express my 
gratitude to the cyclotron crew of the Nuclear Phys- 
ics Institute of the Moscow State University and es- 
pecially G. V. Koshelyaev, A. A. Danilov, S. M. 
Kulakova and A. D. Shcheglova for helping to scan 
the plates. 
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Values of 19 + 0.5 x 10° cal/mole and 27 + 0.5 x 10° cal/mole respectively were obtained for 
the energies of formation of a vacancy in gold and platinum. The activation energy for migra- 
tion was found to be 20 + 1 x 102 and 25 + 1x 10° cal/mole. These results were derived from 
data on the change of electrical resistance of the metals produced by quenching-in vacancies. 


‘Tuere is nowadays an increasing amount of work 


The specimens were 50 to 70 mm long and cur- 


being devoted to the study of the diffusion mechanism rent and potential leads of the same material were 


in solids. By different experiments one obtains in- 
formation on the basic characteristics of the diffu- 
sion phenomenon, the energy of formation of a va- 
cancy, Q,, and the activation energy for migration, 
Q,. According to our present ideas, the sum of 
these two quantities gives the activation energy for 
self-diffusion: Q = Q;+Q»>. @Q can be determined 
directly from measurement of the coefficient of 
self-diffusion, using the relation: 


D = Dy exp{—Q/ RT}. 


One of the most direct means of measuring Q, 
and Q,, and thus also Q, is based on the fact that 
the electrical resistance of a metal is increased by 
the presence of quenched-in vacancies, the in- 
creases being proportional to the vacancy concen- 
tration. This method is being more and more used, 
and in a previous communication! we gave some 
preliminary results obtained in this way on the 
self-diffusion of gold and platinum. In the present 
paper we describe the further development of this 
work. 


EXPERIMENTAL PROCEDURE 


Measurements were made on gold and platinum 
in the form of 0.05 and 0.1 mm diameter wires. 
These metals are convenient both because of their 
face-centered cubic lattices (one of the simplest 
structures ) and because, as noble metals, they are 
easy to handle and can be heated in air. 

We had available sufficiently pure metals — not 
less than 99.99% pure by chemical analysis — with 
resistance ratios (the ratio of the resistance at 
4.2°K to that at room temperature) of 3.5 x 1072 
for gold and 2 x 107° for platinum in well-annealed 
samples. 
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welded on in a hydrogen flame. After they had been 
mounted on their supports (quartz or glass) the 
specimens were thoroughly annealed by passing a 
current through them. This annealing current 


passed through leads long enough to ensure uniform 


heating of the working part of the specimen. The 
annealing temperature was determined from the 
resistance, the variation of which with temperature 
had been determined by heating in a furnace to- 
gether with a standard platinum-platinum rhodium 
thermocouple. Before quenching, the specimens 
were kept at the appropriate temperature long 
enough for the equilibrium number of vacancies to 
be produced. The quenching was achieved either 
by simple cooling in air after switching off the cur- 
rent or, to increase the rate, by immersion in dis- 
tilled water at room temperature, followed by 
switching off the current. Separate experiments 

on annealed specimens showed that the process of 
rapid immersion itself had negligible effect on the 
residual resistance (within the experimental un- 
certainties ). Not more than one minute elapsed 
between quenching and immersion in liquid helium. 
The resistance of a specimen was measured in the 
annealed state, then with the quenched-in vacancies 
and, finally, after annealing again. The increase in 
resistance, AR, is then a measure of the concen- 
tration of vacancies at the high temperature. These 
operations were repeated many times for each 
temperature. 

The temperature range was ~ 600 to ~1000°C 
for experiments on gold, and ~ 800 to ~ 1500°C for 
platinum. 

Most of the determinations of the increase in © © 
resistance were made from measurements at liquid 
helium temperature, where the increase is appre- 
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FIG. 1. The dependence of the resistance increase on the 
temperature, for quenching in vacancies in gold. A, +, x) 0.1-mm 
diameter specimens; %, O, O) 0.05-mm diameter specimens. The 
full curve is for quenching in water, the dashed curve for 
quenching in air. All the data are obtained from resistance 
measurements at 4.2°K, except for the points marked x, which 
refer to liquid nitrogen temperature. 


ciable in comparison with the resistance of an an- 
nealed specimen. Some measurements were also 
made of the change at liquid-hydrogen and liquid- 
nitrogen temperatures. 


DETERMINATION OF THE ENERGY OF FORMA- 
TION OF VACANCIES 


Figure 1 shows the results of measurements of 
the increase in resistance on quenching in vacan- 
cies, as a function of the temperature from_which 
the quenching was carried out. The increase is 
plotted relative to the resistance at 20°C (Rp) to 
eliminate the influence of the dimensions of the 
great number of specimens measured. 

For the results to be reliable one must ensure 
that all the vacancies are preserved during quench- 
ing. The quenching rate in air is sufficient for 051 
mm diameter specimens at temperatures up to 
~900°K and for 0.05 mm specimens up to ~ 950°K. 
This can be deduced from the agreement between 
the dotted and solid curves up to these tempera- 
tures. The solid curve follows an exponential vari- 
ation over the whole temperature range, as can be 
seen from Fig. 2, where In (AR/Ry) is plotted 


MIGRATION OF VACANCIES IN GOLD AND PLATINUM, 943 


against 1/T. The results fall on a straight line 
very well, so that one can be very certain that the 
mechanism of the resistance increase is the same 
throughout this temperature interval. 

The rate of cooling in air was determined from 
an oscillograph record of the fall in temperature 
with time. It was found, for example, that a 0.1- 
mm specimen cooled from 900°K to 500°K in 0.14 
sec. Cooling in water reduced this time by several 
factors of ten and preserved the vacancy concen- 
tration on quenching from all temperatures up to 
the melting point. 

The slope (Q;,/R) of the straight line in Fig. 2 
gives us the value of the energy of formation of va- 
cancies in gold as Q, = 19.0 x 10? cal/mole (0.82 
ev). From the relatively small scatter of points 
the uncertainty in Q, is not more than 3%, i.e., 
0.5 x 10° cal/mole. Within the limits of experi- 
mental errors this value of Q; agrees with the 
value given in the previous paper.! 

The large number of points shown on the graph, 
obtained with a variety of specimens, were taken 
because during the course of this work values of 
@;, were published which were considerably differ- 
ent from our value. 

Without knowing the exact conditions in other 
experiments it is difficult to find reasons for the 
discrepancies between the results. However, it 
can be said, for example, that the accuracy in de- 
termining Q, is evidently overestimated in the 
work of Koehler et al.2 In one case they give a 
value 1.28 + 0.03 ev and in the other 1.02 + 0.06 
ev; the 25% discrepancy is completely outside the 
estimated experimental error. 

To approximate the experimental conditions 
used by these authors, we measured the increase 
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FIG. 2. The dependence of In(AR/R,) on 1/T, for gold. 
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in resistance, AR, not only at helium tempera- 
tures, but also at liquid-nitrogen temperature and, 
as shown above, the results agreed. The uncer- 
tainty in AR is considerable at nitrogen tempera- 
ture, as the resistance of the specimen is tens of 
times larger than AR, while at helium tempera- 
ture AR is measured as an increase in the resid- 
ual resistance, which is itself smaller than the in- 
crease produced. 

The uncertainty in the work of Bradshaw and 
Pearson? is 10%, because of the few experimental 
points, and the value of Q; is 0.95 + 0.1 ev. With 
this uncertainty, their result is close to ours. 

It is appropriate here to consider methods*»® of 
determining Q, which depend on the temperature 
variation of the resistance of gold at high tempera- 
tures. These methods make use of the well estab- 
lished relation for the temperature variation of the 
resistance of gold,®> R= Ry +AT+ BT’, which 
holds for not too high temperatures. This relation 
fits the behavior up to 500 or 600°C, but the experi- 
mental curve lies above the curve given by this ex- 
pression at higher temperatures. The authors as- 
cribe this discrepancy to the effect of vacancies 
and determine AR from the difference between the 


two curves. From the temperature variation of AR, 


values of Q,; = 0.67 ev’ and Q; = 0.69 ev’? were 
deduced. 

We have also measured the R-T relation from 
rom temperature up to 950°C, and the results agree 
closely with those of Meechan and Eggleston.’ This 
method of determining @Q, is open to some doubt, 
as there is little justification for the extrapolation 
of the R-T curve up to the melting point.’ The 
value of AR derived in this way and ascribed to 
vacancies is one order of magnitude larger than 
the AR obtained from quenching. It is hardly 
likely that this great difference can be due to de- 
partures from Matthiesen’s rule at high tempera- 
tures, when it applies between 4.2 and 273°K. In 
any: case, the resistance variation over the whole 
temperature range (up to 900°C) can be well de- 
scribed by the inclusion of a term in T® in the 
previous equation. 

An expression for the dependence of extra re- 
sistivity on vacancy concentration can be derived 
from Fig. 2: 


Ao = (AR/ Ry) o = 7.7-10°° exp (— Q,/ RT) ohm-cm. 


It is customary to refer to the increase in resis- 
tivity for one atom-% of vacancies, and to obtain 
this we must divide by the vacancy concentration, 
i.e., by C =A exp(—Q,/RT). Unfortunately, the 
constant A is only known roughly. If we take 

A =1 then increase in resistivity for one atom-% 


O; Ni OVCHAR EE NISO® 


of vacancies in gold is 0.77 x 107° ohm-cm/atom-%. 
Theoretical values range from 0.4 x 10°° (refer- 
ence 8) to 1.5 x 107° (reference 9) ohm-cm/atom-%. 
It is possible that this difference by a factor of 
nearly two indicates that the constant A should 

be ~0.5. We may note that the change in resist- 
ance due to vacancies is very close to the change 
produced by one atom-% of elements similar to 
gold (e.g., 0.68 x 10° ohm-cm/atom-% for silver 
and 0.48 x 107° ohm-cm/atom-% for copper ). From 
a rough calculation based on this data we can con- 
clude that A should lie between 0.5 and 2. 

We carried out similar experiments on plati- 
num and obtained Q, = 27.0 + 0.5 x 10° cal/mole. 
This is in satisfactory agreement with the value 
of 1.4 ev obtained by Bradshaw and Pearson, !” 
especially if one takes into account their large 
experimental scatter. 

Assuming that A=1, the resistivity increase, 
Ap = 12 x 10° exp (—Q,/RT) ohm-cm, leads to the 
value 1.2 x 107° ohm-cm for the resistivity due to 
1 atom-% of vacancies in platinum. 

It is interesting to note that these results con- 
firm LeClaire’s calculation!! of the ratio of the 
heat of formation of vacancies to the heat of va- 
porization. According to LeClaire, this ratio 
should be 0.22 for a face-centered metal, and 
from our results the values are 0.22 for gold and 
0.23 for platinum. 


DETERMINATION OF THE ACTIVATION ENERGY 
FOR VACANCY MIGRATION 


In our preliminary communication we also de- 
rived the activation energy for migration of vacan- 
cies. This was 12 x 10? cal/mole for gold and 25 
x 10° cal/mole for platinum. The value of Q, is 
obtained from curves of the reduction of the resist- 
ance increase, AR, during isothermal annealing. 

The dependence of In(AR/AR,)) on time for a 
0.1-mm diameter gold wire is shown in Fig. 3 
(ARy is the initial increase in resistance on 
quenching). The curves shown refer to one tem- 
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FIG. 3. Curves of 
the reduction of the 
resistance increment 
with annealing time. 
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min 
FIG. 4. The influence of wire diameter and concentration of 
quenched-in vacancies, for gold. Curves a and a’) 0.1-mm 
diameter wire, Curves b and b’) 0.05-mm diameter wire. 


perature (in this case 100°C) and the different 
points correspond to different concentrations of 
quenched-in vacancies (i.e., to different initial 
values of AR)/Rj). 

Similar curves were obtained for different an- 
nealing temperatures (75, 90, 100, 107 and 127°C) 
and for initial concentrations varying over a factor 
of more than 10 (AR)/Ry from 1 x 107? to 12 x 
10?) 

The strong dependence of the kinetics of vacancy 
annihilation on concentration is noticeable — the 
curves of resistance removed become steeper with 
increasing resistance. It appears that the annihila- 
tion process is predominantly a diffusion process 
only for the smallest vacancy concentrations. For 


the largest concentrations vacancy coagulation plays 


avery important part. This is borne out by the 
curves of Fig. 4, which show the results of anneal- 
ing specimens of two diameters at 120°C. For pure 
diffusion to the outside, the times for the concen- 
trations to reach the same relative values, for dif- 
ferent diameters, should be in the ratio of the 
squarés of the diameters, i.e., 4 in our case. In 
fact, for small concentrations (ARy/Ry ~ 2 x 10 
the times for two different specimens (curves a 
and b) differ by a factor 3, so that even for these 
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FIG. 5. The variation of slope of the annealing curves with 
initial vacancy concentration, for gold. 


concentrations the process is not pure diffusion. 
For larger concentrations (up to ARj/Ry ~ 9 x 
10m curves a’ and b’) the time ratio becomes 
less than 2. 

We can understand the fact that we do not have 
pure diffusion even for the smallest values of 
AR,)/Ry in a quenched specimen, if we bear in 
mind that for any measurement of concentration, 
the vacancy annihilation is taking place at a con- 
siderably lower temperature than that from which 
the quenching was carried out. This means that 
the vacancy solution is greatly supersaturated and 
there is inevitably a type of vacancy coagulation in 
it. Nevertheless, it seems possible to derive suf- 
ficiently reliable values for the activation energy 
of vacancy migration from such measurements. 

It is assumed that it is sufficient to extrapolate 

the kinetics curves to the limit of small concen- 
trations. Such an extrapolation is shown carried 
out in Fig. 5, where the initial slopes of the anneal- 
ing curves are plotted against the initial vacancy 
concentrations, AR». 

Curves for each of the annealing temperatures 
given above were obtained in this way. Extrapola- 
tion of these curves gives the value of d/dT x 
{In (AR/ AR,) } for such small concentrations that 
we can consider the diffusion process to be domi- 
nant in vacancy annihilation. 

As is well known, the solution of the diffusion 
problem for a cylinder of radius r, for sufficiently 
large times, gives a time dependence of concentra- 
tion in the material in the form 


N AR 4 5.78. 
Nee eee, ae 575 exP | pA Dy | , 


from which we obtain 


dit ARs cos (AH 
where Dy, =.D) exp(-Q, /RT) is the coefficient 
of diffusion of vacancies and Q, is the activation 
energy for their migration. 

We should be able to calculate the diffusion co- 
efficient for the whole temperature range of the ex- 
periments from these expressions. 

The table gives values for the coefficient of dif- 
fusion (D,) of vacancies in gold wire, taking r= 
5 x 107? em, the radius of the wire. For compari- 


T °K c = exp (— Q/RI) D, (cm*/sec) | Dz = Dg/c (cm*/sec) 


348 1.78-10-}2 4.42-40-10 3.91-10-35 
363 5.75-10-2 6.89-10-10 4.29-10-14 
373 4.42-40-1 935-410-210 2.83-10-14 
380 4.70-10-12 2.15-10-9 492-140-314 
400 | 5.88-40-11 5.60-10-9 4.91-10-18 
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son we give the diffusion coefficient derived from 
data on the self-diffusion of gold atoms obtained 
with radioactive isotopes.’ 

It can be seen that the value of D, is greater 
than the directly determined D, by a factor ~ 4 x 
104 over the whole temperature range. To explain 
the much greater value of D, one must assume 
that the diffusion length is not equal to the radius 
of the wire, but is considerably less and must be 
2.5 X 107? cm. 

We can then believe that vacancy annihilation 
is accomplished at small concentrations by a dif- 
fusion process, and use the results to determine 
the activation energy for vacancy migration. The 
dependence of In D; on 1/T is given in Fig. 6. 


FIG. 6. Variation of In 
| D, with 1/T, for gold. 
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The slope (Q,;/R) leads to the value Q, = 20+1x 
10° cal/mole. This value is considerably different 
from our preliminary result (12 x 103 cal/mole ) 
when we were unaware of the great dependence of 
the annealing curves on the quenched-in concen- 
tration. This was also neglected in other work,?*3 
and probably accounts for the lower values of Q,. 
The sum Q; + Q, is the activation energy for 
self diffusion. Our value is 39.0 + 1.5 x 10° cal/ 
mole, which is close to the most recent determi- 
nations by direct self-diffusion measurements: 


39,360 + 280 cal/mole,'? 41,700 + 300 cal/mole, 


and 42,900 cal/mole.'4 

Annealing curves were also obtained for a wide 
concentration range in platinum. There is here a 
smaller concentration dependence than in gold, 
and only for large concentrations does the initial 
slope increase, while for small concentrations the 
curves coincide. These measurements were made 
on two specimens at temperatures from 500 to 
300°C. There is only a few per cent uncertainty 
in Q,, 25 +1 10° cal/mole. The small depend- 
ence of the annealing curves on concentration ex- 
plains the good agreement with our previous work 
(25 x 10° cal/mole) and with the results of Brad- 
shaw and Pearson (25.3 x 10° cal/mole). 

The activation energy for self diffusion in plati- 
num Q=52+1%X10*% cal/mole. This value is 
known more accurately for platinum than for gold. 


CONCLUSIONS 


We can draw some general conclusions from our 
results. 

The heat of formation of vacancies can be deter- 
mined from the measurement of the increase in re- 
sistance on quenching, especially if the resistance 
change is measured at liquid-helium temperature. 
The results of the most reliable measurements on 
gold and silver are, within the limits of experimen- 
tal error, in good agreement. 

There are quite large discrepancies in the val- 
ues found for the activation energy for vacancy 
migration in gold. When the concentration depend- 
ence of the annihilation process is taken into ac- 
count, the results described above make it possible 
to derive a completely reliable value for this too. 

The method of quenching-in vacancies can then 
yield a value for the activation energy for self dif- 
fusion with an accuracy as great as that achieved 
by use of radioactive isotopes. 

There is, however, an inconsistency which must 
be pointed out. As has been noted, in the limit of 
small concentrations, vacancy annihilation is 
achieved by a diffusion process over a distance 
considerably less than the specimen diameter (it 
is hundreds of times less). We would then expect 
the cross-sectional dimensions not to matter. How- 
ever, as can be seen from Fig. 4, there is a notice- 
able dependence of the annihilation kinetics during 
annealing on wire diameter, not only at small va- 
cancy concentrations, but right up to the largest 
concentrations. 
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The alpha spectra of Th??? and U38 have been investigated by means of an ionization cham- 
ber with a grid. The energies and intensities of the transitions to the 2* and 4* states of 


the daughter nuclei were determined. 


INTRODUCTION 


ere rion of the fine structure in alpha- 
decay spectra opens a way for the study of weakly- 
excited states of heavy nuclei, and makes it possible 
to determine some of the parameters associated 
with their nuclear structure. The study of fine 
structure in alpha-decay spectra is carried out 
chiefly by means of magnetic spectrometers. How- 
ever, the low aperture ratio (product of the source 
area by the solid angle used) of the latter does not 
permit their use in the study of fine structure in the 
alpha-decay spectra of long-lived isotopes such as 
Th??? and U8, for example. 

To solve this problem it is convenient to use 
ionization chambers whose aperture ratio is sev- 
eral orders of magnitude greater than that of a 
magnetic spectrometer. In spite of their high 
aperture ratio, however, ionization chambers are 
inferior to magnetic spectrometers in energy re- 
solving power. Until recently, the half-width of 
alpha spectral lines from ionization chambers was 
of the order of 50 kev because of their poor energy 

resolution. But in many cases the separation be- 
tween alpha lines is found to be less than 50 kev, 
and it is therefore impossible to resolve such lines 
completely. Hence any improvement in the resolv- 
ing power of ionization chambers would be of great 
importance. During 1955 and 1956 a gridded ioni- 
zation chamber was developed in our laboratories 
with a half-width of 30 kev for alpha lines.!~4 The 
resolving power thus attained proved to be suffi- 
cient for a study of the fine structure of the alpha 
spectra of Th23? and U238, 

In studying the alpha transitions to excited levels 
of the daughter nuclei, particular attention had to be 
paid to the stability of the apparatus, since the meas- 
urements were carried out uninterruptedly for peri- 
ods of several days or more. For instance, in study- 
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FIG. 1. Diagram of 
gridded ionization 
chamber. 1—valve; 

2 —high-voltage elec- 
trode; 3 — alpha-parti- 
cle source; 4 — grid; 
5—collector electrode. 


ing the alpha transition to the 4+ level of Ra?*® the 
measurements were taken for 90 hours. During this 
time the drift of the apparatus used was less than 
0.1% per day. 


1. DESCRIPTION OF THE APPARATUS 
1. The Ionization Chamber and Its Operation 


A diagram of the chamber is shown in Fig. 1. 
The source of alpha particles is located inside the 
high-voltage electrode, and consists of a brass disk 
220 mm in diameter and 4 mm thick. The grid is 
made of nichrome wires 0.1 mm in diameter welded 
to a ring of stainless steel. The distance between 
adjacent wires is 1.5 mm. The grid is 50 mm away 
from the high-voltage electrode and 25 mm away 
from the collector electrode. The potentials of the 
ion chamber electrodes were chosen so as to ex- 
clude the possibility of ion recombination or of elec- 
tron capture by the grid. The chamber was filled 
with a mixture of 97% argon and 3% methane, to a 
pressure of 1.8 atmos. The pulses from the col- 
lector were amplified in a low-noise preamplifier 
before being fed into the main amplifier, which had 
a gain of 10° (see Fig. 2). 6Zh1P tubes were used 
in the preamplifier. Under optimum conditions the 
transconductance of the first tube was about 3000 
umho, with a grid current of 2x 107! amp. A 
model-100 amplifier? was used for the main am- 
plification. The time constants of the integrating 
and differentiating circuits were both equal to 15 
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FIG. 2. Block diagram of the ionization alpha-spectrometer. 
1 — preamplifiers; 2 — amplifiers; 3 — limiters; 4 — discrimina- 
tor; 5 — 28 channel analyzer. 


microseconds. To reduce the width of the analyzer 
channels, the output pulses from the amplifier were 
fed through a limiting amplifier.® From the output 
of this limiter the pulses went to a 28-channel am- 
plitude analyzer. By varying the gain of the limit- 
ing amplifier, it was possible to change the effec- 
tive width of the analyzer channels. The minimum 
channel width used in the present investigation was 
0.1% of the alpha-particle energy. The pulses orig- 
inating at the high-voltage electrode were used to 
provide electrical collimation.?*4 


2. Energy Resplution of a Gridded Ionization 
Chamber 


The energy resolving power of a gridded ioniza- 
tion chamber depends on the thickness of the source, 
the purity of the gas, the background electrical 
noise, and the geometry and operating conditions 
of the chamber. We shall now consider the most 
serious causes of straggling in the pulse ampli- 
tudes. 

Fluctuations in the number of ion pairs, and 
also electrical noise, lead to a Gaussian distribution 
of pulse amplitudes; but the source thickness, lack 
of perfect screening by the grid, etc., lead to dis- 
tributions which are not Gaussian. In spite of this, 
it is customary to use some value of effective 
mean-square deviation as a rough guide to the 
relative effects of each of the above-mentioned 
factors on the half-width of an alpha line. It will 
be understood that such estimates are not neces- 
sarily mathematically rigorous. 

a. Ionization fluctuations. The mean square 
fluctuation in the number of ion pairs is equal to! 
AN? = FE/W, where E is the alpha-particle en- 
ergy, W is the mean energy required to form a 
single ion pair, and F is a parameter depending 
on the nature of the gas. According to Fano,’ F 
is Vs for argon. The corresponding value of the 
mean-square deviation for alpha particles from 
U2? is).s;\=6.3 kev. 

b. Electrical noise. The signal-to-noise ratio 
at the amplifier output depends on the character- 
istics of the first amplifier tube as well as on the 
correct choice of the pass band. To obtain the 
maximum signal-to-noise ratio for a given am- 
plifier bandwidth, the tubes must have high trans- 
conductance and low grid current. By a suitable 


selection of the first amplifier tube and its oper- 
ating potentials, it was possible to reduce the mean- 
square value of electrical noise to a value equiva- 
lent to a spread of 6.8 kev.! 

c. Effect of source thickness on resolution. In 
studies of long-lived isotopes the use of thick par- 
ticle sources is unavoidable. Particles emitted 
from the deeper layers of the source, and particles 
coming off at large angles to the normal at the sur- 
face of the source, lose part of their energy within 
the source itself. The result is an increased half- 
width of the alpha line and the appearance of a “tail” 
on the low-energy side. The presence of this large 
“tail” in a pulse height distribution makes it diffi- 
cult to study the fine-structure components. It is 
therefore necessary to apply some collimation. 
Mechanical collimators are ordinarily used for. 
this purpose.°® However, they suffer from a num- 
ber of disadvantages: (1) some of the electrons 
produced by the alpha particles are lost because 
of the weakening of the electrical field in the colli- 
mator aperture, and (2) the geometry of the appa- 
ratus is seriously reduced. Another essential 
drawback is the difficulty of fabricating highly 
uniform collimators. 

In our work we used the method of electrical 
collimation. To provide electrical collimation we 
made use of the pulses produced at the high-voltage 
electrode. It is well known that the differential dis- 
tribution of the pulses is rectangular.° At the same 
time, the maximum amplitude Vmax corresponds 
to a particle emitted parallel to the electrode, while 
the minimum amplitude Vmjin corresponds to one 
emitted perpendicularly. It is obvious that to 
achieve collimation it is necessary to record the 
number of collector pulses which coincide with the 
high-voltage electrode pulses whose amplitudes lie 
in the interval from Vmin tO Vmin+AV. By 
changing the magnitude of AV, the degree of col- 
limation can be altered. In realizing electrical col- 
limation we used an ordinary single-channel differ- 
ential amplitude discriminator. The degree of col- 
limation depends on the alpha-particle energy, thus 
distorting the natural intensity ratio. At the same 
time, it proved to be easy to allow for the intensity 
ratio.* 

Taking into account the degree of collimation 
and the effect of source thickness on the shape of 
the alpha spectrum,!? we arrive at an rms value 
Sg ~ 4 kev for U?38 alpha particles. 

d. Electron Trapping by Electronegative Impuri- 
ties. The presence of electronegative gas impuri- 


*G. E. Kocharov, Diploma thesis, Phys. Tech. Inst. Acad. 
Sci. U.S.S.R. (1956). 


50 KOCHAROV, KOMAR, and KOROLEV 


Q2 04 06 06 10 2 1449 16 E/p, V/cm+:mm Hg 
FIG. 3. Height of the collector electrode pulse as a func- 


tion of the ratio E/p. 1—~ A+0.05%0,; 2-—A+0.05%0, + 
3% CH,. 


ties in the ionization chamber leads to a loss of 
electrons moving toward the collector electrode and 
reduces the energy resolving power. The most ac- 
tive electronegative gas is oxygen. Gases are usu- 
ally rid of oxygen by molten sodium or calcium. In 
a purified gas, for example argon, the electron drift 
velocity is small,!4 with the result that the resolu- 
tion in time and energy is impaired (see item e). 
In this connection, it is of great practical value to 
use mixtures of gases. Facchini and Malvicini!” 
have shown that the addition of a small amount of 
nitrogen to the argon prevents this trapping of elec- 
trons. The mixture of A and CH, which we have 
used behaves in the same way as a mixture of A 
and N,. Figure 3 shows the experimental relation- 
ship which we observed between the pulse height 
and E/p for A+ 0.05% O, and A + 0.05% O, + 

3% CHy. It is evident from these curves that the 
mixture of argon and methane is insensitive to oxy- 
gen impurities. In addition, the electron drift ve- 
locity is considerably increased in such a mixture, 
and the total number of ion pairs formed by an alpha 
particle is also increased. The addition of 3% of 
CH, considerably improves the amplitude charac- 
teristics of the mixture. 

e. Lack of Grid Screening. The grid is put into 
the chamber to suppress any disturbance of the col- 
lector electrode which might be induced by the posi- 
tive ions. The inefficiency of the grid shielding can 
be determined from the size of the charge induced 
on the collector electrode by the ions formed in the 
space between the grid and the high-voltage elec- 
trode. As a measure of grid inefficiency we intro- 
duce the parameter o = dE,/dE,, calculated from 
the formula!’ | 


ii 


oj = 55 In on ; (1) 
where c is the distance between grid wires, r is 
the wire radius, E; and Ey, are the electric field 
strengths in the regions between the grid and the 
high-voltage electrode and between the grid and the 
collector respectively, and b is the distance be- 
tween the grid and the collector. 


The grid inefficiency o can be reduced by in- 
creasing the distance between the grid and the col- 
lector and the size of the wires, or by decreasing 
the separation between the grid wires. In so doing, 
it is essential to keep in mind that the electrons 
can settle on the grid wires.8 

Incomplete grid screening makes the collector 
pulse amplitude depend on the angle at which the 
alpha particle is emitted, thus reducing the energy 
resolution. Bunemann et al!® derived an analytical 
expression for the rms deviation 


s= oxE/2f(d+/(1—9)], (2) 


where x is the distance of the center of gravity of 
the ions along the alpha-particle track, E is the 
alpha-particle energy, d is the distance between 
the high-voltage electrode and the grid, J isa 
parameter depending on the grid geometry, and f 
is the degree of collimation. 

The experimentally measured value of o = 0.014 
agrees with the calculated value.'? Substituting all 
the necessary values into Eq. (2) we get s = 3 kev. 

f. Effect of Different Collector-pulse Rise Times 
on Energy Resolution. The pulse rise time at the 
collector electrode depends on the angle of emission 
of the alpha particle, and is equal to 


t= b/w,+ Reosd/w,, (3) 


where R is the range of the alpha particles in the 
chamber gas; w, and wy, are the drift velocities 
in the regions between the high-voltage electrode 
and grid, and the collector and grid, respectively; 
and # is the angle between the alpha track and the 
normal to the plane of the source. 

During the process of amplification the pulses 
go through differentiation and integration networks, 
in which the output pulse amplitudes will depend 
upon the rise time. The dependence of the rise 
time on the angle impairs the energy resolving 
power. The use of mixed gases, A + 3% CHy, to 
give a high drift velocity, together with the use of 
collimation, makes possible a considerable reduc- 
tion in the straggling of pulse heights due to this 
effect. Using measured values of electron drift 
velocities in mixtures of argon and 3% methane,'! 
and taking into account the degree of collimation, 
it is possible to estimate the effect of various pulse 
rise times on the resolution. The corresponding 
variance does not exceed 1 kev. 

In addition to the above factors, the resolution 
also depends on the stability of the apparatus, etc. 
Hence the total rms variance, calculated from the 
formula s = (ze?) is equal to 11 kev, corre- 
sponding to a half-width of 26 kev in the curves. 
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FIG. 4. Alpha particle spectrum of Th?**, taken over 25 
hours. Half-width of alpha lines 30 kev. The resolution into 
components is shown dotted. a, is the fundamental group of 
alpha particles; «a, is the group corresponding to transition to 
‘the 2+ level of the daughter Ra”*® nucleus. Half of the alpha 
of group a, are accompanied by conversion electrons from the 
L and M shells which cause excess ionization (groups ob 
and aM); a, corresponds to the cases where these electrons 
do not enter the working space of the chamber. 


This is not significantly different from the experi- 
mental value of 30 kev. 


2. RESULTS OF THE MEASUREMENTS 


When a short-range alpha particle is emitted, 
the atom is left in an excited state. The transition 
to the ground state is accompanied by the emission 
of conversion electrons or gamma rays. Following 
the conversion electrons, the atom emits x-rays 
and Auger electrons. All these radiations which 
accompany the alpha-decay produce additional ioni- 
zation in the chamber gas, thus increasing the ioni- 
zation due to the short-range particle itself. The 
major portion of the additional ionization is due to 
the conversion electrons; the other radiations pro- 
duce minor amounts of ionization which can be neg- 
lected. The working space of the chamber receives 
half of the conversion electrons. As a result, half 
of the pulses Vg from the alpha-particle fine 
structure lines coincide with pulses* from conver- 
sion electrons, Ve. This gives a total pulse equiv- 
alent to Vq + Ve, corresponding to a group of 
alpha particles with an energy E=Eqt Ee. The 
other half of the pulses register like pulses of 
alpha particles with the correct energy Eq. In the 


*The ranges of the conversion electrons are all within the 


chamber working space. 
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FIG. 5. Alpha particle spectrum of U?**, taken over 1.5 
hours. Half-width of the lines is 30 kev. Resolution into com- 
ponents is shown dotted. Channel width 4.5 kev. 


resulting pulse height distribution, a single group 
of alpha particles shows up at several different 
values of energy. This complicates the experimen- 
tal determination of energies and intensities of 
alpha transitions. In working out the experimental © 
results, therefore, account must be taken of the 
spectral distortion due to the conversion electrons. 


1. Alpha Transitions to the First Excited Levels of 
the Daughter Nuclei Ra?*° and Th?%4 


The alpha spectrum of Th? is shown in Fig. 4. 


The measurement time was 25 hours. The stability 
and resolution were sufficiently good to permit the 
resolution of a well-developed peak a,, correspond- 
ing to transitions to the first excited state of the 
daughter nucleus Ra?8_ The distortion due to con- 
version electrons was taken into account in resolv- 
ing the curve into its component lines. The inten- 
sity of the line a, is 23 + 3%. The energy of the 
first level is 60 + 5 kev. This value is in good 
agreement with measurements made on conversion 
electrons.!4 

We also succeeded in resolving the a, group of 
particles in the yore spectrum (Fig. 5). The en- 
ergy of the corresponding level is 48 + 5 kev, and 
the intensity of the transition is 23 + 4%. 

It should be mentioned that after our measure- 
ments had been completed,” we learned that the a; 
group of U?** had also been obtained by Valladas,’® 
using the coincidences of alpha particles with x-rays. 
He found the intensity of the transition to be about 20%, 
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the daughter nucleus. o, is apparently a group of alphas corre- 
sponding to a transition to the 4+ level. 


2. Transitions to the Second Levels of the Daughter 
Nuclei Ra28 and Th? 


Up to the present time no data have been avail- 
able on the second excited level of Ra?*8, apparently 
because of the difficulties of studying the alpha 
spectra of nuclei with long half-lives. 

The high aperture ratio and good energy resolu- 
tion of our ionization chamber made it possible to 
observe an alpha-transition to thé second excited 
level of the daughter-nucleus in the spectrum of 
Th??? (Fig. 6). The time required for the meas- 
urement was 90 hours. From an analysis of the 
experimental curves thus obtained, the intensity of 
the alpha-transition was determined to be 0.2 + 
0.08%. The excitation energy of the second level 
of the Ra?*8 nucleus is 185 + 5 kev. 

Figure 7 shows the alpha spectrum of. U?*8. This 
spectrum was taken over a period of 30 hours. The 
alpha-transition to the second excited level is 
clearly evident. The intensity of the transition is 
0.23 + 0.07%, and the excitation energy of the level 
is 160 + 5 kev. 

The ratios of the energies of the first and second 
levels for these isotopes are in good agreement with 
the theoretical values obtained on the basis of the 
collective model of the nucleus.'® Hence there are 
good grounds for taking the first and second levels 
to be rotational, with characteristics 2+ and 4+ re- 
spectively. 


3. COMPARISON OF EXPERIMENTAL VALUES 
WITH THEORY 


In this work we used the formulas of Nosov, who 
kindly showed us his paper before publication.!" 


FIG. 7. Alpha energy spectrum of U?**, taken over 30 hours. 
The group «, obviously corresponds to a transition to the 4t 
level of the daughter nucleus Th’**. 


Nosov’s formulas are simple and convenient for the 
purposes of comparison with experiment. From the - 
comparison of the theoretical values of transition 
probabilities to the 2* level with the experimental 
values, we determined the deformation parameters 
of the nuclei Ra?"8, Th?3°, and Th?34 (see column 3 
of the table). These values of deformation param- 
eter make it possible to derive theoretical values 
for the transition probabilities to the 4* levels 
(column 4). Column 5 contains the experimental 
values of the transition probabilities to the 4 level. 
This table includes also our previous data!® on 
Th230. 

From the table it can be seen that, within the 
limits of the errors of measurement, the experi- 
mental values of transition probability to the 4* 
level are satisfactorily related to the calculated 
values. Best agreement is obtained for ry > 1.4. 
This agrees with measurements of alpha-particle 
interactions with nuclei.!® 


CONCLUSION 


’ The high energy resolution of gridded ionization 
chambers, together with their satisfactory stability, 
have made possible a study of the previously unob- 
served alpha transitions to the first and second ex- 
cited levels of daughter nuclei in the alpha spectra 
of Th’? and U?38_ It has been shown that these lev- | 
els are rotational. 

Decay schemes for Th??? and U88, constructed 
from the results of this study, are shown in Fig. 8. - 
The half lives for the fundamental transition have 
been taken from the literature.297! 
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FIG. 8. Decay schemes for Th?%? and U2*®. 
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The subject of this paper is an attempt to detect experimentally double B decay in Case 
The apparatus, procedure, and control tests used in the experimental work are described. 
The writers have reached the conclusion that if double 8 decay occurs in Ca*® its half-life 


is not smaller than 0.7 x 10!° years. 
1. INTRODUCTION 


‘Tae search for double 6 decay is an amazing 
example of a fantastic succession of periods of 
hope and of disillusionment. Two times in the 
course of a single decade this phenomenon has 
been “discovered,” and both times the discovery 
has been found to be erroneous. The history of 

the question is still not complete; the phenomenon 
has not been observed experimentally, and the suc- 
cession of journal articles in recent years only 
gradually sets larger and larger lower limits on 
the lifetime of a nucleus capable of double B de- 
cay. In the present research we have again not 
succeeded in observing the event, but the limit on 
the half-life of the process has been raised to about 
0.7 x 10!° years, and further steps in this direction 
(if indeed they are worth while) will depend on 
achieving considerable increases in the amount of 
material subjected to study. 

The search for the phenomenon has been stimu- 
lated by the well known discussions!” of the rela- 
tion of the value of the period for double B decay 
with arguments in favor of or against the existence 
of neutrino and antineutrino as two different par- 
ticles. Increase of the experimental limit of the 
decay period to the values now established has been 
regarded as strong evidence in favor of the exist- 
ence of physically distinguishable neutrinos and 
antineutrinos. 

Our views on this matter have been much 
changed, however, by the discovery that the law of 
conservation of parity is violated in the weak inter- 
actions. The result has been to give to the problem 
as a whole an incomparably more complex and in- 
volved character. 

A number of experiments performed in 1957 in 
the field of 6 decay have given evidence in favor 


*Preliminary results of this work were presented at the 
All-Union Conference on Nuclear Spectroscopy in January, 1957. 
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Let us go into this in more detail. 


of the concept of the neutrino as a longitudinally- 
polarized particle. Furthermore, in the two-com- 
ponent scheme for the neutrino, the neutrino and the 
antineutrino have different orientations of the spin 
relative to the momentum; the antineutrino, i.e., 
the particle emitted along with an electron in 8 
decay, has its spin and momentum parallel, while 
the neutrino, emitted along with a positron, has 
them antiparallel. This picture corresponds to 
the idea of 100 percent polarization of the neutrino 
and the law of conservation of leptonic charge. So 
far as one can judge, it is not in contradiction with 
the available experimental facts, but also it does 
not follow from them as an automatic consequence 
— the measurements are still not sufficiently ac- 
curate. In this picture there is no place for such 
double processes as the “neutrinoless” double B 
decay; if before the decay the atomic system con- 
tained no light particles with one sign of the lep- 
tonic charge, and after the decay such particles 
have appeared (for example, two electrons), then 
along with these particles there must appear light 
particles with the opposite sign of this charge (two 
antineutrinos ). 

H, however, the law of the conservation of lep- 
tonic charge is violated,’ then the process of neu- 
trinoless decay is possible owing to the occurrence 
of mixed types of interaction. More precisely: 
part of the decays in the virtual first phase of the 
process can go through the scalar-tensor interac- 
tion with emission of a neutrino of one type, and 
part through the axial vector interaction with emis- 
sion of a neutrino of the opposite type. During the 
second phase of the process these neutrinos can be 
absorbed, and the process as a whole will not be 
accompanied by neutrino emission. It turns out! 
that the process of such a decay with the mixed 
interaction appears only when forbidden transitions 
are involved; this brings about a reduction of the 
decay probability by four orders of magnitude as °_ 
compared with previous estimates.° 
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FIG. 1. Sketch of arrangement of measuring head. 1, 2) 
Scintillation counters; 3) shaft of motor for shifting of motor 
specimens; 4) specimens. 


It must be noted that in case the two-component 
theory is incorrect (the longitudinal polarization 
of the neutrino is not 100 percent) the forbidden- 
ness noted above can be weakened. The accuracy 
of the present experimental data in measurements 
of the longitudinal polarization of the electrons is 
to within 10 or 20 percent. If we assume (as is, 
however, not very probable) that the degree of 
polarization of 6 particles is 10 percent smaller 
than the maximum possible, we find that the proba 
bility of neutrinoless B decay is decreased by 
only two orders of magnitude instead of four.* 

As for the leptonic charge, on this question 
there are practically no experimental data. Of 
the work done so far, that of Davis® might provide 
some information, but it is as yet unclear how it 
is to be interpreted. In principle, experiments on 
double 6 decay can also give information on the 
conservation of leptonic charge. It must be re- 
membered, however, that the theory of the process 
involves one quantity that cannot be checked experi- 
mentally, namely the nuclear matrix element, for 
which one can only estimate an upper limit.° 

Thus the situation in both experiment and theory 
indicates that continuation of experiments on double 
B decay can be of some interest. 


2. THE PREPARATION OF THE SPECIMENS 


The test and control specimens were prepared 
from calcium obtained by electromagnetic separa- 
tion of the isotopes. To lower the proportion of 
extraneous atoms in the specimens, we used cal- 
cium fluoride as the chemical compound for their 
preparation. The test specimen, enriched in the 
isotope Ca!’ to abundance 76.2 percent, contained 
423 mg of Ca*®, The control specimen was en- 
riched in the isotope Cat4 (94.7 %) and was equiv- 
alent to the test specimen in the number of mole- 
cules of calcium fluoride. 

The two specimens were prepared by pressing 
powdered calcium fluoride and were in the shape 
of thin disks of diameter 37 mm. The binder was 


a 1 percent solution of agar in water. The disks 
were fixed in annular aluminum holders, with their 
sides covered with aluminum foil of thickness 30u. 
All the materials used in the preparation of the 
specimens were subjected to careful chemical 
analysis, and were checked for the absence of 
radioactivity. The results of the analyses showed 
that the foreign impurities in the specimens did 
not exceed 0.02%. 


3. DESCRIPTION OF THE APPARATUS 


The apparatus consisted of the measuring head, 
completely immersed in a shielding liquid scintil- 
lation counter, electronic registering equipment, 
and a unit for automatic control and monitoring. 
The apparatus had to operate for many hundreds 
of hours without interruption, and was designed 
for the registration of extremely rare events. 
Therefore the greatest care was taken to assure 
the stability and reliability of its functioning. These 
considerations determined the choice of the photo- 
multipliers and the circuits and components of the 
electronic equipment, and also the arrangement of 
the automatic control system. 

The arrangement of the measuring head is 
shown schematically in Fig. 1. The two scintilla- 
tion counters, of diameter 50 mm, are placed fac- 
ing each other in a sealed casing. Between the 
counters there is a steel frame, in which the spe- 
cimens are fixed. The frame can be shifted by 
means of a reversible motor connected to the 
control unit, so as to place between the scintilla- 
tion counters either the specimen enriched with 
Ca‘® or that enriched with Ca‘. Springs included 
in the mechanism for shifting the frame assure 
that it always takes one of the extreme positions, 
and that the positions of the counters relative to 
the scintillation counters are established repro- 
ducibly. 

The distance between the median plane of the 
specimen and the surface of the scintillator is 
1.85 mm. The solid angle over which each of the 
scintillation counters “saw” the specimen was 
0.464 x 42, The method for calculating the solid 
angles between the disks is described in detail in 
reference 7. 

Each liquid scintillation counter is a 70-liter 
tank with polished aluminum walls, into which 21 
type FEU-19M photomultipliers are directed at 
all angles. The tank is filled with a solution of 
terphenyl in toluol; the concentration of terphenyl 
is 3-g/l. All of the photomultipliers of the tank, 
which will hereafter be called “shielding” photo- 
multipliers, were operated at the same amplifica- 
tion coefficient. 
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FIG. 2. Block diagram of the electronic part of the appara- 
tus. 1) Cathode followers; 2) and 5) amplifiers; 3, 7, and 
9) shaping units; 4) selection unit; 6) and 8) anticoincidence 
circuits; 10) control unit; 11) cathode-ray oscilloscope. 
a) To motor; b) Film advance; c) To motor; d) Time marker; 
e) (check),; f) (check),; g) Tank; h) From tank; i) Film 
advance; j) Time marker. 


A block diagram of the electronic part of the 
apparatus is shown in Fig. 2. The total pulse from 
all the shielding photomultipliers was sent through 
the amplifier 5 into an electronic system, where 
after passing through the anticoincidence circuit 6 
it was transformed by the shaping unit 7 to a rec- 
tangular pulse. The pulses coming from the photo- 
multipliers of the measuring head were sent through 
the cathode followers 1 to the linear amplifiers 2 
with strong negative inverse coupling. In the shap- 
ing units 3 they were transformed into pulses with 
flat tops and slanting trailing edges, and then went 
to the deflecting plates Y, and Y, of the two- 
beam cathode-ray oscilloscope 11. The formation 
of these “working” pulses occurred only in cases 
in which they were not accompanied by pulses from 
the screening photomultipliers. 

Registration of the working pulses also occurred 
when quite definite conditions were fulfilled, namely 
when: (a) they were in coincidence to within 0.2u 
sec, (b) their combined amplitude was above a pre- 
scribed value, and (c) there were no pulses from 
the screening photomultipliers during the time in- 
terval from 1 usec before the appearance of the 
“working” pulse to its termination. The first two 
conditions were imposed by the selection unit 4, 
and the last by the delayed anticoincidence circuit 
8. If all these conditions were satisfied the shap- 
ing unit 9 was actuated; this developed a positive 
rectangular pulse to modulate the brightness of 
the oscilloscope beams. Since no alternating volt- 
age was applied to the x axis of the oscilloscope, 
the pulses on the screen took the form of vertical 
lines directed toward each other and marked at 
both ends by points. A photographic attachment 
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FIG. 3. Specimen of the film. 1) Control pulses; 2) mark 
indicating the beginning of measurements on the specimen of 
Ca**; 3) coincident pulses registered in the course of an hour; 
4) mark indicating the beginning of measurements on the speci- 
men of Ca‘*. 


recorded this image on 35 mm film. 

The anticoincidence circuit 6 shut off the pulses 
from the screéning photomultipliers during the ex- 
posure. After each exposure the control unit 10 
casued the film to be advanced by 1.5 mm. 

In addition to advancing the film the control and 
monitoring unit performed the following functions: 

(a) At the end of each hour it actuated the motor 
that accomplished the interchange of the specimens 
in the space between the photomultipliers of the 
measuring head. 

(bo) During the shifting of the frame carrying the 
specimens it sent out two series of standard pulses 
from a highly stable generator to check the stability 
and functioning of the electronic circuits; 

(c) It actuated a device which marked the film 
with a conventional sign showing which specimen 
was in place for observation. 

Figure 3 shows a reproduction of a piece of the 
film and gives the interpretation of all the elements 
of the registration. The amplitudes of the pulses 
registered on the film were measured by means of 
a projector. The measured spectrum of amplitudes 
was subjected to appropriate recalculation to obtain 
the energy spectrum. 


4. THE SCINTILLATION COUNTERS. THE CALI- 
BRATION 


The liquid scintillation counter prevented regis- 
tration by the measuring head of ionizing particles 
incident on the apparatus from the space outside, 
and considerably decreased the probability of the . 
registration of neutral particles and photons. The 
lower the energy threshold of the shielding counter, 
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FIG. 4. Attachment of the plasfic 
scintillator to the FEU-12 photoelec- 
tric cathode. 1) Photoelectric cath- 
ode; 2) scintillator; 3) brass ring; 

4) rubber ring; 5) cement; 6) diffu- 
sion oil; 7) threaded brass fitting; 
8) hole for injection needle. 


the more effectively it should fulfill its protective 
function. It must be taken into account, however, 
that lowering of the threshold is accompanied by a 
rapid rise of the number of counts coming from the 
shielding photomultipliers, owing both to the regis- 
tration of weak scintillations and also to the regis- 
tration of its own noise pulses in the low-energy 
region. An increase of the number of shielding 
pulses would be accompanied by a lowering of the 
effective time for registration and an increase of 
the dead time of the system. The problem of choos- 
ing the permissible counting rate can be dealt with 
experimentally and will be considered later on. 

The choice of the electric supplies to the dynodes 
made it possible to improve considerably the pa- 
rameters of the FEU-19M photomultipliers owing 
to a sharp increase of the signal-to-noise ratio. 
More exactly, while keeping the voltage across the 
divider and the value of the discrimination thresh- 
old unchanged, we were able to raise the gain of 
the photomultipliers by a factor of several times, 
with a negligible increase of the number of noise 
pulses. 

As for the choice of the liquid for filling the 
tank, it is desirable to have a scintillator with the 
greatest light yield and with sufficient transparency 
for its own radiation. From this point of view the 
most effective substance was a solution of terphenyl 
in toluol, to which was added a small amount of 
@ -naphthyl phenyl oxazole (@ NPO) or diphenyl- 
oxazolylbenzol (POPOP). We remark that to get 
good results one must use toluol purified by double 
distillation. Toluol is a very good solvent for many 
organic substances, and a liquid scintillator is ex- 
tremely sensitive to impurities of any kind. There- 
fore all of the many gaskets were made either of 
lead or of fluorine plastic. 

Tests of the liquid scintillation counter showed 
that with an energy threshold for $-ray quanta of 
90 to 100 kev the number of noise pulses did not 
exceed 1000 to 1500 per minute. These figures 
were regarded as satisfactory. 

For the measuring head one must have extremely 
stable photomultipliers with good amplitude resolu- 
tion and capable of operating for many hundreds of 
hours without changes in their parameters. These 


requirements are satisfied by the type FEU-12 
multipliers developed by Vil’dgrube.*®»® 

For the scintillators in the measuring head we 
used a solid solution of tetraphenyl butadiene in 
polystyrene, of concentration 16 g/l. Figure 4 
shows schematically the construction of the attach- 
ments used to assure good optical contact between 
the photoelectric cathodes of the multipliers and 
the plastic scintillators. 

The photoelectric cathodes of the multipliers in 
the measuring head were connected to the body of 
the apparatus, and the high voltage of positive po- 
larity was applied through the collectors. The suit- 
ability of such connections was ascertained by tests 
on prolonged operation of the photomultipliers. 

The energy calibration of the scintillation count- 
ers for the measuring head was carried out with the 
conversion line of Ba!®” (0.625 Mev) and with the 
position of the maximum caused by cosmic-ray 
mesons of minimum ionization. The calibration of 
the point corresponding to the internal-conversion 
electrons of Ba'®” was obtained in the following 
way. A small drop of a solution of a salt of radio- 
active Cs!?" was placed on a thin organic film 
(0.3). After the water had evaporated from the 
drop, the film was mounted between two rings of 
organic glass in such a way that the dry residue 
from the drop, containing the Csitt, was in the 
center. The source was placed on an aluminum 
disk 3 mm thick, which in turn was fastened against 
the working surface of the scintillation counter. 

The spectrum was taken twice with a single-channel 
differential amplitude analyzer — once with a hole 
in the aluminum disk toward the source, and the 
other time with a solid disk. In the latter case the 
y-ray spectrum was taken. The difference of the 
two spectra gave the spectrum of the electrons, 
with its maximum at 0.625 Mev. The energy resolu- 
tion of the two scintillation counters for 0.625 Mev 
electrons is 28 percent (the width of the peak at half 
its height). On the basis of this one draws the con- 
clusion that for 4 Mev electrons one can expect that 
the half-value width for the resolution is 11 percent. 

The second calibration point in the region of 
higher energies was obtained by an independent 
method. The apparatus was placed so that the 
working counters were one above the other, and 
below the lower one was placed a third (auxiliary ) 
scintillation counter, connected for coincidences 
with the top one (Fig. 5). The oscilloscope with 
the photographic attachment registered only the 
pulses from the working counters, and this only 
in the case of coincidence of the counts from the 
top counter and the auxiliary counter. After the 
film was developed attention was given only to the 
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cases in which pulses were registered from both 
working counters. This triple-coincidence method 
selected the vertical component of the cosmic ra- 
diation, incident normally on the working surfaces 
of the scintillators. After the spectrum had been 
constructed and the energy lost by minimum -ioni- 
zation «& mesons in the polystyrene!?>!! had been 
computed, and the correction had been applied for 
the difference of the light yields for ~ mesons 
and electrons,’ a second calibration point was ob- 
tained in the neighborhood of 3.5 Mev. The Landau 
curve constructed on the basis of these measure- 
ments is shown in Fig. 6. 

The linearity of the scintillation counters was 
checked by means of a B-ray spectrometer cali- 
brated with the conversion line of Ba!*’. This 
gave a number of points up to energy 2 Mev; to 
within 2.5 percent these fell on the straight line 
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FIG. 6. p-meson spectrum obtained in calibration of the 
scintillation counters. 


aN 
20 


6G 
3D 
49 —— 
dO 


0 <= 4 1 et 
0 30 80 40 50 60 70 £0 
E Mev 


FIG. 7. Calibration curve of the scintillation counters of the 
measuring head (the abscissas are electron energies; the or- 
dinates are amplitudes of pulses from the scintillation counter). 
e)— reference points; O — from B-ray spectrometer. 


connecting the two reference points obtained with 
Ba!®? and the Landau curve. The calibration curve 
for the scintillation counters of the measuring head 
is shown in Fig. 7. 


5. THE CONTROL EXPERIMENTS 


1. The electron-counting efficiency of the meas- 
uring-head scintillation counters for counting elec- 
trons was compared with the efficiency of end-win- 
dow Geiger counters with window thickness 4 mg/ 
cm”. It was found that in all cases the counting rate © 
when the scintillation counter was used was 8 per- 
cent higher than with the Geiger counter. Conse- 
quently the counters used in our apparatus had an 
efficiency for counting electrons not less than that 
of a Geiger counter, whose efficiency is known to 
be close to 100 percent. 


2. The choice of the discrimination threshold in 
the liquid scintillation counter circuit was made ex- 
perimentally. For this purpose a curve was obtained 
showing the dependence of the counting rate of the 
number of coincident pulses in the measuring head 
(for constant threshold of the total energy) on the 
counting rate of the liquid scintillator. The results 
of these measurements are shown in Fig. 8. The 
shape of the curve shows that when the number of 
inhibiting pulses is larger than 2 x 10° per minute 
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FIG. 8. Dependence of the counting rate of coincident pul- 
ses from the measuring head on the counting rate of the liquid — 
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FIG. 9. Integrated spectrum of coincident pulses: 1) on the 
surface; 2) underground at a depth of 65 m water equivalent. 


the shielding by anticoincidences becomes less ef- 
fective owing to the increase of the dead time of 
the anticoincidence circuit, whereas for a number 
of inhibiting pulses less than 4 x 10* per minute 
the shielding effectiveness is still insufficient. The 
presence of a plateau indicates that there is ade- 
quate shielding effectiveness against most kinds 
of external radiation. In view of all this, the dis- 
crimination threshold of the liquid scintillation 
counter circuit, operated under these circum- 
stances, was chosen at about 10° counts per min- 
ute. We estimate that the corresponding energy 
threshold is about 0.1 Mev for y radiation. 

3. A check on the identity of the calibration of 
the two counters in the measuring head was car- 
ried out under the following conditions. All the 
units of the apparatus were fully actuated, and 
photographic registration of the energy spectrum 
was obtained for 12 hours. To shorten the time 
of the measurement the tests were carried out 
not under the conditions of the experiment, under 
the ground, but on the surface. The energy spec- 
tra were compared with each other; besides this, 
comparisons were made between the sums of the 
amplitude values of the pulses for each of the 
channels. The total energy of all the pulses reg- 
istered by one of the counters of the measuring 
head was 8959 Mev, that for the other counter, 
8983 Mev. The good agreement of both the spec- 
tra and the amplitude totals indicates that there 
is identity of the calibrations of the two counters. 

4. The integrated energy spectrum of the sum 
of the coincident pulses was taken both on the sur- 
face and underground. These tests were to deter- 
mine the effect of the operating conditions on the 
background, i.e., on the counting rate of coincident 
pulses. The measurements were carried out with 
the measuring head not shielded by the liquid scin- 
tillator. The results are shown in Fig. 9. 

The comparison of the counting rates for total 
energy 3 Mev shows that burying the apparatus 
under the ground leads to a decrease of the back- 
ground by a factor of 23. Thus it is quite expedient 
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FIG. 10. Energy spectra of background of two sets of appa- 
ratus for measuring double 8 decay: 1) 1956; 2) 1957; AE = 
0.2 Mev. 


to make the measurements underground. 

5. The effects of shielding by anticoincidences 
and of screening with lead were strikingly demon- 
strated in the following experiment. The com- 
pletely assembled apparatus was set for registra- 
tion of coincidences with the threshold at a total 
energy of 1 Mev. Numbers of coincidences in 1 
hour were compared with the anticoincidence cir- 
cuit turned on and with this circuit turned off; in 
the former case 17 coincidences were recorded, 
in the latter case 56. After this the apparatus was 
surrounded on all sides with a layer of lead 10 cm 
thick, and the measurement was repeated with the 
anticoincidence circuit turned on. Seven coinci- 
dences were registered during two hours. Thus 
the use of the lead shield leads to a further low- 
ering of the background of coincidence counts by 
a factor of 5. 

The control experiments that have been de- 
scribed confirmed the correctness of the calibra- 
tion of the apparatus, provided a reasonable choice 
of the discrimination threshold, and demonstrated 
the effectiveness of the protections against back- 
ground counts that were used in the experiment. 
This last point is illustrated by Fig. 10, which 
shows the energy spectra of the background for 
the apparatuses for measuring double £6 decay 
used by the writers in 1956'3* and in the present 
work. It must be remarked, however, that the 
apparatus was relatively poorly shielded against 
neutron radiation. 


6. THE MEASUREMENTS AND THE PROCESSING 
OF THE RESULTS 


The conditions under which the measurements 
were made are, properly speaking, clear from the 


*In Fig. 2 of reference 13, through an oversight of the edi- 
tors, the energy scale is displaced to the right by 0.5 Mev. 


60 DOBROKHOTOV, LAZARENKO, and EUKYYANOY 


TABLE I. Comparison of spectra from first and second series 


of measurements 
a eee eee ee 


Cat? | Cats 

E, M ‘ ee 
a Series 1 Series 2 Series 1 Series 2 
3—4 1,16-+0,52 1.00-40.58 0,930.47 2.00-+0.82 
4—5 1.160 ,52 0,670.47 0,93+0,47 O00 
See 6 0.92-++0.47 1,00-+0,58 | 0. 23-40,23 0,33-+0.33 
6=7, 0.23+0.23 0,330.33 0,47+0.3 0.33-40.33 


information given above. The measurements were 
carried out under ground at a depth of 65m water 
equivalent, and the apparatus was shielded against 
the effects of the external background by the anti- 
coincidence circuit and by a lead screen. Two 
series of measurements were carried out, the 
first in December 1956 — January 1957, and the 
second in July — August 1957. The time of meas- 
urement with each of the specimens was 430 hours 
in the first series and 300 hours in the second. 

The stability of the parameters of the apparatus 
during the time of the measurements was checked 
automatically. The constancy of the operating con- 
ditions of the counters in the measuring head was 
checked regularly by the values of the voltage and 
current in the circuit of the VS-9 high-voltage rec- 
tifier that supplied the counters, and also by the 
constancy of the counts of both coincident and single 
pulses coming from the measuring head. 

The measurements provided films on which 
were registered the amplitude distributions of the 
coincident pulses that came in the course of the 
experiment from the photomultipliers of the meas- 
uring head. After the amplitudes had been meas- 
ured the spectra obtained were subjected to statis- 
tical analysis. For this purpose the whole time of 
the measurements was divided into equal intervals, 
and for each of the photomultipliers the numbers of 
pulses of amplitude exceeding a prescribed value 
that arrived within each interval were counted. The 
two series of numbers so obtained were analyzed 
both from the point of view of agreement with the 
Poisson distribution, and as to whether they agreed 
with each other. The results of the analysis showed 
that no crude errors came in in the process of han- 
dling the photographic films, verified the identical 
functioning of the two scintillation counters, and 
showed the stability of the operation of the appara- 
tus as a whole. 

As has already been mentioned, two series of 
measurements were made. For each of the series 
the spectra of the total energies of the coincident 
pulses were constructed, and a comparison of 
these spectra was made. The results of the com- 
parison are shown in Table I. This table gives the 


counting rates per 100 hours of observation for the 
energy intervals indicated. 

As can be seen from these data, the agreement 
of the spectra is quite satisfactory. After the proc- 
essing of the results had shown that the laws of 
statistics are obeyed and that the spectra of the 
two series are in agreement with each other, these 
spectra were combined into the total spectra shown 
in Fig. 11 


7. DISCUSSION OF THE RESULTS; CONCLUSIONS 


To interpret the obtained results we have first 
to find out in what energy interval we must compare 
the spectra for Ca‘® and Ca**. The energy interval — 
in which the effect of double 8 decay is to be sought 
depends on the expected energy of the decay, the as- 
sumptions about the process, and the energies lost 
by the electrons in the material of the specimens 
used. Let us examine this problem, starting from 
the assumption of the “neutrinoless” decay process, 
in which the entire energy released in the decay is 
divided between the two electrons. 

For the case of Ca‘® the energy of the decay is 
known with adequate accuracy from mass-spectro- 
graphic data,'* and has the value 4.3 + 0.1 Mev. 

The average total energy loss of the electrons that 
emerge from the material of the specimen in such 


N after 730 hr. 
40+ 


BOY 


20+ 


30 40 30 60 20 
E, Mev 
FIG. 11. Spectra of total energies of coincident pulses ob-- 
tained in 730 hours of measurement with each of the speci- 
mens: solid line — Ca**; dashed line ~ Ca‘*; AE, = 0.2 Mev. 
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a way that they go into different counters was de- 
termined by computation. For the specimens used 
in the present experiment it is 0.4 Mev, and corre- 
sponds to the energy loss of a relativistic electron 
in a path length equal to twice the thickness of the 
Specimen. The computation was made on the as- 
sumption of absence of angular correlation between 
the decay electrons. According to this the search 
for the effect should be made in the region of 3.9 
Mev. 

The width of the energy interval in which one 
should compare the spectra of Ca*® and Ca‘! de- 
pends both on the errors of the apparatus and also 
on a possible “smearing out” of the spectrum of 
the total energy of the electrons from double 8 de- 
cay. The probable errors introduced by the appa- 
ratus are the following: 

1. The spread in amplitude introduced by each 
scintillation counter (+5.6 percent). 

2. The error in the energy calibration of the 
scintillation counters (+3 percent). 

3. The lack of stability of the gain coefficient 
of the apparatus (+1.5 percent). 

4. Errors in measurements on the film (+1.5 
percent). 

Thus, taking account of the fact that two counters 
were functioning simultaneously, we get for the 
root-mean-square error of the apparatus +9 per- 
cent, which corresponds to a spread of +0.35 Mev 
in the energy. To be on the safe side we increase 
this figure to 0.5 Mev. 

The effect of “smearing out” of the spectrum, 
owing to the spread of the amount of energy lost 
by the electrons in the material of the specimen, 
should lead to a shift of the maximum of the spec- 
trum toward lower energies. This has been partly 
taken into account in the introduction of the correc- 
tion for the loss of energy in the material of the 
specimen, and the part not so included can scarcely 
exceed 0.4 Mev. 

Thus the spectra of the total energy of the elec- 
trons is to be analyzed in the region from 3.0 to 
4.4 Mev. As can be seen from Fig. 11, in this en- 
ergy range during the 730 hours there were regis- 
tered 11 cases of coincidences when the specimen 
enriched in Ca‘® was between the scintillation 
counters, and 12 cases for the specimen of Ca”. 
The difference “Ca*®- Ca*4” consequently is 
(-1 + 4.8)/730 counts per hour, or (—0.14 + 0.66) 
counts per 100 hours. 

The half-life was determined from the formula 


Pee 9g No. kmn 


A Ne? 


where m is the amount of the substance to be stud- 


ied contained in the specimen (in grams); A is the 
mass number; An is the difference of the numbers 
of counts per unit time from the working and control 
specimens; k is a factor corresponding to the geo- 
metrical effectiveness for coincidence counting, on 
the assumption of isotropic distribution of the decay 
electrons; 7 is a coefficient characterizing the 
“transparency” of the specimen for the decay elec- 
trons; and Ny is Avogadro’s number. The coeffi- 
cient 7 was calculated on the assumption of no an- 
gular correlation between the decay electrons and 
for the energy distribution function of these elec- 
trons given in reference 5; it was found to be 0.52. 
The value of the coefficient k, as determined on 
the basis of the value of the solid angle over which 
each of the counters “saw” the specimen, was 0.43. 
After inserting the numerical values of the quanti- 
ties one gets the following numerical formula for 
the half-value period: 


0.9 
a 101° years, 


where An is per hundred hours. 

Following the established tradition, we shall 
give here the value of the half-life calculated on 
the assumption of no angular correlation between 
the decay electrons. Inclusion of the theoretically 
expected angular correlation!® would lead to a de- 
crease of both the figures given in the present 
paper and of those in other papers on searches 
for double 8 decay by about a factor of three. 

The extremely small intensity of the count in 
the energy range in question, and the consequent 
high probability of considerable statistical fluctua- 
tions, lead to the danger of obtaining false conclu- 
sions if one regards as significant differences 
values of An greater than just a single standard 
error o. Only results exceeding at least twice the 
standard error can be given any weight. An analy- 
sis of the spectra obtained here shows that there 
is not a single energy interval of reasonable width 
in the range from 2.4 to 7.0 Mev in which An would 
exceed 2c. Therefore we can determine only a 
lower limit to the half-life for double 6 decay of 
Ca*®, Using the numerical formula and inserting 
instead of An the quantity 20, we find that the 
half-life for double decay of Ca*® is not less than 
Ong 100 years. 

Thus the result of our measurements is a nega- 
tive one. Clearly a further reduction of the back- 
ground could not bring any change in the situation, 
because a colossal length of time is needed for re- 
liable measurements with a small quantity of the 
material. Thus there remains only one way to 
make further progress — increasing the actual 
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Present paper 


mass of the isotopes studied. If besides this one 

is able to increase the dimensions of the counters, 
then the need will arise for a further decrease of 
the background. This last may be possible only 
after a detailed study of the factors determining 

the shape of the energy spectrum of the background. 
This problem is not considered in the present paper. 

Let us sum up. In Table II are collected the re- 
sults of the experiments made to search for double 
B decay in Ca‘®, In this table the sign “plus” in- 
dicates a positive result of the search. 

The lower limit now obtained on the half-value 
period of the double decay is larger by almost an 
order of magnitude than the value corresponding 
to incomplete polarization of the neutrino. There- 
fore it can be asserted that the experimental result 
of our study agrees with the two-component theory 
of the neutrino, in which the degree of polarization 
is 100 percent. The possibility of a two-component 
scheme with occurrence of double £6 decay through 
forbidden transitions (with nonconservation of the 
leptonic charge) remains open. 

The necessary reservations limiting the certainty 
of the conclusions we have drawn, owing to lack of 
accurate knowledge of the nuclear matrix element 
and the degree of angular correlation of the elec- 
trons, have already been pointed out in the text. 

The writers take occasion to express their sin- 
cere appreciation to I. S. Shapiro for an interesting 
and fruitful discussion of the problem of double 6 
decay. We are also deeply grateful to I. V. Galkin 
for building the electronic part of our apparatus 
and to K. S. Mikhailov for the syntheses and the 
preparation of the scintillators. 


‘wW.H. Furry, Phys. Rev. 56, 1184 (1939). 
?L. A. Sliv, J. Exptl. Theoret. Phys. (U.S.S.R.) 
20, 1035 (1950). 


A SEARCH FOR’ DOUBLE BETAS DECAY INsca 
TABLE II 


1.1 x 10°” years (+) | Scintillation counters 
> 1x 10° years 
> 2x 10"* years 
> 0.7x 10” years 


Method 


3M. G. Mayer and V. L. Telegdi, Phys. Rev. 
107, 1445 (1957). 

41S, Shapiro, Report at the All-Union Confer- 
ence on Nuclear Reactions at Low and Moderate 
Energies, 1957; Izv. AN SSSR, Ser. Fiz. (1958, in 
press). 

5 Zel'dovich, Luk’yanov, and Smorodinskii, Usp. 
Fiz. Nauk 54, 361 (1954). 

®R, Davis, Report at the International Conference 
on the Use of Radioactive Isotopes for Scientific 
Purposes, Paris 1957. 

kK. A. Petrzhak and M. A. Bak, J. Tech. Phys. 
(U.S.S.R.) 25, 636 (1955). 

8 Nemilov, Ovchinnikov, Pisarevskii, and Teterin, 
J. Atomic Energy (U.S.S.R.) No.4, 51 (1956). 

9 Vil’dgrube, Zharkov, and Teterin, Izv. AN SSSR, 
Ser. Fiz. 21, 1034 (1957) [Columbia Tech. Transl. 2] 
1035 (1957)]. 

10N. A. Dobrotin, Kocmuueckue ayau (Cosmic 
Rays), GTTI, Moscow 1954. 

‘1B. Rossi, High-Energy Particles, (Russ. 
Transl.) GTTI, Moscow, 1955, p.38 (New York, 
(1952). 

2G. T. Wright, Phys. Rev. 91, 1282 (1953). 

‘8 Dobrokhotov, Lazarenko, and Luk’yanov, Dokl. 
Akad. Nauk SSSR 110, 966 (1956), Soviet Phys. 
“Doklady” 1, 600 (1956). 

18 Collins, Nier, and Johnson, Phys. Rev. 86, 408 
(1952). 

‘SH, Primakoff, Phys. Rev. 85, 888 (1952). 

16. A. McCarthy, Phys. Rev. 97, 1234 (1955). 

‘'M. Awschalom, Phys. Rev. 101, 1040 (1956). 


Translated by W. H. Furry 
12 


SONIE LR PMY SICS JETP 


VOLUME 36(9), NUMBER 1 JULY; 1939 


SYMMETRY GROUP OF THE ISOTROPIC OSCILLATOR 


Yu. N. DEMKOV 


Leningrad State University 


Submitted to JETP editor January 23, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 88-92 (January, 1959) 


It is shown that the determination of the isotropic oscillator group by means of infinitesimal 
operators and generating elements, given earlier by the author, and the determination by 
means of canonical transformations, given by Baker, are equivalent. The explicit form of 
the unitary operators of the group is considered and their relation to the Green’s function 


for the oscillator is demonstrated. 


W: consider an n-dimensional isotropic oscilla- 


tor and we choose the system of units in such a way 


that the frequency, Planck’s constant, and the mass 


are all equal to unity. Then the energy operator 
for the system has the form 
{ n 2 
H => Dd) (pr +x), (1) 
k=l 


while the energy levels of the sytem 


ee iaiee2 (iba 0, 1, 2...) (2) 


are degenerate, with this degeneracy not being ac- 
counted for solely by the spherical symmetry of 
the system. 

The symmetry group of the isotropic oscillator 
which explains the additional degeneracy of the en- 
ergy levels and which is closely connected with the 
symmetry between the coordinates and momenta of 
the system was originally investigated by the au- 
thor.'*? The group of unitary operators commuting 
with the Hamiltonian was determined by means of 
generating operators (rotations and one-dimen- 


sional Fourier transformations ), all possible prod- 
ucts of which from the group. Moreover, the infini- 


tesimal operators of the group were obtained and 
the commutation relations between them were 
studied. 

In Baker’s paper® the symmetry group of the 
oscillator was investigated from a somewhat dif- 
ferent point of view; the elements of the group 
were defined by means of a canonical transforma- 
tion which leaves the Hamiltonian invariant. It 
was also shown that the symmetry group of the 
n-dimensional isotropic oscillator is isomorphic 
with the n-dimensional unitary group. 

The relation between the two points of view in 


the case of the two dimensional! oscillator was par- 


tially discussed by Alliluev.’ It turned out that in 
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this case in order to explain the additional degen- 
eracy it is sufficient to consider the unimodular 
unitary group (which is isomorphic to the group 
of three dimensional rotations), whose infinitesi- 
mal operators are linear combinations of the cor- 
responding operators of references 1 and 2. 

We shall show here that the two methods of de- 
termining the symmetry group are equivalent in 
the general case. 

We shall first of all establish that the commuta- 
tion relations between the infinitesimal operators 


HL =pi+xe; M.=yp,—zp,, N,=Pp,0,+ ¥2, 
H=p+y, M,=zp,—xp, N,=p,p,--2x, (3) 
Hy = pre-e", Mi = xp — yp, N= ppp +, 


which were obtained in references 1 and 2, coincide 
with the commutation relations between the infini- 
tesimal matrices of the three dimensional linear 
unitary group. Indeed, the matrix of an infinitesi- 
mal linear unitary transformation may be written 
in the form 


Bef fe be (4) 


where I is the unit matrix, L is an arbitrary 
Hermitean matrix, and ¢€ is the smallness param- 
eter. It may be seen from this that as linearly in- 
dependent infinitesimal matrices we can choose 
the n*? matrices MN, NY with the following ele- 
ments 


(5) 


The commutation relations between these matrices 
are of the form 


qt] k . [x - Rs : Ln c ik 
[M", MM al = iM’ i iM’ OF iM! Ope + iM! OF], 


fen ined at ee es ere aes 
[M!, N“] = iN’ 8, + iN 6, — iN’ 6, — iN’ S;1, 


if rk ~ygllr - sik ~agilr sa gio 
Ries N | i tM OjR — iM Ol = iM’ O7~p —— iM Ory. 


(6) 
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If we now set n=3 


NU=H, N2®=N, MY=—M,, 
N@ 2s H,, N@2N7, VSM, (7) 
NES == Hs, N31 = NiGs M221 = — Mz, 


we obtain the commutation relations between the 
operators (3) which were given in reference 2.* 
Thus, the symmetry group determined in refer- 
ences 1 and 2 is isomorphic to the unitary group, 
and consequently is also isomorphic to the sym- 
metry group discussed by Baker. The generali- 
zation to the case n> 3 is trivial. 

We now show that the two groups are equivalent, 

e., that the unitary operators which carry out 

Baker’s canonical transformations coincide with the 
operators discussed in references 1 and 2. 

Baker? introduces the non-Hermitian operators 


ay = (xe + pe) /V2, ae = (xe —ipe)/V 2, (8) 


while the unitary matrix U corresponds to the 
canonical transformation 


Upiar - (9) 
l= l=1 
It may be easily seen that such a transformation 
leaves invariant the operator H and the commu- 
tation relations between the operators a, and aL. 
To construct the unitary operator which corre- 
sponds to this canonical transformation we return 
to the variables x,, px. On utilizing (8) and (9), 
we obtain 


n n 


x,= > (A,,%,— B,,P)), Pp = > (B, x, + A,,P,), 
ee ae (10) 
= Aye at Pei) so Pee > Ba A iP ))s 
i=] f=1 (11) 

where 
Uri = Agi + iBar (12) 


and A;7, Baz are real. The unitary operator 
which corresponds to this transformation may be 
easily obtained in integral form; its kernel 
Dyas KG ORG Ko ee oe LLY berankeigen— 
function of the operators x, in the x’-representa- 
tion corresponding to the eigenvalues x, while 

fy will be an eigenfunction of the operators x, in 
the x-representation corresponding to the eigen- 
values xj. This condition determines the kernel 


*The commutation relations (19) of reference 2 contain an 
error: the sign of the right hand side should be reversed in 
formulas (8) and (11). 

tTo be more precise, it follows from this that there exists 
a one-to-one group correspondence between elements belonging 
to certain regions surrounding the unit elements of the two 
groups. 
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fy up to a factor independent of x, Xx. 

We consider a special case of the transformation 
(10), (11), when only one pair of coordinates and mo- 
menta is transformed. In this case we may without 
loss of generality consider the one-dimensional os- 
cillator. Then U=expiy, A=cos %”, B=sin¢@ 
and the kernel of the corresponding integral oper- 


ator satisfies the following equations 
—ising-Of [0x +cos¢-xf = <x'f, (13) 
isin ¢-Of* / Ox’ + cos¢-x f = xf. 


From this we obtain 


fo (x, x") = C (p) exp [ixx’ /sin 9 — (é/ 2) (x? + x*)cotg]. 


(14) 


The coefficient C(g@) may be determined by re- 
quiring that the operator acting-on the ground state — 
wavefunction exp ( —x2/ 2) should leave it unchangec 
Finally we have 


Fo(%, x) = 
— (i /2) (x? + x) cote — ip /2 + ix] 4). 


The corresponding infinitesimal operator may be 
obtained by evaluating for small values of @g the 
expression 


(2x sin ¢) exp fixx’ /sing 
(15) 


ae 
\) fe (as ¥') 6 (x') dx’ 


(16) 


(where y is an arbitrary function) up to terms 
proportional to g. By using the method of steepest 
descents we obtain 

+00 

| Fol, 2”) (2') dx’ 


Wn Ge 1 


= $(x) 4 ig ( Feo e— +) +0). (17) | 


Thus, the infinitesimal operator which corresponds: 
to this infinitesimal transformation does indeed co-- 
incide up to a constant factor with the operator Hy | 
from formulas (3). The presence of the additional 
term —'/ is not unavoidable; its introduction does: 
not alter the commutation relations between the 
operators and leads only to the ground state wave- 
function remaining unchanged when the group oper-- 
ator acts upon it. 

By utilizing formula (17) we can easily obtain 
the expansion of the function fy -in terms of the 
oscillator eigenfunctions 


Dd Pan (%) Py (’) em. 


m=0 


i, (%, x) = (18) 


This leads directly to the relation between the func- 
tion f and the Green’s function for the one dimen- 
sional oscillator 
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G (x, Sas a) =f > (x) b(x’) Coin ma ees a) 


m=0 


= (2nsint) "exp [— ixx’ /sint (19) 


+ (i/ 2) (x? + x’2) cot t — in / 4]. 


When t= 7/2=T/4, where T = 27 is the period 
of oscillation in terms of our units, we obtain up 
to a constant factor the operator for the one-di- 
mensional Fourier transformation 


G(x, x’, T/4) = (2n)_ "exp (—ixx’—in/4). (20) 
Thus, if at time t=0 the oscillator wavefunction 
in the x-representation is given by %)(x), while 
in the p-representation it is given by @)(p), then 


at subsequent times it will vary in the following 
manner: 


t= 0 T/4 T/2 3T /4 1p 
wb: ho(X) e/4g, (x) 


@: 0 (P) 


ey (— x) 


inf ~i3n/4 


eyo (—p) ee (—p) 


Consequently the variation of the oscillator wave- 
function with time may be obtained by operating on 
the initial wavefunction with the unitary operator 
of the symmetry group after setting yg =—t init. 
This unfolding in time represents a continuous 
transition from the coordinate wavefunction to the 
momentum wavefunction and conversely. 

We now consider a second type of transforma- 
tion in which two pairs of coordinates and momenta 


take part. Let the unitary matrix be of the form 
pe fires ee (21) 
ising, cose 


These matrices form a group, and for small values 
of ¢ have the form 


Ble Oris (0,01 ; 
u=() +i ( ) +0, 


22 
Om 1, 0 Ve) 


i.e., the infinitesimal operator of this subgroup 

corresponds to the nondiagonal operator NY of 

the oscillator symmetry group. Transformation 

of coordinates in this case has the form 

B= COS 1%, —SING-p,, %,= Cosy: x Sle P,, 

x, =COSo- x, + sing: Py 
(23) 

By constructing a system of equations analogous to 

system (13) and by determining the normalization 

coefficient in the same manner we obtain 


X, = COS $ eae GP 


Bp (%)) %5 XX) (24) 
= (2nsin¢) * exp [i (x,x, + }x,)/sin g—2 (4,%,-+ x,x,)cot ¢]. 


Finally, by evaluating by the method of steepest 


eRe (—x) eho (x) 


bo (p) & "9 (p). 


descents the result of the action of the operator 
on an arbitrary function for small values of 9g, 
we obtain 


-+o0 +-co 


\ \ f(t» Xo Xs %) P(X %) ax ax, 


—oo —0O 


= $(X1, %2) + ip (— O? | Ox,OX» -F X4X2) b(%1, X2) + O(G?). 


(25) 


The resultant infinitesimal operator coincides with 
the operators N in formulas (3). 

The third type of transformation corresponding 
to the matrix 


a —sing\ 


sine, cose)’ (26) 


as may be easily seen, does not mix coordinates 
and momenta, and represents a pure rotation in 
the x,4, X, plane. In this case the infinitesimal 
operator will be given by the corresponding com- 
ponent of angular momentum. 

Thus, the infinitesimal operators of the groups 
determined in references 1, 2, and 3 are the same. 
Moreover, the generating elements of the group de- 
fined in references 1 and 2 are contained in the 
group defined in reference 3. From this it follows 
that the two groups coincide. 

Finally, we shall obtain up to a normalizing fac- 
tor the explicit form of the kernel of the integral 
operator for an arbitrary matrix U. In this case 
the function f(X, X’) satisfies the system of 
equations 


(AX’ —iBy) f=Xf, AX —1By) j= xX, Sie 


where obvious matrix notation has been used, while 
IN B denote transposed matrices. By multiplying 
the two equations respectively by Bu! and Bu! 

we obtain 


vi/f=iB CX Sib AX’, Vif/P=iB xX — 1B AX, 
(28) 


From the fact that the matrix U_is unitary it fol- 
lows directly that the matrices B-lA, BA are 
symmetric and, consequently, that the equations 
(28) are soluble. On solving them we obtain the 
general form for the kernel of the integral operator 


f =|Cexplixn De x = (012) AB AO 
(29) 


The coefficient C may again be determined from 
the requirement that the operator should leave the 
ground state function unchanged. 

In conclusion we note that the isotropic oscilla- 
tor is an example of a system in which the energy 
operator is completely expressed in terms of the 
infinitesimal operators of the symmetry group. In 
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such cases in principle it is possible to obtain 
from just the symmetry properties of the system 
all its other properties (energy levels, degree of 
degeneracy, the Green’s function etc. ). 
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The general statistical method of the microcanonical distribution is employed to calculate 


the statistical weights of a many-particle system obeying an arbitrary statistics. 


The con- 


servation laws for angular momentum and parity are taken into account. A general compu- 
tational formula is obtained under the assumption that all particles obey Boltzmann statistics. 


Ws consider a system of N identical particles 
obeying arbitrary statistics. The particles have an 
intrinsic parity ’. The total angular momentum L 
and the total parity I are given. Furthermore, it 
is assumed that the orbital angular momentum of 
each particle is bounded from above by some maxi- 
mal value 7, since the particles are produced in a 
limited region and possess, by the conservation 
laws, a finite momentum. Hence 0 <1 <I. 

For the determination of the statistical weight 
(the number of states) of the system under con- 
sideration, for given L and I, it is sufficient to 
calculate the number of states Fy 7(M,1) with 
a given projection M of the total angular momen- 
tum (and with a given I). The number of states 
with given L and I, Gy,7(L, 1), is then deter- 
mined with the help of well-known Slater condition 
(see, e.g., reference 1): 


Cea = (ei ee (E) 


For the calculation of Fy 7(M,1) one can ef- 
fectively use the microcanonical distribution, since 
M is an additive integral of the system. 

Each microstate of our system is completely 
determined by the set of occupation numbers Ng, 
where s denotes the set of magnetic (m) and 
azimuthal (1) quantum numbers defining the state 
of the particle. 

The number of states with given M and I is 
equal to 


Gy 7 ae ie 


eS ar Linns) 8 (N 


(1) s 2 


Fy, 7(M, J) 


n “| ii 
ITI) T}Q(2) =p Fy, (M) 4 > 


s 


x {I ce 


where @(n) is the degeneracy of a given micro- 
state: 


67 


yO el 
Oe == Os Ihe 


1 for bosons; 
1 for fermions; 


N! (I ns!) 


statistics; 


On) = 


in the case of Boltzmann 


ie 220, I. Bs oe 


The factor 3{1+1 || [A(- Wey guarantees 


parity conservation in each microstate; 6(m-—n) 
= dm,n, the Kronecker symbol. 

The summation goes over all microstates of the 
system, and also over all quantum numbers within 


each microstate: 
z ji 


YIO=y > I 


Ss i=0 m=—l 


(2, 17). 


=f 


(3) 


In the following calculations we make use of the 
integral representation of the 6 symbol: 


$(a — b) = (2ai)~* f LS lee (4) 


Each term in the expression under the integral for 
Fy,7(M) and Fy 7(M) is rewritten according to 
(4). 

We obtain in the usual fashion (see, e.g., refer- 
ence 2) 


Fy 7p (M)=(2ni) G6 ty de dy 


Xx Many Il [h (= 1)']"sQ (n) 
(n) s 


ai) phx" y tdx dy |] Pye” (— 1)’ 


S fs 


"5 Q (n) 


= (2ni) Gg ny dx dyexp ®(x, y), (5) 

where 
® (x, y) =% S)In[] Se 1 (6) 
a@=+1 for bosons, and @a=-—1 for fermions. Ex- 


panding the logarithm into a series and summing 
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each term over s, we obtain 
= gk tl, k 
O48, 8y) Sy = z — D, (x*) y*, (7) 
heal 
where 
L : l 
D, (Zz) = » (aah) ys ou 
Z=0 m=—l 
ey (ee Vee (8) 


We integrate (5) over y, and obtain, by the law of 
residues, 


aye Ga il : 
era (2Qni) “hx dx |S ~ exp ® (x, dD] ¥ 


or, since Fy 7(M) = FN,7(-M), 


Fy.7(M) = (2ci) hx she Peer [Srexp Dx, ) 2(9%) 


y=0 
Using the expression for the N-th derivative of a 
complex function (see, e.g., reference 3), we may 
also write this result in the explicit form 


NAL 


meg. &) / fe gs oe V1 1 a 
Ea tes f Linh Fap 


(2ni)* G eM! (x) gl (x9)... g! (0) dex, 


where the summation goes over all positive integral 
roots of the equation i+ 2j+...+dk=N, and 


(10) 


g (2) = (1 — 20) / (1 — 2%). (11) 
In exactly the same way we obtain 
Fy, AM)=¥ ns Qni) 
a Dare Fiji. kt =) 
x hx —VI-ag™ (x) 0 2). P(x!) de, (12) 
where 
WA) (La et) ix) 
Finally, 


1 
Fy q(My1) => Fy 7(M) 4 


= Fy 7 (M). (13) 


Formulas (10) to (13) give the solution of our prob- 
lem in the general form, for an arbitrary statistics. 
This result can be easily generalized to the case 


of a mixture of particles obeying different statistics, 


as was done in reference 2. 

The formulas are considerably simplified in the 
case of Boltzmann statistics. The solution can then 
be given in explicit form. It is easily seen® that it 
is sufficient to sum the expressions (10) and (12) 
only over the terms with i=N, j=...=k=0 
and to multiply the result by N!. We then have 


Fy, (aM) =(2ri) 1 aM NIE (x) de 


on dx (Gh abt 2v 
LYO=Ao! : , 
= (ri) ) ra gi (12") 
_N NE 
rn” (— 1) MATa 
Fy (M) = 7+ 6 am Nt le (x) dx 
Hg > (Gx {yt § dx ; (1 a¢ x2 FED) N 
ea ort NIM (1 — x2) (10’) 


The integrals (10’) and (12’) are equal to the re- 
sidue of the argument function at the point x = 0. 
We apply the expansion 


4 — 2m\n ae a8 

Sen Ly (ail ate 

where ( 2) = on =n! /i! to the functions 
i 


under the integral sign in (10’) and (12’). 
NI-M 


) ginit+] . (14) 
(n = ) : ’ 
By keep- 


ing the terms containing x , we find 


|" | 
41 


2N Ni MON = PAYA 
Fe) = (eat as ; 


k=0 
(15) 
Fyqz(M) = (= 1)" 
[| (16) 
ae NATONE =) 2 SN a eee 
5 en AN <= +N—1— 
eee a N—4 ); 


where [x] is the integral part of the number x. 
We note that Fy 7(M)=0 if NZ-M is odd. 
The number of states with given M and I is given 

by formula (13). Here 
Fig") =) sh Cd). 


{=£1 


(17) 


Using formula (1), we now find the number of states 
with given L and I: 


(LD —Fei(L +1, 0) 


if NI—L is even 
if Ni— FP is*odds 


[Fua(L)s 
=F oe (18) 


or, with obvious notations, 


Gy 7(L, 1 i= = Ow) 
: Rant (19 
+51 (- 1G, 7[L+ 50 -(— Dee 


By termwise substitution of expansions (15) and 
(16) for M=L and M=L+1, we find, with 


(ieee es 
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[eee 

Lt +1 i : “ 

Gre (| = ec Deh Ge Bee aks clap 
k=0 (20) 


( 2 (z (NT— p) aes i)k ) 


Grab = (22) 
is the number of states with a given L (and ar- 
bitrary I). 

Corrections taking into account the type of sta- 
tistics can, in any specific case, be calculated with 
the help of the general formulas (10) and (12). 

This method allows the solution of a whole series 
of similar problems, as, for example, the determi- 
nation of the statistical weight of a system of par- 
ticles with arbitrary spin. 

If the system consists of N particles with spin 
Ss obeying an arbitrary statistics, the statistical 


weight gn 5 = 28N,s (8) is given by 


1 SD) SS OS) ior raed Crane 
{fx,s(0) for integer Ns, 
Ex, 3 \fy.s(@/,) for half odd-integer Ns, 


(1’) 
(23) 


where gy ,(S) is the number of states with total 
spin S, and 


jx,s(M) = Yelm — > min 3(N — >, Nim) Q(n) 
i yt cas (24) 

is the number of states with a given projection M 
of the total spin. 

Omitting intermediate calculations analogous to 
those done above, we give the final result. 

In our notations, we obtain for an arbitrary sta- 
tistics, 


} gir! 
IN, s (M)= Sy 


leaesig oe 
hs 4807 TFIN I. R! a 


x § x-Ns—1! (x) D!(x2)... DF (x4) dx, (25) 


OZ) = —24) / (12). 


For the special case of Boltzmann statistics we 
obtain the closed expressions 


ae 


N\ ([Ns—S+N—2—(2s+1)k 

oy eh?) = a aye Ih , ei N—2 ae ) 

r—==() (26) 
2 
pL 2s+1) 

(N\[{sN +N —1—(2s+1)k 
2 a CE )| N—4 ): 
if sN is integral, 
gy Ss = eae (27) 


2s--1 


Sue MeNGHen me eo: 


k=0 


if sN is half odd-integral. 


For the special case s = '% formulas (26) and 
(27) give a well-known result (see, e.g., reference 
1). For s=1 we get the result* obtained by the 
combinatorial method. 

A problem similar to the one just considered 
was solved by Barashenkov and Barbashev? with 
the use of recurrence relations. We further re- 
mark that the results of references 1, 4, and 5 
were obtained for the case of Boltzmann statistics. 

In conclusion I take this opportunity to express 
my gratitude to Prof. Ya. P. Terletskii for suggest- 
ing this problem and for his interest in this work. 
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The formalism of the dual scattering theory based on invariance of the interaction Hamil- 
tonian under rotations in isotopic and x space is extended to relativistic energies. The 
expression for the differential cross section is obtained in a form which is convenient for 
analysis of the experimental data. To illustrate the application of the formal theory, the 
problem is considered in the approximation of radiation damping theory. 


INTRODUCTION 


‘Tee production of pions in low-energy meson- 
nucleon collisions (“dual scattering” of pions ) 

has been considered in a dissertation by d’ Espagnat! 
and in a number of other papers.2“4 The theory de- 
veloped in these papers is subject to a number of 
formal limitations: (1) In deriving the equations 

for the scattering matrix T it is assumed that 
dual scattering is much less significant than single- 
meson scattering.* (2) Nucleon recoil is neglected, 
thus leading to the use of an approximate density 
function p(1, 2) of the final states which is inde- 
pendent of angular variables, with the result that 
the angular distribution of scattered mesons is dis- 
torted at high energies. (3) The differential cross 
section is derived! on the assumption that only s 
and p waves are important in the scattering. 

It is the purpose of the present paper to exam- 
ine the formalism of the dual scattering theory at 
relativistic energies. Racah’s procedure enables 
us to derive a formula for the differential cross 
section which is valid at any energy and can be used 
conveniently to analyze the experimental angular 
and momentum distributions of scattered pions 
(Sec.3A). The scattering theory establishes an 
equation that relates the matrix T to the reaction 
matrix K. In Sections 1 and 2 this equation is 
studied for moderate relativistic energies, when 
effects associated with ternary scattering and the 
production of “new” particles are still small but 
the nucleon must be regarded as a relativistic 
particle. 

The formalism that is developed is used for a 


*We here exclude the nonrigorous procedure based on the 
assumption that the dual scattering matrix can be represented by 
the product of a function depending on the energy of the incident 
meson and a function of the energy of the scattered mesons. } 
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solution of the problem in the approximation of the 
radiation damping theory (Sec.3B). Although the 
damping theory cannot account for experimental 
scattering results® at low energies of the incident 
meson in the laboratory system Tin K M (nucleon 
rest mass), the results of this section may be of in- 
terest in explaining the role of damping at energies 
comparable with or greater than M. 


1. K AND T MATRICES IN DUAL SCATTERING 


Lippman and Schwinger® and Goldberger’ have 
shown that an exact statement of the scattering 
problem leads to a set of two equations in the ma- 
trix T and reaction matrix K. The first is deter- 
mined on a constant-energy surface while the sec- 
ond is determined both on and outside of a constant- 
energy surface: 


Kea Bao A ea =p P >) GES Ss Gop, / (Ee tae joe (1) 
Me 


Pig = Kiar ix )) Kue(Bg = bo) eee (2) 
Here Hga = (28, H,) is the matrix element of 
the interaction Hamiltonian for the transition be- 
tween states a and 6 (following reference 7, we 
use the indices b, c for states with Ep =E, and 
B, y for Eg = Eg) and P in (1) indicates that the 
principal value of the integral is taken. 

The probability of a transition from state a to 
state b is related to the matrix Tp, very simply 
as follows:® 


Wea = 2n|Toa|? 0 (Es), (3) 


where o (Ep) is the density of states.* 

Let us now consider dual scattering of a pion by 
a nucleon. In the center-of-mass system a meson 
with energy Wj and momentum kj = «jnj (nj is 


*We use a system of units in which m,; =c=h= 1. 
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the unit vector of direction), the isotopic state of 
which will be denoted by a (a= +, =, 0), collides 
with a nucleon (energy Ej, momentum Pi, spin 
Sj and isotopic spin tj). In the final state we have 
a nucleon (Ef, pr, Sf, tg) and two mesons (Wi, 
ki, 8) and (Wg, ky, vy). 

It is known that the solution of (1) is difficult 
and requires a number of field approximations. We 
confine ourselves to (2) and use (1) only to estab- 
lish the general form of the reaction matrix K. The 
interaction operator of the nucleon and meson fields 


will be the Hamiltonian of symmetric pseudoscalar 
theory, 


H (x) = gPyst¥e@ + if Pye Ge é (4) 
where W is the nucleon field Operator, g is the 
meson field operator, tT is the nucleon isotopic 
spin vector, y; = By'y*y> and y; = (Bok, 8). H(x) 
is invariant under rotations and reflections in x 
space and under rotations in isotopic spin space. 

Let Qj; denote the set of variables that charac- 
terize the initial (nucleon-meson) state and let 
G@¢ denote the variables of the final (nucleon- 
2meson) state. When isotopic spin is excluded 
the corresponding sets of variables will be denoted 
by wj and wf. 

From the definition of the center-of-mass sys- 
tem, 


pi + k; = pj + k, + k, = 0, (5) 


the nucleon momenta pj and p¢ can be expressed 
in terms of the meson momenta kj and k;, k,. We 
then have 


(ly ha URS Op = {%;, Mp; 5, Mo; Sry, (6) 


where kj, Kj, Kg are related by energy conserva- 
tion as follows: 

Bee (Moog) ee (hae et (7) 
== (MP 8 4 2G + eqn, (myems)) + (1 2) + (TE $8)”. 
The matrix K in isotopic and momentum space 

is determined through its representation by an iter- 
ation series [see Eq. (1)]. It is easily shown from 
a study of the general term of this series that for 
interaction (4) the matrix element of K on a con- 
stant-energy surface is 


2 ee ee Al 
(Op K | Quy = Up tebe + batik + Pad Ks 


a tate Ka 4- art tt Ks = anh at 7 ae, (8) 
where Tg are related to the Cartesian components 
Ob. tT iby 

cg = (tehiy) (V2, % = 72 (9) 


and each of the Kj (j= 12,0. 6,),<can be repre= 


sented by a linear combination of the pseudoscalars 
(o-n;), (O-n,), (O-nj) and i (My XNn,-nj) 7 
(where 7 is the unit matrix) with coefficients that 
are invariant functions of nj, ng, nj and ky, Ko, K3. 
Expressing x, of (7) as a function of x,, E and 
COS 04. =N,-n, and expanding these coefficients in 
series of the Legendre polynomials Pry (n;°N,), 
Py, (m,-nj) and P)(ny-n,), we obtain ‘for Kj: 


{; | Kj |) = {Ay + BoPx (ny-n,) + CoP, (n,-n,) 


+ DoPy (tyotty) +=.28. <} (semi)sis, 
(10) 
+ {Ay + ByP; (m+n) + CyPy (ny-1,) 


+ ID IP (ny+n,) +. . ay (e+) s;s, 


+ {symm. terms!2@2}+ {A-L...} i ([njxnyJen 


i’) (M)is ps, » 


where Ap, Bo, . .. depend only on kj; ky. 

The complete matrix <Q¢|K|Q;> must of 
course be symmetric with respect to the inter- 
change of all variables of the emitted mesons, 
12 (pions are bosons). 

For not too high energies (Tin < 1.5 Bev) we 
can in(2) neglect ternary scattering and the produc- 
tion of “new” particles. For dual scattering T is 
then determined from a system of equations written 
schematically as follows: 


C1, 25] T | Lid = C15, 2p K | 1D 


—in Do (1') lp, 2p] K [1 A/T [19 
- 
— in Dy (2') <2)/K [2 dd, WTI 1d 


— te Dye VC; R115, 2 
- 
— in Dip (1, 2) hy, 2K II, 2d, 2 ITI; 
eae 
(11) 
Magi T | 1 = eK] LIKI PUT tS 


im D ipl) 
B 

— it >) ON WM 
15,2 


Here <1, 2f|T|1¢> is the matrix of dual scat- 
tering and <1¢|T|1;> is the matrix of single- 
meson scattering. Then density functions p(1) 
and p(1, 2) are obtained from 6 functions by 
integrating over the energy. The term 


XxX, = Di (2 


for example, describes rescattering of one of the 
two scattered mesons (meson “2”) in another di- 


VRE IC LG 2 CMG 2 Tos 


‘) 2p [Ki 2 1p, 2°17 | 1D, 
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rection (with observation of the conservation laws). 
The matrices <i1g|K|1;> and <1g, 2¢|K|1’, 2’> 


are given similarly by (8) and (10). 


2. K AND T MATRICES IN THE TOTAL MO- 
MENTS REPRESENTATION 


The state of our system is described by the fol- 
lowing quantum numbers: The total isotopic spin I, 
its projection My, the total angular momentum J, 
its projection wy, and parity €. In addition, the 
initial state is characterized by the orbital angular 
momentum / and the final state by the total L 
and partial 7,;, 7, orbital moments as well as by 
the isotopic spin A of the two-meson system (the 
isotopic spin of a meson is 1). Since the interac- 
tion Hamiltonian is invariant under rotations and 
reflections K has the following diagonal form in 
the representation based on eigenstates of total 
isotopic spin and total angular momentum: 

(MIA; Jus (Lale)e| K My; Jpsle) a) 
= Kyinaytyo11s5 meses eel 

where 1, + 1, —1 is odd (because of the pseudo- 
scalar pion wave function). We have the following 
orthogonal transformation to the total isotopic spin 

representation: * 
(Q5 | K | Q:> 
Ihe t+ 

= 2 2, Ca Le ns i (oy K Jory ‘Cys Lei deol fo (U5)) 


For the matrix <Q¢|K|Q;> in the form (8) we 


have 
(cof | K |)? = — V'10 (@;| Ke + Ka|), 
(of | K |)" * = V2 (| 2 (Ke — Ks) + Ka — Kg | 2), 
(of|K os) * = V2 (@;|3 (Ke — Ky) 
+ K3--Ky+ Ks — Ke|o), (14) 


COAG | ono = (Os (BK HE Kose Ke) == Ka a Os) 


We now expand the matrix (wf|K| a; yiA for arbi- 
trary I and A in eigenfunctions of the total angu- 


lar momentum: 
‘ ie J+*/2 
A 
(@; | K |o)° = y >, »3 Katte) (%, *z) 


Jot, L=J—t/, | +, | =L 


ls BS J, ugt 
x » Griiis) (se Nn, Ny) £1 


wy 


(Sz; ;). (15) 


*Here and hereinafter coe ag ate Clebsch-Gordan coeffi- 
cients, W(abcd; ef) are Racah ‘coefficients, Z(abed; ef) are the 


abe 

coefficients used in reference 8 and uf de’ |are generalized 
f f'g 

Racah coefficients. ? 


Here 
= Cri, 


J, 
Grek Sj, Mh, Ny) = a "fo; as, © id 2) (n,, nz) 


ms, ¥ tn(Mi), (16) 


J, tt 
gy, 4 (S;, n,) 


(17) 
at 2 cei Ms,C lit mym2Y I,m, (M1) Y tam; (Me) 


M1, 
are ere eae and normalized functions of the 
nucleon-meson system and of the nucleon-2 meson 
system; respectively; Yj y(n) is the usual spher- 
ical function. 
When the matrix (w¢|K| oj lA is given by (10) 
its matrix elements in the J, wy representation, 


le (1,1) (> Kj), Will be linear combinations of 


Ay, Bo,... etc. The expansions (13) and (15) also 
apply to the T matrix. 

In order to obtain a set of equations relating T 
and K that are reduced with respect to total iso- 
topic spin and total angular momentum we repre- 
sent all matrices in (11) as expansions in functions 
of the total moments. When expanding the matrices 
<2 ¢|K|2’> that are inthe X terms it must be 
taken into account that because of energy and mo- 
mentum conservation these matrices will also de- 
pend on the momentum of meson lf, so thatis 
more convenient to expand them in momentum space 
“on the left” in functions of the nucleon-2 meson 
system. 

For elastic scattering k = kj, whence the density 


function of nucleon-meson states becomes 
p (1) = pi (%) = x We (E — W,) / (20) E, (18) 


From (7) the density function of nucleon-2 meson 
states is 
o (1, 2) = p9 (x1, Cos 6,2) 


| xix2W > (E = Wy = Wo) 


: (19) 
(27)® E—W, + (W2/ 2) %1 cos O42 ” 


where the angle 6;. is related to the emission 
angles 31, ~,; and ¥», ~» of the scattered pions 
by 
Cos 95 = Cos 9, COs B, + sind, sind, cos (9; — 2). (20) 

At relativistic energies the dependence of p(1, 2) 
on cos 44. becomes significant and complicates 
the reduction because, when integrating over angles, 
in termes containing p(1, 2) we cannot directly 
make use of the orthogonality of the functions 
yM Ny: Np). 

Li, I) ( al 2 ) 


The separation of isotopic, angular and spin 
variables results in the following system of linear -— 
algebraic integral equations: 
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Tit (Lalo) (%1) %:) i Lice pete ties ee 
Bee (=) es i Cri es Z (bles), 28) 
= Kitt (uty) 1s *8) — E79; (4) Kote Cty (Hs %)) Ts (xi) : 
3. DUAL SCATTER! 
Eo Sito gi he" Neo 0; (x1) Ke! aad i ie (4 ) bee e : “, b, x) R NG CROSS SECTIONS 
Li ats A. General Relations 
—in{symm. terms. |= 2} (21) Using (3), (13) and (19), we can represent the 
differential cross section for dual scattering by 
ey max 
rey dx, bo(x,) Ki*4’, Lv ; ds (t;; 8, | t,, a) = nen Ng NIN 
a 1 P(x) K JL 1; tL ats) (%415 %) Tw EL) (1, %), 2 a : ee) 
where the coefficient Ants Bute contains the 
re ean 
T 31 (1) = Koy (2) — imps (242) Ku (oe) T1 (i) ‘charge character of the process (see reference 
A 10, for example) and 
pyar VAIN _ or 4 aN IN 
; a FD AR ONG d ; of | T |, T |e)” 
—in x \ dx 09 (x) Kea (4557) Trina ' +5 (4%). q a 2 a (| T 0)" (0, | | ;) | 
Or aes 12, E 
The summation in (21) is taken over all primed X Hy (%1, COS 449) dx,dQydQs° (28) 
indices. We have here the coefficient 
Vinge tay Oy Ueate IV (QA +1) QA +4) Here dQ, =sin 3i)d3,;dy, and dQ, = sin v4 dv, dg 
are the solid angles of pion scattering and v is the 
x W (114/of; AI") W (113/51; A’7") (22) velocity of the incident meson. In (28) we assume 
as ; that (wf¢|Tjwj) is represented by the expansion 
D1 (k,) and p)(Kj) are abbreviations for (15) with the functions g and G given by (16) and 
(Liz): 
01 (41) = Ss As \ COS 94901 (%1, COS 949") P:, (COS Ayo"), In the coordinate system where the polar axis 
A (23) has the direction of incident meson momentum, 
02 (x;) = 3 B; \ d COS Fyry/ 99 (x1, COS 64/27) P;, (cos Dy), (24) giv (s;, 1) > sO 1)/4z Ce Sy 
where ry ea Following Racah,®»?!1 we can obtain an equation 
A, =}: ee (= Ne ee TA he ar for the differential cross section that is directly 
a4 Von comparable with experiment. Integration of 
U0 VN enn : 
3 (2I" £1) (QK-4 1)" CaP oo W LILI"; £1) do in (28) over the azimuthal angles g, and 


Yo, followed by rather complicated transformations 
x WLI Sr) Z(GLGL"; br) Z(4L 20"; br), (25) gives* 


1 ATs 4 1 a LEKI* ae TX ey 
dal" (xy; 91, 2) = 355 pa 2 Twat (1, %1) Pain(t.te) 1 %,) 


JUL (Ly) JIL(Uit2) 
x yi > Data; xP, 1) Px, (COS 91) Pr, (COS 92) dx,d cos 91d COS Ye, (29) 
I hal Te 
where Se 
0, (4) = \ Oy (%1, COS 845) P», (COS 912) d COs Sy, (30) 
Sail 


X Dit = (1) PE hts op 1) VW OF 4 NOL’ # D2 + NAL + NOT + NCL + NCA YNCES1) 


bvbouls 
Ce See) *C 71) COP. CR, Cas oY CIE LR Z ULE ZbALsRU( hd } (31): 


i £1; 00 1,22; 00 . 
Ay, 2 R ‘4 Ay Aggie 


wu max 
*The integral functions Py = if Pr (.)dx diminish as A increases. For example, when Trin = 1: 5 Bev we have p,:p,:p,=1: 


(—0.27): 0.085. Therefore it is sufficient to use only small values of A in practical felistien by means of (29). In the non- 


relativistic limit (for a static nucleon) all p) Eis 0. 
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FIG. 1. Energy dependence of the total (elastic + inelastic) 
cross section for 7* meson scattering by protons. Curve 1) ex- 
perimental; curves 2—7) theoretical (including only dual scat- 
tering among the inelastic processes); 2—5) for ps(ps) coup- 
‘ling; 2, 3) by damping theory (2g? = 6; 3—g’ = 3); 4, 5) by 
perturbation theory (4—g? = 3; 5—g? = 2.2); 6, 7) for ps (pv) 
coupling; 6) by damping theory (f? = 1/12); 7) by perturbation 
theory (f? = 1/12) 


The momentum distribution is obtained by inte- 


grating over.d cos ¥, and dcos ¥2, with the result’ 


(x; x;) 


VAG IA nb! Vale 
ds Gps 80 >» > Tyuct es) 
JLlale) ff, 


x Trin Urls) 15 % Dae (%1) dy, (32) 


where 
Doo; 


yolk ty? » Ree 5 : 
, = (— 1) 2 1) Cor tyso0 ~ (Es Fala las Lh). 


(33) 


(2J + 


B. Damping Theory 


The dual scattering cross section and the related 
single-meson scattering cross section were calcu- 
lated according to the theory of radiation damping, 
where the first Born approximation is taken for the 
reaction matrix K. The covariant formalism of 
Fukuda’* and Pirenne!? was used; pseudoscalar 
ps(ps) and pseudovector ps(pv) coupling were 
considered [see (4)]. 

When we do oe limit ourselves to nonrelativis- 
tic energies, Ky: *(Ky,-..) are complicated func- 
tions and the solution of (21) is difficult. We re- 
place each KL. *(Ky,...) by its value for Kk; = Ko, 
in which case (21) becomes an ordinary system of 
linear algebraic equations with its solution given 
by the ratio of two determinants consisting of equa- 
tion coefficients. It can be ene by studying the 
character of the functions K} J (Kis +++) and of 
the density function p2(k, cos ios) that the total 
dual scattering cross section is not essentially 
changed. 

In the present work values of KYLL(Iyly) (Kt Ko) 
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FIG. 2. Ratio of inelastic to elastic scattering cross sec- _ 
tion for 7* meson scattering by protons. The notation is the 
same as in Fig. 1. Experimental data were taken from refer- 
ence 14 for 7*+, p_ scattering (Tin = 0.5 Bev) and 7, p_ scat- 
tering (Tkin 0.7 Bev, 1 Bev); also 7”, n (Tyin = 1.4 Bev) (since 
for this energy there are no corresponding data for n*, p scat- 
tering). 


(for kK, = Ky) were calculated for four incident me- _ 


son energies (in the laboratory system ): Tkin = 


Op2TOemOROos 0.84 and 1.4 Bev, and divided into two 


groups such that, for a given energy, each member 
of the second group was not greater in absolute 
magnitude than is of any member of the first group. 
In order to obtain the matrix elements To 
(2422) 


X (Ky, Ko) corresponding to the first group we solved 


a set of approximate equations obtained from (21) by 
dropping the last term of the first and second equa- 
tions (two mesons — 1’, 2’ — in the intermediate 
state).. The single-meson scattering matrix ele- 
ments Thy (Ki) were derived from the same equa- 
tions. 
IA IA 
We assumed ARE) = KJIL(,1,) for the sec- 


ond group, which in the present case represents the 
first approximation of damping theory with respect 
to the coupling constant. For purposes of compari- 
son we also considered perturbation theory 


IA —~wIA : 
ESS (DTS “ EL) for all scattering ampli- 


tudes). Figures 1 and 2 show the results for Tp 
scattering. A comparison of the curves calculated 
by perturbation theory and by damping theory for 
ps (ps) coupling shows that damping somewhat 
“improves” the energy dependence of the total 
cross section, although the pronounced resonant 
character of the experimental curves cannot be 
obtained with any of the coupling constants. Inclu- 


sion of damping enables us to increase the fraction: 


of inelastic processes (dual scattering) for the 
same total cross section. (The experimental points 
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in Fig. 2 lie within a region bounded by curves cal- 
culated by the damping theory but go outside this 
region in the case of perturbation theory. ) 

With ps(pv) coupling damping sharply reduces 
the growth of the total cross section, but the same 
coupling constant cannot be used to obtain a total 
cross section and a cross section ratio which are 
both close to the experimental values. 

A calculation of the total cross section for Teen 
scattering with ps(ps) coupling shows that the 
damping theory cannot account for the second peak 
in the energy-dependence curve of the total cross 
section. For any one coupling constant the theoret- 
ical curves for 1 ,p scattering iie below the 
curves for 7m", p. 

The author wishes to thank M. A. Markov for 
suggesting this topic and for his interest, G. F. 
Zharkov and A. M. Baldin for several valuable 
suggestions, and I. A. Egorova and L. A. Isaeva 
for assistance with the calculations. 


APPENDIX 


ANGULAR POLYNOMIALS FOR DUAL SCATTER- 
ING 


For some features of the theory (the semi- 
phenomenological theory and the derivation of dis- 
persion relations) it is useful to know the expan- 
sion of matrix T in operators that project the 
initial (one-meson) eigenstate with given total 
isotopic spin and angular momentum into the final 
(two-meson) state. 


mpm 


We represent (15) for the T matrix as follows: 
j Jib ‘ vid = 
(| T | wo,)'* RES » >) T yix(t,) Q7iyh); (A.1) 
i red sieiteil, =x 


Be 
Ji os 
Nin ity = 4x 2) SG Ts( S7, M1, My ) gy a (s;, 


Uy 


) (A.2) 


form a set of orthogonal operators for dual scatter~ 
ing (the so-called “angular polynomials”).* If we 
confine ourselves to J, 1,, 1, =2 we have the fol- 
lowing operators:f 


(+) 1 (+) 
Qi750,1(10) = — Vo (c-Mj2), 


(+ 3 = (x) 
Qhzo.a(e1) coins [(nyn,) += */3] (ois), 

*Ritus 15 has considered such operators for reactions of the 
type a+b-+c+d (without the production of additional par- 
cles). 

tThe sign +(—) denotes a symmetric (antisymmetric) state 


of the system with respect to the exchange n,—n,- 


(+) 3 
Qhiraet) =—3 Ve [(n.s n;)(¢+n,) 


+ (nysn,) (o-n,) — 5 (ny+in)(o-n,)] , 


Gi [(n:- N,)(o +) + (Myen,) (a+) — * (o-n,) 2 


—(nyen,)(o+n,) — i ([myx ny] - n,) 7}, 


Q3,1,101) = — ee {(n+ n,) (¢+N,) 


— (ny+n,) (o*My) + 27 ([myx ny] *n,) y}, (A.3) 
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The dispersion, double refraction, and single-phonon absorption of light due to lattice vibra- 
tions are investigated in the infrared region. The parameters of the theory are determined 
and the numerical calculation of the effects mentioned above is performed. 


Ihe is customarily assumed that the lattice vibra- 
tions of a homopolar crystal do not affect its optical 
properties in the harmonic approximation, since its 
atoms are electrically neutral. In reference 1 
(which henceforth will be referred to as II) it is 
shown, however, that this is true only in the zero 
approximation with respect to d/A (d is the lattice 
constant and A thewavelength). A finite A already 
leads to a coupling between the dipole moments of 
the atoms, which arise upon the passage of a light 
wave, and the displacements of the atoms and thus 
causes the lattice vibrations to affect the optical 
properties of the crystal. In particular, vibrations 
of a homopolar lattice cause dispersion and single- 
phonon absorption of light, effects hitherto not in- 
vestigated (Lax and Burstein? have investigated 
qualitatively two-phonon absorption). In this paper 
we present a quantitative theory of the above phe- 
nomenon. 


1. DISPERSION AND BIREFRINGENCE AWAY 
FROM THE SINGULARITY 


The dependence of the index of refraction of the 
light wave on the frequency and on the direction of 
propagation away from the singularity (point of 
intersection of the light and optical branches of 
the zeroth approximation in d/A; the coordinates 
of the singular point are Qj, the limiting fre- 
quency of the optical vibrations, and ng, the index 
of refraction of the extreme long waves; for more 
details see II) is determined by (26.11), from which 
we get 


Ay = Mp + WP? {ey + (Qf (Qim— 2?) — go] 77 (s)}, 


4 4 j 1 d \2 p + V2 
BES) Sete Spey Sz ct (= 1)! [See Sp Sz —— 1), aes se 


1 = lel? + of + (2) + 0 / 2), (1) 


Bo = q (ee + ey — 2S8/A)/ 2. 
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Here nj is the index of refraction of the polariza- 
tion wave, j=1, 2; Q is the dimensionless fre- 
quency; u~ 10°-° is a small parameter in which 
an expansion equivalent to the expansion in d/) is 
made; s_ is the unit wave vector; numerical values 
of S and eX) and expressions for q and Q are 
given in II; A is one of the parameters of the the- 
ory. It will be shown below that the light oscilla- 
tions corresponding to various polarizations are 
mutually orthogonal. (This is difficult to see di- 
rectly from Eqs. (25, 23a.II) which determine the 
directions of the oscillations, since the above sys- 
tem of equations is not self-adjoint). 

Formulas (1) are valid if |Q2—Q)jm|>u. If, 
however, & is still not too far from Q]im, we 
obtain from (1) approximately 


My = My + wPQOAr; (5) / (Qh, — 2), 


i.e., the usual dispersion formula away from the 
natural frequency. The vaiue of nj depends on 
the number of the polarization, so that birefrin- 
gence takes place. The directions of the optical 
axes are determined from 


4 4 4 2 QOD 
(sy + sy +-s:— 1) 12s557S2 == 0 


and are directions of the [100] and [111] type, 


i.e., the edges and diagonals of a cubic lattice. Thus, 


a crystal of the diamond type has seven axes; opti- 
cal isotropy takes place only in the zeroth approxi- 
mation in d/A, to which the customary analysis 

is confined. For both polarizations, nj depends 
on s_ so that both rays are extraordinary. 


2. QUASI-NORMAL COORDINATES 


It was shown in II that in the wu -vicinity of the 
singular point the normal oscillations connected 


with the propagation of the light wave are of mixed ‘ 
character: even in the zeroth approximation, neither 
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the dipole moments of the cells nor the displace- 
ments of the atoms are zero. These oscillations 
therefore do not contain purely light oscillations, 
which have no displacements in the zeroth approx- 
imation, and their corresponding normal coordi- 
nates are not suitable for a direct description of 
the light waves. The latter are described by the 
so-called quasi-normal coordinates,? which, for 
the case considered here, are introduced in the 
following manner. The general solution of the 
equations of motion (1.I]) is 
us = S1q" (K, t) us (K) exp (iK«r4), 
aK 
= 5)¢° (K, t) PS (K) exp (iK«r4), 
al 
where ud and pL are respectively the displace- 
ment and the dipole moment due to deformation of 
the electron shell of the s-th atom of the J-th ele- 
mentary cell, q@ is the number of the branch of 
the spectrum of normal oscillations, K is the 
wave vector, Ug(K) and P,(K) are the ampli- 
tudes, q%(K,t) are the normal coordinates and 
rg are the coordinates of the lattice sites. The 
following orthogonality condition holds‘ 
*(K), P® (— K)) 


Tag == >) meus (K)-us (— K) + (4n/A) K2c? [(P 


— (P* (K),S) (P* (— K), )} 
I}[ms (— K) — 1] @& (K) 8 (— K)} 2 = 0, 
a 8, (2) 
Cie ZIPS (K), 


{Ing (K) = 


which is a generalization of the orthogonality rela- 
tion 


AE (K)-uy (= K) = 0,. 048, 


which applies if the theory does not take into ac- 
count the retardation of the electromagnetic inter- 
action;? mg is the mass of the atom, w the fre- 
quency, A the volume of the elementary cell, and 
c the velocity of light in vacuo. Considering that, 
according to (23, 23a.II), ug =0 and (P%-s) =0 
in the zeroth approximation for light oscillations, 
we obtain from (2) the above-mentioned orthogonal- 
ity of P for light.waves of different polarizations. 
If we impose the normalization condition 


Nhe IN (3) 


on the amplitudes, where N is the number of ‘cells 
in the principal region, the energy of the crystal 
becomes? 


E =)) (q7(K 
ak 


K) -+ 0 (K) 9° (K) q-* (KI; 


The prime indicates that the summation is in the 
half-space K. We introduce new generalized co- 
ordinates Q@ (K, t): 
q (K, t) = Dicas (K) Q (K, ¢). 
6B 


To these correspond new amplitudes 


‘us (K) = dycgx(K) u2 (K), P%(K) = Sica, (K)P2(K). (4) 


8 B 


If we subject the coefficients cqg to the normali- 
zation and orthogonality conditions 


> Cay (K) Cao(K) =Sy2, (5) 


which indicate the equivalence of normalization of 


_ the old and new amplitudes and the orthogonality of 


the transformation of the kinetic energy, the energy 
in Q coordinates becomes 


ESE EE P= 10X(K)0n ie) 


aK 
+ 03 (K) Q” (K) 
Ee 7 Sh Civ (K ) Cas ( 


+ compl. conj., 


Q”* (K)I, 
(6) 


(K) @3 (K) Q°”(K) Q* (K) 


where 


@%(K) = D\| Cox (K) 208 (K). (7) 
8 
The coefficients Ccqg must be so chosen that 
the two Q coordinates described purely light-like 
oscillations. According to (23.II), there are no dis- 
placements of atoms in such oscillations, so that 


uy” = de ch, us” = 0, (8) 


where a =1, 2 epeneseead to the light oscilla- 
tions. When formulating expressions (4) for light 
oscillations in the vicinity of the singular point in 
the zeroth approximation, one must use only the 
mixed oscillations, since in all others the dipole 
moment of the cell is zero. The orthogonality of 
the mixed oscillations of different poiarizations 

can be derived from (2) and (29a, 30, 30a.II). There- 
fore different polarizations can be considered inde- 
pendently. We denote the coefficient c in terms 
of el, , where a =1, 2, pertains to the two old 
(enieeds branches of the polarization j and B= 

1, 2 pertains to the two new ones. Let qJ de- 
scribe the light oscillations. Then, changing to 
dimensionless amplitudes (see II) and inserting 
(3.II) into (8), we get 


cl (wl! es s)/ pl! ne cll (w (w 02f s)/¢ Aula Osis Ors (9) 
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where w= P/ed (e is the absolute value of the 
electron charge), 2? is the correction of first 


order to the square of frequency (Q7= Qf mm + 
wQi+...). It follows from (29a, 30, 30a.II) that 
w"J is parallel to w’. Pytting 
w™! — Diw™, (10) 
we find from (3), in the zero approximation 
| D2 = (xp, (s)/@%)? + Hlxp; (8) / ("2 + 
p,(s) =|w rs? /[wu), (11) 


x = mQj Awt — 1)? /2nK¢c’e’. 


lim (1% 


Here w]jm and Ky are the frequency and modulus 
of the wave vector of the singular point, and m is 
the mass of the atom. The expression for Q; is 


given in II. We obtain from (9), (10) and (5) 
i Sees oh = 0/0, a2) 
= [(°!)? + | DP ey" 
Using (12), we get from (5) 
ch =o /b', coh = p/D!/6!. (13) 


According to II, we have in the pu -vicinity of the 
singular point 


@? = Ore ulo, aaa eo). (14) 


From (6), (14), and (5) it is seen that in the first 
approximation E’ contains only 0% . Taking this 
into account and inserting (12), (13), and (14) into 
(6) we get 


E’ = wT? D\ {Dio (0% — o)/(6/)2} Q4QU + compl. conj. 


DK 


3. DISPERSION AND BIREFRINGENCE IN THE 
VICINITY OF THE SINGULAR POINT 


Inserting (12) and (14) into (7) we find in the first 
approximation the squares of the frequencies of the 
light branches: 


O1/ = Ofte + UT? (6)? + (4)? | D’ PIM). (15) 

For the mixed branches we obtain from (30, 30alII) 
pul = {xoxq +. (— 1)" feted -b Qtr; (s)r]} n5°, n=l, 2, 
x= Kdj2u, %) = Kyd/2u, 

* = (x-— %)/e, T= —QRi > 0, (16) 
an expression for R, is given in II; (Eqs. (15), 
(16), and (27.II) give for the index of refraction 

y= Ny + w LAP; (8) — 2rj(s) 152] /2Q4,., bep,(s) 

+ 2r;(s) rng? + Qn sP ny 4]. 


This expression describes the dispersion and the 


(17) 
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birefringence in the p-vicinity of the singular point. — 
The maximum departure of nj from ny is | 


nan = ¥: [3x (8) — 2; (S)1/4V 2Qiiml MXP; (8) + 2rr7(s)]*. 
It follows from (30, 30a.II) that 
wo ~ s,[r;(s) + 1 — 2s? ][r;(s) + 1 — 2s?]; 


(An) 


on this basis, Eq. (17) leads to the foregoing seven 
optical axes. For the principal directions s (the 
directions of the diagonals of the faces of the lattice 
cube, II) r,(8) and p;,(8) vanish and consequently 
ny =Ny. Here w"! and s are in the plane of the 
same face. | 


4. ABSORPTION OF LIGHT 
The energy of the crystal (6) corresponds to the 


Lagrangian 


= >) [Q* (K) O° (K) — 62 (K). Q*(K)Q ** (K)] — E'; 


from which we find the generalized momenta 
P* (K) =OL/0Q%(K) = Q™*(K), 
P"* (K) = L/0Q" (K) = Q* (K) 


and the Hamiltonian 


H = Dy [P*(K) P™ (K) 
ak 


+ 2 (K) Q* (K) Q* (K)] + E’. 


In the vicinity of the singular point we have for the 
oscillations connected with the propagation of light 


H=)>) > eK) PK) + 03) (K) Q7 (K) Q" (K)] 


K j=1,2n=1,2 


+ {ut? SD) (Diele” @% — 


K j/=1,2 


o”)/(0/)2] Q°! (K) QU (K) 


+ compl. conj .\ : (18) 


In view of the small interaction energy (yu ~ 

107°), the absorption of light can be considered 
by the usual method of the theory of quantum tran- 
sitions. Light oscillations of the polarization j 
are described by the coordinates Qi (K). We shall 
call the corresponding quasi-particles, which appear 
as a result of quantization of (18), photophonons. The 
particles corresponding to QJ (K) are ordinary 

phonons. The state of the unperturbed system (the 
perturbation is E’) is characterized by the number 
of photons nJ(K) and the number of photophonons 
n} (K). The probability of transition per unit time 
from the state nJ(K), nt (K) into the state nJ (K) 
+ Opger, nl (K) — Ox is 


P;(K’) = (2n/A) | (n! (K) + xx’, 
ni(K) — Sxx’| E’| ni (K), ni (K)) |?8(E —E,), 


where E and Ep are the energies of the final and 
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Numerical values of certain quantities 


| 
Diamond | Si Ge 
d (cm) 3.6-10-8 5.4-40-8 5. 6-10 
: : 0.6- 410-8 
m (@) 2.0-10-28 47-40-23 12-40-28 
No 5.8 12 16 
C11 (dyne/cm?) 9.5-102 1.7-10%2 1.3-4002 
Cie ” 3.9-108 0.64-10)2 0.48-101" 
C44 an 4.3.10! 0). 80-40} ().67- 103" 
1m see™) 2-5-1014 1.2-4034 0).65-1033 
u = (4me2d /e2) "2 0.95-10-4 0.50.10 00.30.1079 
De 43 40 
D 2.0-102 1 7 AO deol Oe 
iL 2.8-102 24 AW 2.2-20? 
F | 59 23 20 
(Gra 53 29 27 
Cie 32 2.9 0.0 
Q 2 3-102 7.9-10 18-4107 
fen 0,87 6.5 14 
g2 —.14 -—5.3 —14 
Ke tie Pao 00 0.99.408 1.4-108 
a 60 0.62 0.063 
ms 0.44-108 2.0° 408 11-46" 
a(dn + 2r)nic =S, Ost 0.16 )).037 
(fhe = 1) ax ~10-4 ~10-4 10-4 
i} 


initial states, respectively, so that 
E — Ey = hl (K’) — hol, (K') = hoy; (K’) -~ hoy (K’). 
The energy of light of polarization j, absorbed 


during the time dt, is 


dE, = dt >) nw} (K) P;(K) = dtV (2x)? \ noo} (K) P; (K) K2dKdQ, 
K 


where V is the volume of the principal region and 
dQ is the solid-angle element in K space. Taking 
into account the readily-shown fact that the phonon 
and photophonon branches intersect at the point 
K,;=0, changing from integration over K _ to inte- 
gration over E —Ep, and carrying out this integra- 
tion, we get 


dE; = dtV (2n)°nyaK hoy i—\ u;(s) [ni (ni + 1], dQ, 
tt; (8) = xp, (S) M2 + Qrr; (Ss), @= p3L2/4dnyx pri, (19) 


The spectral density of the energy of light in the 
reciprocal wavelength scale (in vacuo), referred 


to unit solid angle, is 
I) = ng (22) 2aO/npR- (20) 


Comparing (19) and (20) we obtain for the energy 
absorbed per unit volume 

dE) = dta \ uj(S) (ai + 1) 1% Jgao AQ. 
For light propagating in the direction s, this yields 

dE} = dtau;(s) {{n/ (s) + 1]&)},, -o 

where ¢; is the spectral density of the energy. 
From this we obtain approximately® for the area 
of the absorption line 


S;(s) = au; (s) (2 + 1)/2; (8), (21) 


where vj is the group velocity 
n= [exp (ho,,.,/27) — 1]. 


To find the width of the line it is necessary to 
take into account the anharmonicity of the displace- 
ments of the atoms, since the interaction due to this 
anharmonicity greatly exceeds E’. This is indeed 
why one can assume nJ=n (the absorption of light 
does not disturb noticeably the thermal equilibrium ) 
and disregard the transitions involving annihilation 
of phonons and creation of photophonons. 

According to (21), the area of the absorption line 
depends on the polarization and on the direction of 
propagation of the light wave. The dependence on 
s is particularly pronounced for j=1. From (19), 
(11), and (1) it follows that S;(s) vanishes for the 
singular directions of s. As indicated above, in 
this case w? lies in the plane of the same face as 
s itself. Such light waves do not experience single- 
phonon absorption. 


5. PARAMETERS OF THE THEORY. NUMERICAL 
RESULTS 


The theory contains five parameters (see II) — 
A, D, L, F, and C. A is determined uniquely 


from (23.I]): 
A = 32x (nz + 2)/3(r? — 1). 
The values of D and L (also unique) are ob- 
tained from (138, 16.I]): 
D = 2 (d*/e*) (Cu + M2), L = 4(@/e*) cy. 
Eq. (19.II) yields two values for F 


F=+[(AQL —03,,)17/2. (22) 
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When the value of F is fixed, Eqs. (13, 16.I]) 
yield two values for C: 


Cr (2D eet aes 
— 2AL [D? — 20 54m (4*/e”) (C11 — Gaal} W2L, 


which lead, according to (22), to the four values 
Cam 0% C=C the first:siguiot.C “1s 
from (22), the second from (23)]. The quantities 
that characterize the optical properties contain F 
and C only in the combination (C—4FS/A)? 

(cf. II), and therefore the four different sets of 
parameters lead to two different variants. 

The table lists the experimental" »®»? (first seven 
lines of the table) and calculated values of the pa- 
rameters and quantities that characterize the op- 
tical properties, for F=|F| and C=Ct-. In 
calculating the area of the absorption band, the 
group velocity is approximately replaced by the 
phase velocity, n is taken to be zero, and it is 
assumed that rj(s) =pj(s)=1. This latter 
simplification is used also in the estimate of 
(N2—-N;)max, the maximum difference in the index 
of refraction. 

The value obtained for (m»—ny)max is ~ 1074, 
so that an attempt can be made to observe experi- 
mentally the birefringence in the region of the fre- 
quency W]jm. An experimental investigation of 
absorption in the infrared region was made by 
Collins and Fan,® but their results give only the 
total absorption. An investigation of the depend- 
ence of the absorption on the direction of propa- 
gation and polarization of light would make it pos- 
sible to separate the single-phonon absorption and 
to compare the theory with experiment. 


(23) 


CONCLUSIONS 


1. The theory predicts the presence of dispersion 
and birefringence due to oscillations of the crystal 
atoms. Both effects are maximal near the limiting 
frequency of the experimental oscillations, where 
the difference in the indices of refraction for the 
two polarizations reaches 1074. 


2. A diamond-like crystal has seven axes, while 
the directions of the optical axes are along the edges 
and diagonals of the cubic lattice. 

3. The theory leads to a single-phonon absorption 
of light with a frequency equal to the limiting fre- 
quency of the optical oscillations, and predicts a 
substantial dependence of the absorption on the 
direction of propagation and polarization of the light. 

4. It is desirable to verify experimentally the 
predictions of the theory; this verification would 
permit a comparison between experiment and the 
part of the theory that concerns the optical prop- 
erties: 

The author thanks K. B. Tolpygo for an evalua- 
tion of the results of this work. 
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The dependence of frequencies in electron spin double resonance on crystal orientation in 

an external static magnetic field is found for U,, F} and M centers in alkali halide crys- 
tals. Angular dependence is determined by the structure of the centers; the double-frequency 
resonance method can thus be used for a direct experimental study of the structure of color 


centers in alkali halide crystals. 


1. STUDY OF SHORT-RANGE ORDER BY THE 
DOUBLE-FREQUENCY RESONANCE METHOD 


le electron spin double-resonance method! fur- 
nishes the frequencies of spin-nuclear transitions 
resulting from interactions between a localized 
electron and one of the nuclei surrounding the cen- 
ter where the electron is localized. These frequen- 
cies depend on the wave function of the localized 
electron and the direction of the external static 
magnetic field H. The dependence on the angle of 
H can be determined without knowing the analytic 
form of the electron wave function. This depend- 
ence is determined by the structure of the center 
and the symmetry of its neighborhood. The double- 
frequency resonance method can therefore be used 
to study the structure of different localization cen- 
ters from their frequency spectra and angular de- 
pendences. When the wave function 7 falls off 
rapidly outside of the center the principal contri- 
bution to the frequency spectrum comes from nu- 
clei of the first and second coordination spheres 
(i.e., only small frequencies result from interac- 
tions with the spins of distant nuclei). Therefore 
the frequency spectrum and its dependence on crys- 
tal orientation in an external magnetic field are 
sensitive to the short-range order of the localiza- 
tion centers. 

Feher? investigated the frequency spectrum and 
angular dependence of double resonance at F cen- 
ters in KCl. His experiments agree with the ac- 
cepted view as to the nature of F centers and give 
the values of |#|* at the lattice sites which are 
closest to F centers.’ Feher points out that the 
experiments obtain many other frequencies some 
of which are probably associated with defects other 
than F centers. It is therefore useful to obtain 
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the dependence of double-resonance frequencies in 
spin-nuclear transitions on crystal orientation in 

an external field H when the crystal contains color 
centers other than F centers. This is all the more 
important because there is no direct experimental 
evidence showing the structures of a number of dif- 
ferent electron localization centers. 


2. SPIN HAMILTONIAN FOR INTERACTION BE- 
TWEEN A LOCALIZED ELECTRON AND THE 
MAGNETIC MOMENT OF A LATTICE NUCLEUS. 
SIMPLIFICATION OF THE HAMILTONIAN 


We denote by S and I, the spins of the electron 
and nucleus at the k-th lattice site, by wv, wu, their 
magnetic moments and by p, the distance from the 
k-th site. The spin Hamiltonian ig, for the inter- 
action between a localized electron and the k-th nu- 
cleus can be written as follows:* 


Uy 
KH sk = Ae si, |} (0% = 0) |? (IeS) + > A pagel pr So, (1) 


Pq 


, * A \2 
cleo = am a av 


Sh, a: OX pp ; (2) 


The axes of the Cartesian coordinate system cen- 
tered at the k-th site are numbered by the sub- 
scripts: .p.and..q- 

The spin Hamiltonian in (1) agrees essentially 
with the usual form for Hg, as the sum of a 
Fermi expression and a dipole-dipole interaction, 
which is mathematically less accurate than (1) be- 
cause the dipole-dipole term contains the differ- 
ence between two divergent integrals. However, 
it is convenient in (1) to separate the Fermi term, 
which is proportional to |~|* at the k-th site. 

When spherical coordinates are used for Apgk 
in (2) it is easily shown that 


BY 
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A EH lon = 0) 8 
pak — 3SI, Vk Pq 
(LU f 3x px ime ers ) 
STp eR 
where 6 is the Kronecker symbol. Inserting 
Apgk from (3) into (1), we obtain 
Hue=a(le-S) = Dp DogetotSy. (4) 
Pq 


The first expression on the right is the Fermi term 
while the second is the mean value of the dipole- 
dipole interaction. It follows from (1) and (3) that 


8m UU, s 
a esr le Pets (5a) 
ios, Dobe =o ome 
Dogk = ay \ig iF ar av. (5b) 


TR 


It is obvious that Dpg = Dgp. From considera- 
tions of symmetry the spin Hamiltonian (4) can be 
simplified further. Let cf be a symmetry oper- 
ator satisfy the following requirements: (1) It does 
not affect the spatial position of the electron locali- 
zation center. (2) It does not move the k-th nucleus 
of the lattice. (3) It interchanges identical crystal 
ions. Then 


GP 14h =19P. 6) 


’ From (6) we easily obtain the relation between dif- 
ferent coefficients in (5b) resulting from symmetry: 


Dig =O, ope = be a. 
pak i par a k (7) 
The coefficients bjgy (which are generally also 
dependent on p, q, and k) are determined very 
simply in any specific case. 

We note that the set of operations aq) com- 
prises a subgroup of the crystal point symmetry 
group. The fact that the present problem is sub- 
ject to less than complete crystal symmetry ac- 
counts for the frequency anisotropy of spin-nuclear 
transitions (the dependence of double-resonance 
frequencies on crystal orientation in an external 
magnetic field H). 

It is also evident that when the coordinate axes 
Xik, Xk, X3k transform into each other under the 
operations of crystal point symmetry leaving lat- 
tice defects in their places, the coefficients Dogk 
will not depend on the subscript k for a group of 
ions that are arranged identically with respect to 
the localization center and have the same symmetry 
elements of G: Each ion of this group can be 
transferred to any other site of the group by a 
crystal symmetry operation without effecting the 
spatial arrangement of the lattice defect. Here- 
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inafter local coordinate systems will always sat- | 
isfy the foregoing conditions. 


3. U,; CENTERS 


There is indirect experimental evidence that the | 

U, absorption band in KCl results from the pres- 

ence of hydrogen atoms at interstices of the lattice. | 

It was shown in reference 6 that the U, optical ab- | 

sorption band is accompanied by the paramagnetic 

resonance of hydrogen atoms. The paramagnetic 

resonance line width (* 68 gauss) results from 

the interaction between the electron spin and the 

magnetic moments of the surrounding nuclei. | 
We shall now obtain the electron spin double | 

resonance frequencies resulting from the interac- 

tion between the U»,-center electron and eight sur- 

rounding nuclei, assuming that the hydrogen atom 

is at the center of a cube (Fig.1). For each of the 

eight points the symmetry elements of G}’ form 

a group C3, (a three-fold rotation axis and three 

planes of symmetry containing the rotation axis). 

The local coordinate system for ion 1 is chosen 

such that the axes Xjk, X2k and x3; are parallel 

to X, Y and Z. The coordinate axes for ion 2 are 

parallel to the directions [0 1 0], [1 0 ©] and 

[0 0 1]. The local coordinate systems for other 

ions in Fig. 1 are then obtained by symmetry op- 

erations which leave the U, center fixed but trans- 

port ion 1 (or 2) together with its local coordinate 

system to equivalent points. In these coordinate 

systems all integrals in (5b) are identical for posi- 

tive and negative ions, respectively. 
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Performing the symmetry operations of of) 
in group C3y on the coefficients Dpg, we obtain 


| 
| 
1 
| 
| 
| 


Diy a, Dye Se D33 = 0, Dj» a Dy» == Ds. (8) 


3 


The vanishing of the coefficients Dpp follows from 
the fact that Dy, + Dog + D3; = 0. We denote the unit 
axes of the local systems by Tix, Tox, T3x and the 
coefficients Dpg, Pp #q, by D*, where the upper 
sign refers to positive ions and the lower sign to 
negative ions. The spin Hamiltonian (4) with (8) 
taken into account can then be written as follows: 


Hse = a* (IneS) + D* Dy Ueetx) (Setqe)- (9) 


ptq 


We assume at first that a* > D*, so that the 
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selection rules for double-resonance spin-nuclear 
transitions are AMg = 0; AM] =+1, where Mg 
and My are the spin projections on the field H, 
which is oriented with respect to the crystallo- 
graphic axes as shown in Fig. 1. To calculate the 
mean value of “<>; we must know the projections 


of Tog (P= 1, 2, 3) on the field direction. It is 
evident that 


pkH == Tpkx SIN COS) + tpey Sin ¢ sin 9 + tpRz Cos 2. (10) 
ee eee eee re ey ee 


In (10) Tpkx is the projection of Tpk on the X 
axis etc. In order to obtain the correct frequency 
the Zeeman energy gyby(I,*H) must be added 

to Hs, where gn and By are the nuclear g- 
factor and nuclear magneton, respectively. Since 
the isotropic term in (10) makes the isotropic con- 
tribution a*/2 to the frequency and the contribu- 
tion of D*(Ik+Tpk)(S*Tgk) is 3D*tpkHTqkH» we 
obtain the following eight frequencies in the double- 
resonance spectrum of a U, center: 


Ais = SnBnfl 4-1 foa= +19 (sin? zsin 26 -+ sin 2¢ (cos 6 + sin 9)) D2, 


Avs6 = OnPall + 1/,a++1/, (sin® ¢ sin 26 — sin 2¢ (cos 8 + sin 9)) D*, 
IWs5 = €nBaH + 1/,a+ —1/, (sin? ¢ sin 26 — sin 29 (cos § —sin 6)) D*. 


(11) 


Avra = OnBaH + 1/,a+ —1/, (sin? ¢ sin 20 + sin 2¢ (cos 6 — sin%)) D* 


The subscripts of hv in (11) refer to the numbered 
nuclei in Fig. 1. 

When H lies inthe XY plane we have 9 = 7/2 
and 


ig, 2.0, + 4/,a2 + 1/,D* sin 26, 


Weg We, = 28,1 + fat —/D* sin2, ~ 12) 


In this case only four frequencies are obtained. 

We shall now drop the assumption that at > D+. 
As previously, the electron spin is oriented in the 
direction of H, so that Mg = 3 and the selection 
rule is AMg = 0. 

Let #,, be the spin Hamiltonian averaged over 
the electron spin wave functions. From (9), with 
nbn (Ik: H) taken into account, we then obtain 


He se = nbn (IaH) + foot tan +YoD* >) >) Lax tpaxTat. 
ep 25 )ESL 


P#9 (13) 


It is convenient to rewrite (13) by introducing the 
projection I, of the spin of the k-th nucleus on 
the “quantization axis.”’ If My, is the quantum 
number of this projection of the spin operator the 
selection rule is AMy =+1. It follows from (13) 
that 


He se = (tye + nBn%.H)? + (tee + SnG%lT)? 


: (14) 
+ (3p ata SnBno%glt)?| elie. 


Here Q 1, Q2, @3 are the projections of H/H on 
{nea x) 4) sand eZ taxes, 


fily, = 4/o%qa* ++ oe > TpkX TRH (15) 
pF 

and mo, and m3; are given by (15) with Tpkx 

replaced by TpkY and TpkZ; respectively, and 

a, by @, and a3. The frequencies are easily 

obtained from (14): 


Av, = [(714% 4p EnPn%H)? == (Mop a LnBnO&oH)* 
ap (3p si EnBr%gll)*) * 


It can be shown that when a* > D+ (16) becomes 
Eq. (11) as an expression for the frequencies. 

The coefficients Dpq (the dipole-dipole inter- 
action tensor) can most conveniently be written in 
the principal coordinate system where Dpg is di- 
agonal. In the present case the symmetry group 
C3, determines these coordinates, the x3, axis 
being the three-fold rotation axis while the other 
two axes have any mutually perpendicular direc- 
tions in a plane perpendicular to the C3 axis. Dp 
now has only the diagonal components —D+, —D#, 
and.a2D=. 


(16) 


4, F; CENTERS 


An rap center is a system consisting of two 
negative vacancies and an electron in an ionic crys- 
tal.2 The electron ~ cloud can either be distrib- 
uted symmetrically with respect to the two vacan- 
cies or be concentrated to a large degree around 
only one vacancy, giving what we shall call the 
symmetrical and asymmetrical Fz -center models, 
respectively. The second model possesses greater 
probability but both models are used in the litera- 
ture 2919)11 

The angular dependences of a number of double- 
resonance frequencies will differ in the symmetri- 
cal and asymmetrical models. We shall determine 
the double-resonance frequency spectrum by con- 
sidering only the interaction of the electron with 
the nearest neighbors of the Fj center (Fig. 2). 
Table I is a list of the symmetry elements of G. 
for each of seven groups of “nearest neighbor” 
ions which are located identically with respect to 
the F; center. The spin Hamiltonian for ions of 


£84 Vi. Val 
FIG. 2. Immediate neighborhood 
1% as a Tepes of an F} center. Ions located one 
+ He ae ee + — row above those shown in the figure 
7 4 Th 1 ae are denoted by primes (3’a, a, etc.); 
Sc Bs ssi aes + those located one row below by dou- 
+ a “HAS Nb ‘ty ble primes (3’a, a” etc.). The near- 
\ gi Ly 4bNK A est neighbors include ions which 
vali are not farther distant than /2R 
+ — + = 4 — from a (upper circle) or b (lower 


circle). 


groups I and VI will differ in the symmetrical and 
asymmetrical cases since the symmetry groups of 
the G‘) elements differ; frequencies resulting 
from interactions with ions of group I will be high- 
est because these ions are closest to the vacant 
lattice sites a and b simultaneously. Moreover, 
in the asymmetrical case, the plane o” is nota 
plane of symmetry because the vacancies a and 
b are not equivalent in this instance. Therefore 
the coefficients in the spin Hamiltonian for ions 

of a single group are not equal when these ions 
have specularly symmetrical positions with re- 
spect to o”. In the symmetrical case the coeffi- 
cients of the spin Hamiltonian for all ions of a 
given group are identical. Compared with the 
asymmetrical case there are now only one half 

as many frequencies for groups of ions which are 
not in the o” plane. For the sake of simplicity 
we Shall not supply the coefficients a and Dpq 
with additional indices but shall keep in mind the 
preceding diseussion and the fact that the coeffi- 
cients differ for ions of different groups. 

Local coordinate systems are naturally selected 

so that the xix axis is parallel to the a-b direc- 
tion, the: X9, axis is perpendicular to this direction 
and the x3, axis is perpendicular to the plane of 
the Fj center (the principal axes of Dpg can be 
given without knowing actual magnitudes only for 
ions of group I in the symmetrical model and for 
ions of group V; the axes are those already men- 
tioned ). 
_ Table II gives the directions of Tp, for some 
ions. Directions for other local coordinate systems 
are obtained by the procedure described in Sec. 2. 

In the symmetrical model the symmetry group of 


TABLE II 

Local ortho- Fi center in| F} center in F} center in 

gonal unit (001) plane | (010) plane | (100) plane 
axes for ions 
1,3a,a’, 5a, 7a, 

4/,3/a a—b | Along} g—» | Along} g— 4» | Along 

(110) [110] [104] (104) [0114] (011] 

ast 410] 410] 401] 401} O44 | off 

Te jed40. 440. | 404) 40%) 014.) O17 

73 004 001 010 010 100 100 
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TABLE I. Symmetry elements of G(s) 


Symmetrical 
model 


Asymmetrical 
Ion group model 

I: Ions 1, 2 

II: Ions 3a, b; 4a, b 
III: Ions a’, b’, a”, b” 
IV: Ions 5a, b; 6a, b 

V: Ions 7a, b 
Vislonsul 4.2.) bi w2e 
VII: Ions 3’a, b; 3a, b 

Ata, bs 4 a,b 


o—plane of F} center; o’—plane perpendicular to o and 
containing a and b; o’—plane perpendicular to o and con- 
taining ions 1 and 2 (Fig. 2); C,-a—b axis; C,—axis 
through ions 1 and 2. 


a) for group I ions is Cyy. Therefore Dpgk = 9 
when p ~q: ° 
Hex = A (leeS) + Day (Inetie) (Setie) + Deo (Teetox) (S +t2x) 
+ Das (Ieee) (Set3x) = (@— Dy — D1) (eS) (17) 
+ (2D) + D1) Wee tie) (S-tix) + (2D, + D)) (Hee Fox) (S+F22). 


In deriving (17) we used the fact that the trace of 
Dog is 0 and employed the notation 


Dy = Dj; Do. = Di 


In the asymmetrical model the symmetry group for 
the same ions is Cg, so that only the coefficients 
Di3 and Do3 vanish (the x3; axis being perpen- 
dicular to the Cg plane). Consequently, in this 
case, 


Hin = (a— Dy — D4) (lee S) + (2Dy + D1) (ee tra) (Soe) 
+ (2D, + Dy) (Te-tex) (S+Te8) 
+ Dye [(Teetix) (Sete) + (Te toe) (S +t x) ]- 


(18) 


The spin Hamiltonian of ion groups II and IV in 
both Fp -center models is also given by (18) (see 
Table I). For ions of Group III we have the follow- 
ing spin Hamiltonian: 

sk = (a — Dy — D1) (IatS) + (2Dy + D1) (not) (St) 

+ (2D, + Dj) (le+ t2e) (S* 28) 
(19) 
++ Dyz[ (le te) (S+ 434) + (Ie © t3e) (S- tye) ]. 


This equation does not contain D3; and D,, be- 
cause the x9, axis is perpendicular to the sym- 
metry plane o’. 

For ions of group V the symmetry elements of 
G; form the group C»y,, and the corresponding 
spin es LS is given by (17). In the symmet- 
rical Fp center group VI ions possess a Symmetry 
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plane o”; consequently Dj. and Di3 vanish, so 
that: 


Pope (= Dip D,) (Tee S) 4+- (2D) +- Dy) (le+ tye) (S+ 2) 
+ (2D, + D1) (Ip + F28) (SeT2,) 


+ Des [(le- Fee) (S-tge) + (Te + tye) (S*tox)]. (20) 


In the asymmetrical case, however, symmetry ele- 
ments of Gh) are absent, so that 


aN 


sk = (€—D) —D,) (IleS) + (2D) + D_) (Ip+4)4) (S* tye) 


+ (2D, + Dj) (le+ ox) (S-tan) + >) Doo (lee tox) (S+%gp). 
DFq (21) 
Group VII ions have the same spin Hamiltonian. 
We shall now determine the frequencies for 

double-resonance spin-nuclear transitions. Let 
the static magnetic field H lie in the (001) plane 
forming an angle @ with the [10 0] direction. 
The isotropic part of the spin Hamiltonian is usu- 
ally considerably larger than the anisotropic 
part,?°*>" so that for simplicity we shall assume 
a >> Dog. Therefore, if as previously Mg and My 
are the quantum numbers of the spin projections in 
the H direction, the selection rules for spin-nu- 
clear transitions willbe AMg=0 and AMy;=#1. 
The frequencies are easily computed without as- 
sumptions regarding the orientation of H and the 
magnitudes of a and Dpg, as was shown for U) 
centers. 

To determine the frequencies we must know the 
projections of the local axes on H. If the Fj cen- 
ter lies in the (001) plane and is oriented along 
[110] the projections of the unit axes in Table II 
are given by 

mH = (sin § + cos ®) / V2; 


9. 22 
mo == (sin) — cos 0) /V 2: 34 = 0. (22) 


If the Fj center lies along [110] it follows from 
Table II that 


Crm Oho em ae. AH? “et: “3H” (23) 


The primed axes in (23) refer to the case in which 
the Fj center is directed along [110]. For local 
coordinate axes not given in the table projections 
on H can differ from (22) in sign. If the Fj cen- 
ter lies in the (100) plane the projections are 


Scie ott) 6/V 2; 
ae Sin V2; t3rH = + cos 9. (24) 


et 


The combination of signs in (24) depends on the 
number k of the ion. Finally, for an Fj center 
in the (010) plane the result differs from (24) by 
the interchange of sin @ and cos @. The frequen- 
cies are determined in the same way as in the pre- 
ceding section. 


When F3 centers lie in the (001) plane spin-. 
nuclear transitions for ions of the first group in 
the symmetrical case are represented by 


DD DD 
hy = gn Bn 4 x(a 4 ae +) pa z + sin 20: 
(25) 


D 
~ sin 26. 


hy ==ign balls 5 (a4 ee Al 


For ions of the second group in the symmetrical 
case we have 


3 A 4 ID EOE 
Ayv= = onBn H 4 x (4 + — 2 = 


Di oa : 
bot Sino se = Dr ocosoe 
4 Digs 
D, -+D ee 
/ 
hy'= == 2n Bn H ; (a 2 = ) 
D D 


tL sin 26 +: De cos 24, 

In (25) and (26) hv and ‘hv’ refer to two mutually 
perpendicular orientations of Fj centers in the 
(001) plane. 

For ions of groups III, V and VI.spin-nuclear 
transition frequencies are given by (25), and for 
groups IV and VII by (26). 

In the symmetrical case for Fj centers in the 
(001) plane there are the single frequencies hv 
and hv’ for groups I, III, V and VI, and pairs of 
frequencies for groups II, IV and VIL. 

For Fj centers in the (100) plane in the sym- 
metrical case spin-nuclear transition frequencies 
resulting from an interaction between the spin of 
a localized electron and the magnetic moment of 
the k-th nucleus are given by the following equa- 
tions: 

For groups I and V: 


hy = 2n8nH + = (@—Dy eS Dy 


| (27) 
(Die N \iseaientis 
For groups II and IV: 
ior eae De) 
F ba (28) 
Hey te Dae 3 Diz) sin’ 6. 
&\ 3 
For group III: 
Poe ge. ES Dy Dy) 
3 . (29) 
+. Ae ED), esi 0 eis 6 sin 26 
For group VI: 
1 
byt = OnbnH + (a—D, —D 
s Srl 5) ( 1) (30) 


| 3 i sae i Dog ae 
stop CE ii ay) Sith Oat svat 26. 
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For group VII: 
hye = gab. + (a— Dy —Dy) 
L 2 hoes 0) aie Ci Dis) sin? 6+ Put” sin 20; 
a Sat ed 2 2V2 
7 y (4 | | D (31) 
hy: = Zn Pn H a y (a = D; — a0) 
3 / 2 <0 Dy3 — D2 i Of, 
+ Z\Pu D, — D4) sin ee ee 


If the Fi center lies in the (010) plane the 
results are the same as in the (100) plane with 
sin 6 in (27) to (31) replaced by cos @. 

Let us now consider the results for the asym- 
metrical Fy -center model. For ions of groups I 
and VI and Fj centers in the (001) plane we have 


») 


le D, +D 
hyt == 2,8, H (a + — = } 


ee 
q 


[ 5 ‘tira 
= sin 26 + = Djs cos 24; 


, (. 
hy't = gn8,H 


5 th Di Dy 
bey Aa 2 ) 


(32) 


Waa D, A 4 
= sin 20 + a De COs ue 
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For group I and FP centers in the (100) plane 
we have 


hy= = On Pn + : (a—Dy, D.) 
+ ¢(Dy + Dit 3 Dy)sin® 6, 2) 
and for group VI the frequencies are given by (31). 

For the remaining ion groups the angular de- 
pendences of the frequencies are the same as for 
the corresponding groups in the symmetrical case. 

In the asymmetrical model the frequencies for 
Fy centers in the (010) plane are given by the 
symmetrical model in the (100) plane with sin @ 
replaced by cos @. 

Each ion group in the asymmetrical case has 
twice as many different frequencies as the same 
groups in the symmetrical case. 

It is evident from the foregoing that Ey centers 
lying in mutually perpendicular directions in the 
(001) plane are represented by different angular 
dependences of the frequencies, whereas for Ea 
centers in the other two planes the frequency spec- 
trum is independent of the Fj -center orientation 
in the plane. If the Fj center lies in the (001) 
plane the weight of each frequency for ion groups I, 
II, IV and V is one-half that of the corresponding 
frequency when the Fy center lies in the (010) or 
(100) plane and is equal to N/6 and N/3 for the 
asymmetrical and symmetrical model, respectively 
(N is the number of FZ centers in the crystal). 
For other frequencies the weight is independent of 
the plane in which the F} center is located and is 
twice as large as the values just given. 
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We may now inquire about the difference between 


the angular dependence of the double-resonance fre- 
quency for an F center and that for an F{ center 
which is regarded as an F center that is polarized 
by a neighboring negative vacancy (the asymmetri- 
cal model). It is simplest to compare the two fre- 
quencies in the local coordinate system that was 
used for the nuclei surrounding the F center.? 
Denoting the coefficient of the dipole-dipole inter- 
action in this system by Dp/q’, when for the posi- 
tive ions nearest to the vacancy the primed axes 
are along the principal crystallographic axes and 
the x3 axis passes through the vacancy, for k = 1, 
for example, we obtain 

hve 


1 
10,1 


j / (34) 
-- = (Ds3r — Deze) sin® O 4- = Dey sin 26. 

For .F centers Dg3y, = 0, and we obtain the al- 

ready known double-resonance frequency for this 

case”® (in reference 3 a+ Dorgr = A, Dgrg3r — Dorgr 

= BR?*); 

The angular dependences of other frequencies 
for F centers in the asymmetrical model can be 
determined in the local coordinate systems of the 
centers. However, without computing a and Dpg 
it is impossible to determine theoretically whether 
experiment can distinguish F-center and asymmet- 
rical F} -center frequencies (in (25) the difference 
in the angular dependence results from the term 
3Dyy,Sin 20). For an asymmetrical Fz center 
the second vacancy has little effect on the w-cloud 
distribution of the F center, so that it is difficult 
to separate the frequencies. It is still an open ques- 
tion which of the frequencies in (25) to (33) can be 
resolved experimentally and how well this can be 
done. 


5. M CENTERS 


An M center is pictured as being formed by an 
electron localized near three vacancies resulting 
from two missing anions and one missing cation 
(Fig. 3).212,13 As for Ff centers, we have both a 
symmetrical and an asymmetrical model for M 
centers. In the symmetrical model the ¥ cloud 
of the localized electron is distributed symmetric- 
ally with respect to the anion vacancies a and 
b, so that vacan®ies a and b are equivalent. In 
the more probable asymmetrical case the yp 
cloud is concentrated to a greater extent around 
one of the anion vacancies. 

Table III gives the symmetry elements of Gk) 
for nearest-neighbor ions. A knowledge of G(k) : 
enables us to write the spin Hamiltonian 3¢€ eke ati, 4 
once. For ions of the first group in both M -cen- 
ter models 


FREQUENCY SPECTRUM OF ELECTRON SPIN DOUBLE RESONANCE 


TPO De Ds) (Te*S) + (2D, -+ Dy) (Ig+ 2) (St) 
+ (2D, + Dy) (Tk + t24) (S + top) 


+ Dro {(le-%4) (S +Tax) + (e-tox) (St4)]. (35) 


For group II in the symmetrical model Di, = Doo, 
so that 


II 


sk = (4 — 2D,) (IeS) + 3D, [ (Let) (S-y4) + (Ip-T2¢) (S-toe)] 
+ Das [(Teetie) (S+tox) + (Ietoe) (S+tre)]. (36) 


In this case the principal axes of the tensor D 

are along C, and two mutually perpendicular di- 
rections in a plane perpendicular to Cy. The prin- 
cipal values of the tensor are D,— Dy, D;, + Dio 
and —2D,. In the asymmetrical model the spin 
Hamiltonian for these ions is given by (36). 

For group III in the symmetrical case we have 
Di3 = D3, and Dy; = Dy9; otherwise we have (21). 
The asymmetrical model has the same spin Hamil- 
tonian with different coefficients. Finally, group 
IV does not possess symmetry elements that sim- 
plify the Hamiltonian, so that aely is given by (21). 

The coefficients a and D are identical for 
ions that are mirror reflections of each other in 
the o plane. Moreover, in the symmetrical model 
there are identical coefficients for ions (kg and kp) 
that are located symmetrically with respect to the 
o” plane, while all other ion groups have different 
coefficients. However, we shall not add additional 
subscripts to a and Dog: 

In calculating frequencies it must be remembered 
that there are four orientations of an M center ina 
given plane, which is thus divided into four quadrants 
by the sides of the M center. 

Let the field H lie in the (001) plane and make 
an angle 6 with the [100] direction. As previously, 
we shall assume that a > D The projections of 
unit local axes (Fig.3) on H for M centers with 
different orientations in different planes will be 0, 
+cos @ or +sin 6. 

Spin-nuclear transition frequencies in the sym- 
metrical model for an M center in the (001) 


TABLE III. Symmetry elements of alk) 


Symmetrical 
model 
or 


Asymmetricai 


Ion group model 


I: Ions 1—6a, b 


if: Ions 1, 3, 7 0,0', C, 
Ill: Ions a’, o”, 1’, 1", o 
3', 3", Tae Ta 


IV: Ions on both sides 
of group I ions. 


o— plane of M center; a’ —diagonal plane; C, —intersec- 


tion of these planes 


87 
plane are as follows: 
For ions of groups I and IV: 
(We =e Bnontl a =a aa Ds) 
hee D3) cos?) = Dy sin 24: 
(37) 
hie = 278,07 +—— (a es /N) 
+ (Dy — Ds) sin? 6 4. Dy sin 20. 
For groups II and III: 
hy= = Ener + z (a5 a D 1) ae - Ds sin 20. (38) 


For M centers in the (100) plane in the sym- 
metrical model the frequencies are: 


For group I: 
Win = Gi, H = (a 40Dy) = ec 
) (39) 
hy = Baba H + —-(a + Dy) — P24? t cose 
For group II: 
hy = 2nb,H + = (a + Dy) — Ms D, cos? 9; (40) 
For group III: 
hy= = 2n8n H aa = (a =e D ) 
(41) 
=e Dy COS? 5 ee er FSi 20 
For group IV: 
hvt = gata H + > (a+ Dy) — 24”? cost 5 Diy sin 2; 
(42) 
hv = Gaba Hb (a + Dy) — 2 L* cos? + 5 Day sin 26. 


In the asymmetrical model the number of differ- 
ent frequencies for each group is double that in the 
symmetrical model. 

For groups I and IV of an M center in the (001) 
plane the angular dependences are the same as in the 


symmetrical model [Eq. (38)]. For groups II and Hl 
$+ =- + = 
fo 5b 4b 


7 > 
Oe Oe 


‘ L 0. we \ 1% 
+009) : ae os x AN Vy 
s. 2 We 

sa@® i) 6 om + ae 
+ ©O-@®-O-@ - I Sh : 

42 3a 2 TZ, 
2ae th A ae eee a 


a 


FIG. 3. a) Nearest neighbors of an M center, which in- 
clude ions in two parallel planes above and below those 
shown in the figure. The notation is the same as in Fig. 2. 

b) Local coordinate systems. The z_ axis is perpendic- 
ular to the plane of the M center and is always directed away 
from it. (As for primed ions, the z, axis in the figure is al- 
ways along one of the three directions [0 0 1], [0 10] or [100]. 


88 Viadyan 
’ ise 
=. ‘ FIG. 4. The W cloud is 
es 2h oS yp’ largely concentrated at a 
: Cad Me on the left and at b’ on the 
\ 
aS an right. 
Zae = Bo Zae =e jp’ 


the frequencies are the same as hva of (38) in the 
symmetrical model. 

For M centers in the (100) plane in the asym- 
metrical model the frequencies for group I are 


hy, = SnBnll + 12 (a + D,) — Yo (2D, + Dz) cos? 4; 
hy = o8nH +1, (a + De) — fs (2D» + D,) cos? 0; 
amt ike iy Lewes: (43) 
hyp = 2nBnlt + fo (a’ + D2) = 1/2.(2D2 + D,) cos? §; 
Avy == ZnBn H + y (a’ + Di) —4/s (2D, + Dj) cos? 9. 
For group IV we have 
hy= = On8n = {- 1/, a+ PD) — 


hy = gnbn Ht + Ye (a+ D2) — 


Sn} 
Iki, ae 


a se 2n8n H+ "ls 


For group II the frequencies are given by hvg 
and hv, of (43) and for group III] by hvy# and hv3t 
of (44). 

For an M center in the (010) plane in both 
the symmetrical and asymmetrical models frequen- 
cies are given by the preceding expressions for the 
(100) plane with cos @ replaced by sin @. We 
must expect large differences in the frequencies 
for ions of a single group even in the symmetrical 
model because of considerably different positions 
of ions in the group with respect to the M center. 

We can make the following comments regarding 
the foregoing angular dependences. When an M 
center is in the (001) plane the angular depend- 
ences for ions kg and kp (Fig. 3) differ; also, M 
centers with sides along [001], [010] and 
[001], [010] give frequencies different from 
the corresponding frequencies due to the two other 
M -center orientations in this plane (the sign of 
Di. is different). In the asymmetrical model each 
frequency is split into two. Thus ions 2a, 2a’, 2b, 
and 2b’ (Fig. 4) give four frequencies and ions 
lo and 10’ give two. (In our local coordinates 
Doq for 2a and 2b’ coincide, and for ions lo 
and lo’ Diy = Dj,; Deg. = Di,). This is illustrated 
Hyol ses ey 

When an M center lies in the (100) or (010) 
plane all four orientations in the symmetrical model 
give identical sets of frequencies, while in the asym- 
metrical model two pairs of orientations give differ- 
ent frequencies. However, the M centers shown in 
Fig. 4 give identical frequencies in this case. 

We are deeply grateful to M. F. Deigen for di- 
recting this work. 


( 
nbn H + ¥/p(a’ + Dz) — ¥/2(2Dz ) 
(a’ + Da hs ODe= Ds 2) COS? 9 +1/, Dis sin 26. 
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FIG. 5. a) The pair of nuclei k, and k, in the symmetrical 
model result in two frequencies which coincide at 0 = 45°. 

b) In the asymmetrical model the same ions give four fre- 
quencies, two of which are smaller than for the symmetrical 
case. The weight of each frequency is one half that in the sym- 
symmetrical model. 


1/,(2D, + D,) cos? 6 + 1/ Dys sin 246; 


(44) 


D,) cos? 6 £1/y Dgg sin 20; 
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The potential between nucleons is calculated up to and including terms linear in the velocity 
(with recoil taken partially into account) without using perturbation theory. A potential is 


found which decreases as e--* 
section for m-N scattering. 


[AS eee of experimental data shows! that it is 
impossible to explain nucleon-nucleon scattering 
even at an energy of 90 Mev without a potential 
which depends on the velocities. Also, the LS po- 
tential between nucleons has been considered ear- 
lier only in perturbation theory.? Therefore, it is 
of interest to clarify the procedure of obtaining a 
potential that depends on the velocities from meson 
theory without using perturbation theory. 

In this article, the LS potential is calculated 
within the framework of a meson theory which is 
nonrelativistic with respect to the nucleons. In 
general, a number of objections have been raised 
against such a theory at one time or other: (a) The 
region of high virtual energies may be essential in 
the interaction of low-energy nucleons. (b) The in- 
teraction Hamiltonian is not completely defined 
within such a theory (this is connected with the 
problem of a proper calculation of the role of 
nucleon-antinucleon pairs). However, in the case 
of the two-nucleon problem, one can consider the 
nonrelativistic approach to be well founded. The 
favorable situation here arises because of the res- 
onance character of 7-N scattering. Because of 
this, the center of gravity of the matrix elements 
for m-N scattering lies in the nonrelativistic re- 
gion, and just this matrix element enters into the 
velocity-dependent two-nucleon potential. As re- 
gards the interaction Hamiltonian, the method of 
calculating the potential developed below is not 
connected essentially with the type of interaction. 
We consider in this article only the potential that 
comes from pseudovector coupling. 

Instead of the perturbation-theory expansion, an 
expansion in rate of fall-off with respect to the dis- 
tance R between two nucleons will be carried out 
in this article. The n’th-order potential falls off 
as exp(—nR). (We use a system of units h=c= 
u.=1, where yp is the mass of the meson.) We 


and depends both on the coupling constant and on the cross 


calculate below potentials of type exp(—R) and 
exp(—2R). (It would seem that potentials of higher 
order are not meaningful within the nonrelativistic 
approximation.) It turns out that only the potential 
exp(—2R) depends on the velocity. This potential 
contains, in addition to a term obtained in perturba- 
tion theory, a term which depends on the cross sec- 
tion O¢ 4 for 7-N scattering. 

With the present state of knowledge, this cross 
section Ot o¢ must be taken from experiment; in 
this way, the potential obtained might be called 
semi-phenomenological. In the static case, such 
a semi-phenomenological potential has been con- 
sidered earlier by Klein and McCormick,’ Miya- 
zawa,* and one of the authors.° 

The calculation in this article is based on the 
methods of a theory of the scattering of “dressed” 
particles, which was given in reference 6 by one 
of the authors (we denote reference 6 by I). We 
consider the meson cloud of both nucleons to be 
the same as it would be in the absence of interac- 
tion between the nucleons. The interaction arises 
both from meson exchange and from distortion of 
the meson clouds. 

Renormalization causes considerable difficulty, 
in general, in calculations other than perturbation 
theory ones. In this work, this difficulty does not 
arise, because we consider only the approximation 
linear in velocity, in which the problem of renor- 
malization is the same as in the static case. 

In the classification of terms with respect to 
velocity, some arbitrariness arises, in the general 
case, in the definition of the potential®»’ since, on 
the one hand, terms of the type of the kinetic energy 
p?/ 2M are equivalent to static potentials of higher 
order and, on the other hand, as Levy showed,’ 
some terms in the velocity do not contribute to the 
scattering. The former is not important in our 
case, since we consider only potentials of the first 


90 


two orders, exp(—R) and exp(-—2R), where this 
arbitrariness is connected with the well-investigated 
static potential of fourth order in perturbation the- 
ory 2978 Concerning the latter, those terms in the 
velocity which do not influence the scattering, have 
a characteristic form and are easily identified. 


INITIAL FORMULAE FOR THE POTENTIAL 


1. We denote by Wp, the matrix element of the 
potential, in momentum representation, between 
states a and b of the system of two free nucleons. 
(Two-nucleon states will be labelled by letters a, 
b, c....) The initial formula for Wha _ has the 
following form [see 1(28)]: 


Wea + Wea = Woa = (Py (H — Eq) a) 


Si WE) ON (HE) O,) (1) 
a E, + £,—£,—ie $ 
Pigese iit 
Here y'-) is the eigenvector of the complete Ham- 


c 
iltonian H for a state with n mesons and energy 


Ey, and two nucleons c with energy E,; qy is 
the total momentum of the n mesons. Summation 
over n in Eq. (1) begins with n=1 (there are no 
states in the sum which do not contain real mesons). 
In comparison with 1(28), a factor (27)?6(P, —Pp) 
has been taken out, where P is the total momentum, 
and specialization has been made to the center-of- 
mass system (C.m.S.). 

In the c.m.s., the Hamiltonian H for two nucle- 
ons, interacting with the meson field, is 


il or 2 ’ 
sles say Tae 3 ii + Hz 4- Uy (ty) -+ Us (2); 

(2) 
U; (rj) per MS Vig Cane ay ra H.c. < Vig = if (3;+q) Rig / (20,)''2; 


q 


m= —t =R/2; 0 = (1+ @)'s; w= Diqata,. 


The operators oj; and Tj; relate to the i-th nu- 
cleon; q denotes all quantum numbers of the me- 
son. The term u?/4M appears in H from elimi- 
nation of the center-of-mass coordinates. 

The functionals @, and 4p describe the asym- 
ptotic states of a system of two “dressed” nucleons; 
both ¢g and %p are solutions of the Schrédinger 
equation (H—Ec) @c=0, with the full Hamiltonian 
H, for R--«. The choice of @g and 4p de- 
pends on the type of approximation in which the 
potential is calculated. 

The connection between the desired potential W 
and the quantity Wp, is established in the follow- 
ing way. We represent Wpg as 


Ce Nate “ay )°R WV ary (R, Var Vo) BRR, (3) 
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Here Va =Pa/M, Vp =Pb/M are the nucleon ve- 
locities of the initial and final state in the c.m.s.; 
y’ and y denote the totality of spin-charge vari- 
ables of the nucleons, corresponding to states a 
and b. We calculate the quantity Wy'y (R, Va» Vb) 
in the approximation linear in v and with neglect 
of terms from meson recoil of the type u?/M. 
Here, as we shall show below, we can set Vg = Vb 
=v in the integrand in Eq. (3); i.e., in the calcula- 
tion of Wyy, the nucleon velocity can be consid- 
ered as a parameter. The desired potential 
W(R,v), which depends on the velocity, is then 
determined by the formula 


(Zr, WR, VY) dy) = Ware (Rs Vs Vv); (3a) 


where Xy and Xy are the spin-charge functions 
for the two-nucleon system in the phenomenologi- 
cal treatment. In other words, the potential calcu- 
lated in our approximation (linear approximation 
with respect to velocity, and neglect of the term 
04/, M) is, in essence, a potential between nucleons 
surrounded by meson clouds and moving with con- 
stant velocities v and —v. We calculate this po- 


tential, discarding terms which fall off as exp(—3R) 


and faster. 

A consistent procedure of calculation of 
W(R,v) should start from a relativistic equation 
for the scattering amplitude. But no relativistic 
theory of the 7m-N interaction exists, and, there- 
fore, we choose another way for the construction 
of W, based on the success of the static-meson 
theory in the low-energy range. Since the renor- 
malized constants are quadratic in velocity, the 
renormalization will be carried out automatically 
in the linear approximation, if the meson cloud of 
the nucleon, described by the functional F, has 
the same character as in the static case. This 
situation makes it possible to base the approxima- 
tion, linear with respect to velocity, on the solution 
of the static problem for the nucleon. The func- 
tional Fgy(i) for the i-th nucleon, moving with 
velocity v, can be obtained from the functional 
for the fixed nucleon Fg (i) by transition to a 
moving system of reference (qa represents all of 
the quantum numbers of the nucleon aside from the 
velocity v). 

In changing to the moving system, we make a 
Galilean transformation of the state vector of the 
dressed nucleon. The functional Foy cine has the 
form 

Fav (i) = exp[i(p- u)eri}|iav>, 


(4) 


where iav does not depend on rj, and the one- 
nucleon Hamiltonian 


Hiv (0) = { — (vou) + In + U;(0)} (5) 


TWO-NUCLEON LS PODEN TVA GUN NONRELATIVISTIC MESON THEORY 91 


differs from the static Hamiltonian Hjy(0) =Hy + 
Ui (0) by the substitution of w_ in Hy by wk - 
(v-k). Thus, we have 


Hi (0) |iav> =0. (6) 


We note that in so far as the Hamiltonian for the 
fixed nucleon Hjy(0) does not contain recoil terms 
of the type u2/M, these terms are not in the Hamil- 
tonian (5). Thus, the term wu2/M in the Hamiltonian 
(2) will also be omitted. 

With the aid of the formulae (4), (5), and (6) for 
the one-nucleon function Fgy, we can write the 
explicit form of the vector ©® which enters into 
Eq. (1) [see I(8)]: 


ee te Naat aa) Pec (2, BY Ns 
‘ ae ee (7) 

eeiag eos lav), 
where the velocities of nucleons 1 and 2 have been 


set equal to vg and —v,, respectively. Here 
Lie (R) = (bv, | aVqa) (8) 


normalizes the amplitude ®, to unity (In all ma- 
trix elements of the type (bv|L|av), the integra- 
tion over R is not carried out. ). 

2. We shall show that, in the approximation 
linear with respect to v and with neglect of recoil 
terms of the type u’/M, we can set Vg =Vp in 
Wy'y (R, Va, Vb) [see Eq. (3)]. To do this, we 
investigate the dependence of Wry (R, Va, Vp) on 
Va and vp. We represent Wy’y(R, Va, Vp) in the 
form 


Wry = J Bei Rw, (K, Va, Vo) 
ae § dqd2ket (k-+q)°R Wry (k,q,Va,V0); (9) 
where w’ and w” correspond to the potentials 
which fall off as exp(—R) and exp(—2R) re- 
spectively. 
Since the entire dependence of w’ and w” on 
Va and vp occurs through the one-nucleon matrix 
elements of the type 
Kay | Vie (AVa ) 5 Ca’vy | Ax | Va? 5 
Lap | AxAg | %Va> ; <a’ Vp|Vxdq!%Va>, (10) 
we should first elucidate the way in which the quan- 
tities (10) depend upon Va amd Vp. Here we em- 
ploy the formulae 
QrP oy = -—(He + Or (v) VE exp (— ik-r) Fav, 


ApQgF av == exp[— i(k + q)+t] [Ho + (v) -+ @p (2) ) 7 
XK Wit [Hy 0g (WOVE EVE THe + on (0) Vie) Fas » 
(ig (Ev) = Oy = Og (GY), (11) 


which go over into the well-known relations of the 
static theory for v =0. Using Eqs. (11), the ma 
trix elements (10) can be expressed through matrix 


elements of the form 
4 4 
+ Oy (2) "7 9H (0) + @G, (9) 4s 


(a0 |Va FH Vy: {ava » (12) 
containing the product of operators V and 
[Hvy(0)+w(v)]7! in various orders. Here the 

Vv without a suffix in Eq. (12) is equal to one of the 
vectors Vg, Vp. Using the unitary inversion oper- 
ator I of the pseudoscalar meson field?® 


=exp{—F laf —at)(aq+a)}, (13) 
qd 
Va ea temarel aes lag [nee ae (14) 
we find 
LH (O)L =H, (0); Jul’ = —u; 
PEL (OVI? eH. t (0), ie 
In addition 
[|a, 0p =| %, =D, (16) 


since the state a,+v relates, for fixed velocity v, 
to the lowest eigenvalue of Hiy(0), which is non- 
degenerate (not considering the degeneracy with 
respect to a). With Eqs. (14), (15), and (16) we 
can obtain the following relations for (12). 


1 4 


<0. Up | Hes I Ve IT, (0) aE Oy (v) Ae G ie (0) ae Oy: (v 


) eee Vol ‘1 | ava> 
= Oss, — Up \Vo (17) ; 


H_,0)+0, @) °° Ho) re, °° Var [%,—Va>. 

If follows from Eq. (17) that the matrix element 
(12) does not change if v is changed to —v _ through- 
out, except in w(v). Consequently, the entire ma-- 
trix element (12) depends on Vg and Vp only 
through sks vh and (VaVp), aside from the de- 
pendence through w(v). Therefore, in the approx- 
imation linear in velocity, we can set Vg = Vh = 0 
everywhere in Eq. (12) except in w(v). From this 
it follows that the dependence of the quantities (12) 
and, through them, also w’ and w”, is completely 
through w(v), i.e., through scalar products 
(Va: k), (Vb°4) etc. 

As can be seen from Eqs. (3) and (7), the multi- 
plication of W(R, Va, Vb) by (Va-—Vb) is equiva- 
lent to multiplication of the Fourier transforms w’ 
and w” by —k/M and —(k+q)/M, respectively. 
Therefore, terms (Va-—Vpb,q) and (Va—Vp, k) 
in w’ and w” are equivalent to terms —k?/M 
and —(k+q, k)/M, which are characteristic of 
the meson recoil of type u2/M. Consequently, if 
we neglect the quadratic recoil terms u2/M, we 
can set Va = Vp in the potential W(R, Va, Vp). 

3. Starting from Eq. (1), we introduce formulae 
for the potential W(R,v). The first term in Eq. 
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(1) pertains to a number of matrix elements, meth- 
ods of calculation of which were considered in I. 

In this case, additional terms arise because of the 
factor Z, which was not taken into account in the 
derivation of 1(20). With this in mind, we find as 
we go from Eq. 1(20) to separate coordinates for 
the meson clouds, that with the choice of the func- 
tional @, and %p in the form Eq. (7) (and in our 
approximation), the term (®p, (H—Eg)®g) leads 
to the potential W! with matrix elements 


Wey = C60 | (1 +N) (UY? (a) + Uz (a)]| a0) (ZaaZe0)—"* 
+ i(wy Za) Zab (ZopZaa) 5 (18} 
Zap = (av|(1 + N)]b0). 


Here and throughout |av> denotes the two-nucleon 
state vector with separate coordinates: 


{av> = 2 Cope ?#"Fao(I, GNF a26 es Vike 


Gang ee ee |, ct h2 8 Om (EO) 


where the functional of the i-th nucleon |iav>, 
defined by Eqs. (4) and (6), depends only on the 


operators ai; i Ds Wigaiq- 
q 


To obtain the potential of order exp(—2R), it 
is necessary to insert into the term (v-VZ) in 
Eq. (18) the first two terms of the expansion I(22) 
for the operator N: 


N = }) (Giga2q + 434019) 


“M 


(20) 


ary 


nie sts 1 ~t4t ‘ + + 
ry $e (A2gA2k AgA1e > AigAre ArgAae + 203401445024). 


In the calculation of the first term in Eq. (18), the 
first term in Eq. (20) is sufficient. 


We transform the second term of Eq. (1). We 
introduce the notation 
Tl, =(H—E,)Q. (21) 
As shown above, I falls off as exp(—R). There- 


fore, the second term in Eq. (1) in which IT occurs 
twice, can be written in the following form: 


SW = (Tey 
(22) 
— 2 O>|®.) (Ee— Ea — is) (O,|T2). 
a 0 
Here we have substituted the vector @, for vi) 
since the terms discarded here lead to a potential 


Peg i) pier = 1, : ; R er k A 
Seas (Ure (es9) (ay JB (VV Zep) ies Ut Ag 60 + Fy €| M (k,v, R) | av» 
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exp(—3R). 
We adopt the convention that the double line in 
the functional 


|G (a, Qo, ay, az) Ao) 


means that we should first calculate the expression 
GA) to the right of the double line, that is, we 
should first free it from all annihilation operators 
a;, a, moving them to the right to the vacuum Ao, 
taking account of commutation relations, and then 
set aj=aj=ar. 

For transformation of the first term in Eq. (22), 
it is convenient to use Eq. (11) to represent Tg in 
the form I, = ||T'q4 (aj, az) Ao), where 


Pyap cea ene 
= 2 Cisg (k + Pa R)M(k, v, 0)]20>|8, —0>; 
M (k, vy R) = eR {— (vk) Zaa (k) 


(23) 
]Ye Vor} 3 


a8 1 1 
bh Bat On 2) Bovey eee GP) 


g exp fe [SE pe MPR}: Zeal) = Deh RZaa(h) 


The quantity (H-—E,) Iq in Eq. (22) can be 
transformed in the following way: 


[H, -+ U, + Us— Eq\*|Ta) 


=|} [Ayo + 20 — Eg) Va (a; ) a> ) Ao) 


— [Hz 4-U, +Us— Ea) *|| (US? (a2) + US? (a,)) 


RTH ig a ee ase (24) 


Hic = He (Gi, Gt UG a= (one 
The second term on the right-hand side falls off as 
exp(—2R) and can be discarded. With the aid of 
Eq. (24), the following expression for the potential 
corresponding to the first term in Eq. (22) is ob- 
tained 

3) <be UY? (a) + US? (a) 

k 


(Vs VZ5p)] [H,, utp i5 Hs, o—o, 
-+ 2E (p + k) — 2E (p)—is]* Mk, v, R)| av), 


Ve =k/M.. (25) 


Integrating over the second term in Eq. (22), we 
find the following expression for the potential cor- 
responding to this term 


kc 2E (k + p)—2E (p)—ie , 


(26) 
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where the label ¢c in Eq. (26) denotes summation 
only over spin-charge indices of the two-nucleon 
state. Unifying Eqs. (25) and (26), we find the 
potential WII to be 


— Wy(R, v) 


= >, o|(Ur? (ar) + US? (ah) —i(v, VZn)] (27) 


k 


x [Aioto, ae Aly, —U—vp 2 (kev)] 


x (1 — Po) M (k, v, R)| avd, 


where Py, is the projection operator on the ground 
state of the Hamiltonian Hy, yiy)+ Hp, -v-v,, (not 
containing real mesons). In Eq. (27) we have set 
E(pt+k) — E(p) ~ (K-v). Neglecting, as earlier, 
terms of the type u2/M, one can take k=0 in the 
operators H,, Hy and Py in Eq. (27). Terms with 
(V-VZaqa) and (V-VZpp) do not then contribute 
to Eq. (27). 

The total potential is the sum of W! and wll 
[ Eqs. (18) and (27)]. Direct calculation from Eqs. 
(18) and (27) leads, in general, to a complicated 
dependence on velocity. In the approximation linear 
in the velocity, which we consider, the only parts 
which are meaningful are Wst (static potential ) 
and the part Wy,s, which is linear in velocity, of 
the sum W(R,v) =W!+ wl, 


West = W(R, 0); Wes =(v, [VoW (R, V)]v=0). 


i 


THE POTENTIAL 


In Eqs. (18) and (27) for the potential, the meson 
variables relating to the clouds of nucleons 1 and 2 
are completely separated, so that the calculation of 
(18) and (27) reduces to the calculation of one-nu- 
cleon matrix elements. Here, as follows from the 
form of Hjy and the discussion in connection with 
Eq. (17), in the approximation linear in the velocity, 
the one-nucleon matrix elements differ from the 
static matrix elements only in the substitution of 
Wk by wk +(kK-v) inthe energy denominators, 
so that the results of the static theory can be used 
for their calculation. We calculated these matrix 
elements, which have the form (12) for Va = Vb, 
using an expansion in terms of the system of func- 
tions of the one-nucleon Hamiltonian. Because of 
this, the two-nucleon potential turned out to be con- 
nected with the 7-N scattering, as in the static 
case.?? In summing over the intermediate states, 
the following formula? was employed: 


(28) 


<a! |Win G (Hi) Vig 1a.) = Y) a’ |Vin |v <v| Vig | 21» @ (Eo) 
v 
4 kq 


(@,0,) 


— Wart 11 PB an FRE 


Tae? 


G(o,) 


. ( 
x \ do, Rn Se], 2J (On), 


(29) 


where 02].j is the total cross section for 1-N 
scattering in the state with isotopic spin I and 
angular momentum J; P(2I) and F(2J) are 
projection operators on the state of isotopic spin 
I and angular momentum J (matrix elements 
Pkg =(k|P|q) and Fkq = (k|F|q) in the nota- 
tion of reference 3); G(Hj) is some function of 
the one-nucleon Hamiltonian Hj. In Eq. (29) for 
WH, the function G depends both on H, and Hy. 
In this case, the result of applying Eq. (29) to the 
calculation of matrix elements between states of 
the first nucleon [first part of Eq. (29)] will be 
functions of the Hamiltonian of the second nucleon. 
This function G (H,) should be considered the 
starting point for the application of Eq. (29) to 
summation over the states of the second nucleon. 

We shall not dwell on the details of the calcu- 
lation, in view of the analogy with the calculation 
of the potential in the static case.° Since the in- 
fluence of the factor Z is of interest, we first 
give the result for Zab ~ Oagp, and then indicate 
the change introduced by Zah ~ dap. Calculation 
in this case gives the following expression for the 
operator W(R,v) from which — according to 
Eq. (28) — both the static part Wg; of the poten- 
tial and the part depending on the velocity, Wis, 
can be obtained 


W(R, vy) = WR, vy + VP (R, V) 


= Woo (R, Vv) =F Wos(R; V). (30) 


The first term in Eq. (30), which falls off as 
exp(—R), comes from the term <bv| [u{*) (a2) + 
ul) (a,)]|av> in Eq. (18): 

wO — —2(2n) | aket™R ViVi On (31) 
The remaining part W(R,v) falls off as exp(—2R). 
It can be conveniently expressed through the func- 
tions hy, hg and hs: 


hy (we, Ws) (3 2) 


A 


1 i 1 il 1 
= wc as al = ce 
Op + OF fee @, + WO, Op + O, ees | 


94 NeUr. 
| 1 4 
Tail (ibys (OY) = 
as ) O, +O, o, + ot o, +f 
1 i 4 , 1 4 4 
ap tof a+ oR &+'o7 ao, + ay o, + of o, + OF 
1 4 il 
ae = ; 33 
a, to, optog Os toh ep) 
apes 4 1 
hig (ty, @s) = “o, + @; + 2 (kv) eer Oca Ob 
; 1 4 ie 1 1 
wy + of O. + Op o,to7 QO, -- Op 
Ny | 1 
@,+ at Rail (34) 


Here the terms in the operators w? y Woo» Wao 
which contain h; and hy come ae the term 
<bv|N[ ul) ap) + ut )( (a,)]|av> in Eq. (18), and 
the terms with hs ene from the operator WII, 
The operator wt i which does not depend on the 
T™-N scattering SeOee section, is of the form 


w? = — (2Qn)6 \ Aga? ke&+4 REV V eV oqVoehs (0, 0) 
ae Vig eV 2KV 24 hy (0, 0)}. (35) 


This operator leads to a potential of fourth order 
in perturbation theory. The operators Wg) and 

Woo depend on the cross section og] 93 for 1-N 
scattering. Wg is linear in og] 97: 


Woo = — 4 (2n) S\(QT + 14 { dha? gere+orn| dt 
ET. 


"Ye 
: @; (@ g@ ) 


PY) (21) FSR (2S) VaqV on [Ar (wt, 0) + hs (04, 0)] 
1 ViG VinP oe (21) Foe (20) [hy (0, @4) + 3 (0, o¥)] 
PY (21) FQ (QI) VaeVoghts (wt, 0) 


+ ViVaePhg (22) Fi) (2/) he (0, o7)}. (36) 


The operator Wgg depends quadratically on the 
cross section Oyj 2J: 


Woo = —16(2n)* SY (QF + 1) (QV +17 


TL, 5,5" 


ef(K-+q)R 


. Boo 2 p2 
x | Padre \ dtdsso7, 9(t) F217, 937 (S) ate 
0 


{Poe (21) Foe (20) PP (21) F® (2J’) thy (wf, @s) + hg (4, @s)] 


+ Poe (21) Fae (2d) Pied (21’) Fp (2d’) Az (@t, @s)}. (37) 


In Eqs. (31) to (37), the dependence on the veloci- 
ties enters only through the quantities w+ in the 


Vi “(NOVOZHILOV ander: 


GRO57 7 (E) 
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denominators of the functions hy, hy, and hj. The — 
potential Wg, calculated from Eqs. (30) to (37) 
coincides with the potential obtained by Klein and 
McCormick.? 

We consider the dependence of the integrands on 
the velocity and on the vectors k, q and og, keep- 
ing the terms of the operator W(R,v) [Eq. (30)] 
which are linear in velocity. These vectors occur 
here only in the combinations 


(k + q, v)(k+q)?, (kK +4, V) (o[kxq]) (¢21kxq]), (38) 


(k-v) (k-q) (S[kxq]), (a-v) (k-q) (S[kxq]), (39) 


| 
(aside from exp[i(k+q)°R]), where S=o, +0). | 
The combinations (38) and (39) come from the sym- | 
metric and antisymmetric terms (relative to k 
and q) entering into the part of the function hj 
which is linear in velocity. Only the terms with 
the combinations (39) lead to our LS type potential, 
after integration over angles. This potential falls 
off as exp(—2R). Terms of the type (k+q)-v 
in the potential exp(—2R) and of the type (k-v) 
in the potential exp(—R) correspond in the more 
exact treatment to an expansion of the differences 
of kinetic energies, E(p) - E(p+k+q) or E(p) 
— E(p+k) inthe denominators. But, as Levy 
showed,’ terms involving the difference in kinetic 
energies of the initial and final states do not con- 
tribute to the scattering, so that terms of this char- 
acter can be discarded. 

We now consider the influence of the factor 
Zab ~ dab on the potential. After taking this fac- 
tor into account, the result calculated for the poten- 
tial differs from the potential (30) in the following 
ways.* 

1. The potential Wg, coincides in this case with 
the potential calculated by Miyazawa and one of the 
authors*t and differs from the potential of refer- 
ence 8 by a factor Z7}. 

2. No part linear in the velocity will occur in 
the operator wi), 

3. In the terms linear in the velocity in the func- 
tions hj [Eqs. (32) to (34)], parts symmetric in the: 


*It is convenient to choose the states a and b such that 
a = 26 on where Z® comes from the first term in Eq. (20). . 

tIn reference 5 the term Wo, (R, 0) was not calculated and 
the elastic, rather than total, cross section was considered. 
We note the following misprints and inaccuracies in reference 
5: in Eq. (39), the square bracket in the last term should come 
before the round one, that is, the expression should be: 


(TT, — 1) (2k k'Y - @;-[kxk'] (@,-[kx k’])] (2kyq, + 2k2 + kj k’)}. 


Further, in Eq. (44) a factor exp(iq-R) was left out before the 
group of terms beginning with 7 (o,-k’) (@,-k)(k-k’). These - 
terms lead to a potential of the type exp(—3R). 
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variables q and k will not be present, except for 


the symmetric part of the term resulting from taking 


into account the 2(k-+v) inthe first factor of Eq. 
(34). The antisymmetrical part here will be un- 
changed. 

Thus, when one takes into account Zab ~ Sab; 
all terms with (k+q)-v and (k-v) disappear 
from the potential W(R,v), with the exception 
Sop eee eae 


(LS 
Wis= rs) {Woo T Woo Woo}; 


co 


Die 13 2 (ain 
00 = Fim | = (v12?)]\ 


noted above, whereas the terms with LS are un- 
changed. In other words, normalization of the 
asymptotic functions does not change the potential 
W is. In both cases the potential Wis depends 
on the velocity only through (LS), as it should. 
If we retain only the largest cross section 033 
out of all the cross sections J2],2J, then we ob- 


tain the following expression for the potential Wys: 


( dkda (kg) ” a 
ae Ju (RR) di (QR) Ar (Rk, q, @, 4); 
Q 


ne ie (kq)'/265s (£) 
®a0 = samy \ dk dq dt Saray {3A3(k, q, t)(3—(e'e?))+ [Ai (R, gq, t, 2) + Aa (ky gq, f, i)1(3 + (4142) J5i,(RR) Js1.(QR):1,5 
0 


2 foo) foo} 
Wee = — sea [6 — (3"4*)] ( dkdq \ dt ds 


0 0 q 


(eq)! 


Here we have introduced the following notation 


Ay (Rs3,. 15S) a 


aye oyun, 799 (4) 200 (8) (Ar (Fs qe ty 8) + Aa (hy gy by 8)} Ju,(RR) Jun(QR). 


(40) 


(@. + @,)? (@4 + @,) + (@, + ©)? (@, + Oy) 
@, + 0,)? (oy + @,)* (+ ©) (@ +O, (0, + O,) ? 


By Ong s(n © ort Pin) Ae SO Os FOO + 6) + (ort 0, Fa Nera) ase) 


(@, + Og)? (Og + Oy)? (Og + Oy)? (WO, + Op) (4 + Op) ‘ 


A3(k, 9, t)= 


The term Wo in Eq. (40), which is proportional 


to f*, would be a potential of 4th order in perturba- 


tion theory.” It is well known that the sign of this 
term is opposite to that necessary to explain the 
experimental data.1 The terms wg) and wgg de- 
pend on the total cross section for 7-N scattering. 
From the form of the expression for Wig and the 
asymptotic expansion (see below) one might think 
that the sum wg) + Wgg is of the same order of 
magnitude as Wo. In view of the complexity of 
Eqs. (40), the sign of the sum for R~ 1 can be 
determined only through numerical integration. In 
calculating the potential Wis, one should keep in 
mind the fact that it is necessary to introduce a cut 
off factor (nuclear form-factor) into the calcula- 
tion of the potential Wy,s; otherwise, the calcula- 
tion within the framework of static meson theory 
is meaningless. Then it is clear that one can con- 
sider the potential Wg to be satisfactory only for 
such distances R that the influence of the cut off 
is small. In the case of the static potential this 
region is R= 0.4, where the potentials of order 
e-R and eR are of main importance. One might 
hope that the LS potential, which falls off as eR 


will also depend weakly on the cut off in this region. 


4 [(@y + @y) Og + (@y + Og) (4 + Op + %4)] 
ok (@, ae 4) (O, + @,)* (@4 + ®p) 


ASYMPTOTIC EXPANSION FOR Wi 5 


In Eq. (40) for the LS-potential, asymptotic in- 
tegration over q and k can be carried out by de- 
forming the contour of integration to a contour C, 
starting from +i», going around the point i, and 
returning to +i (both in the integration over q 
and over k). In addition, poles should be taken into 
account. 

As a result, an asymptotic series in inverse in- 
tegral and half-integral powers of R, with a com- 
mon multiplier e~/R, is obtained. Here the 
series for Wp 9 contains only inverse integral pow- 
ers of R and begins with a constant term. Series 
in inverse integral and half-integral powers of R 
are obtained for wg) and Wgg, with the series 
for Wop beginning with R-!/2 and the series 
for Woo with RR’, The coefficients of these 
terms can be expressed in terms of integrals of 
the form 


Ly = | 2 le (41) 
0 


n-+1 
wp 


which can easily be calculated from the experimen- 
tal values of the cross section 033. 
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In this way we calculated the expansion up to 
terms of R~® in the expressions for wo9, Wgo 
and Wgg. In view of the complexity of these ex- 
pansions, we give here only the asymptotic series 
up to terms in R72, They are 


On= a e=2R {3 —2 («'<?) (1 4 “Rh ; 


ao esh ve 


Wen = 3 (one (2 V = (6 — (!4°)) L1R 


— In (3 — 2 (#4?) LzR2 


+ Rm v3 (2-1, +32.) 6— (ee), 


Woe = — FE ePR[C-— (wR L Le, (42) 
The coefficients Ly which enter into these formu- 
lae were calculated from the data of reference 10. 
The cross section for elastic scattering was used 
for the cross section 033. The numerical values 

of these coefficients were 


IE = once Iki = gee IL = Oy 


From Eqs. (42) it can be seen that the main 
term at large distances is Wo. It is well known that 
sometimes the asymptotic expressions are good 
approximations up to R~ 1. If we assume that 
this is so in our case, then in the region R ~ 1, 
the terms Woy and Wgy will be of the same order 
of magnitude, and wgg, an order of magnitude 
smaller. 

We note that the expressions obtained for the 


brawl IL. 
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potential Wys, together with the static potential 
Wgt found earlier, permit one, for the first time, 
to judge the extent of validity of the nonrelativistic 
meson theory for the N-N scattering in the low- 
energy region. 

We thank Acad. V. A. Fock for valuable advice 
concerning the problem of the asymptotic expansion 
of the potential. 
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The case of two real discrete states of the V particle in the Lee model is considered. It 
is shown that Heisenberg’s method can be extended to this case. 


if Heisenberg! showed, with the Lee model as an 
example, that in the special case when an unphysi- 
cal discrete state with negative norm is combined 
with a discrete state with positive norm one can 
exclude transitions to unphysical states in a con- 
sistent way, at the same time guaranteeing the 
unitarity of the S matrix for scattering between 
physical states. We shall show that the require- 
ment of combining the discrete states is unneces- 
sary, at least in the Lee model. We make use of 
the results and notations of Heisenberg. 

The Lee mode! introduces three real particles 
that interact according to the scheme V=N+ 4. 
All states are divided into the sectors (N+ 28, 
V+(z-—1)@) which do not go over into each other. 
Each sector can therefore be considered separ- 
ately. 

The sector (N+9, V) contains the eigenstates 
of the continuous spectrum (describing the scat- 
tering of @ particles by N particles) and two 
discrete states. The state with the highest energy 
has a positive norm and may be interpreted as a 
physical state of the V particle. The other state 
has a negative norm. It is called a “ghost state” 
of the V particle. 

Any state of the sector (N+z0, V+(z—1)@) 
can be considered as a superposition of states 
formed by a state of the sector (N+9, V) and 
(z-1) free 9 particles. These states are not 
eigenstates of the system. This means, in partic- 
ular, that transitions are possible from states with 
positive norm, which can be interpreted physically, 
to states with negative norm, which have no physi- 
cal meaning. This led Pauli and Killén? to the con- 
clusion that the Lee model is inadequate. We shall 
show, however, that it is indeed possible to derive 
meaningful physical results from a theory involv- 
ing states with negative norm, if the initial states 
are subjected to certain conditions. 

2. We first discuss the scattering of a @ parti- 
cle from a V particle (sector (N+20, V+@)). 
This is meaningful, since one obtains, in contrast 
to the case considered by Heisenberg, a discrete V 


Si 


particle state with positive norm for the two dis- 
crete states. We seek a solution of the Schrédinger 
equation 


H®) = E®) (1) 
in the form 


@y = (¥, |'9(k) a* (k) ak 


+ 45, \¢ (Kes ke) a (ky) a*(ke) dled) | 0> 


(2) 


or shorter, 


¢ (k), 


ne ie k2). ©) 


Repeating the calculations of Heisenberg (ref- 
erence 1, sec. 3.1), we find that the function y(k), 
describing the scattering of the @ particle in the . 
momentum representation, satisfies the equation 
{formula (68) of reference 1 ] 


ht (E —o)9(o) = \ K (wo’) ¢ (w’) do’, (4) 
where ; 


1 k’ SR 
ow oESRV® /®, 


K (oo') = — 


the other notations are, as always, taken from ref- 
erence 1. Formula (4) differs from formula (68) 
of Heisenberg’s paper! only by the fact that the 
function ht(E—w) has two separate roots and 
that the inhomogeneous term oj (kK) is absent, 
since in our case the state N+20@ is not present 
in the initial state. The general solution of (4) is 
of the form 


 (@) = a8 (w — w,) + 68 (© — og) + x (@)/h* (E —@), (5) 


where Wp,g = E —Ep,g; Ep and Eg are the en- 
ergies of the physical state and the unphysical 
“shost state” of the V particle, i.e., the zeroes 
of the function ht(w); x(w) is a function which 
is regular at the points wp,g. We rewrite the last 
term in (5): 
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xX (@) 
h*+ (E — a) 


- (o —0,) (@— 0,) x (2) i 


(Eo Bae ae) OOF ty 


(6) 


pea t 


(E, — E,) h¥ (E—«) sora ede 


The function inside the square brackets is regular 
at the points Wp,g- 

The first two terms in (5) thus describe station- 
ary S waves, while the last term describes outgo- 
ing waves of the system V+ in the physical and 
“shost” states. A physical interpretation of the 
solution (5) is possible only if there are no transi- 
tions of the system from the physical to the unphys- 
ical states. This requirement can be met by setting 
X (Wg) = 0. This corresponds to the absence of di- 
vergent scattered waves of the unphysical state at 
infinity. It is not necessary to assume that the am- 
plitude of the stationary wave of the unphysical 
state is zera, since the stationary wave corresponds 
to an unchanged state of an unphysical system at 
t=+0, which may readily be left out of the physi- 
cal interpretation (see also reference 3). We 
therefore choose this amplitude such that 


7 (Wg) = U = K (Wg, Op) a+ K (Wg, Wg) 0 


=f \ K (wg, 0’) (x (o') [At (E —0’)) doo’. 


me 


(7) 


X(w) is then uniquely determined by the equa- 
tion 
my , is / d ta 
x (0) = 6 (0, op) a+ \ Glo, o) AOI, (8) 


m6 


where 
K (®, @,) K (@,, @’) 


K (@g, @g) 
ke! Ve; (o — @,) (0 —@,) (9) 
~ 27 « @ Ej)’ —E,) (e+ o£): 


For E>2mg inelastic processes (V+@ — 
N+20) are possible. They are described by an 
outgoing wave [formula (66) of reference 1]: 


G (w, w’) = K (w, w’) 


D k k, = — 8 9 (2) to) (4) 
° ri ) 2V 4x (1 + 2 — E —iy) ie or 


Then the wave of the unphysical state will not 
be scattered, if its amplitude is related to the am- 
plitude a of the physical wave by the equation 
[cf. formula (7)] 


K (@, &') [4(o')/a do" 


eameaty Ko, ©, AFE—04 (° 


(11) 


e 
me 


the function x(w’)/a is independent of a [cf. for- 
mula (8)]. 


3. In exactly the same way it is easily shown 
that the scattered wave of “ghost states” can be 
made to vanish for the system (V+(z-—-1)8@, 
N+z0), if a definite unphysical state amplitude is 
added to the initial state of the system. This ob- 
viously guarantees the conservation of the proba- 
bility for finding the system in the physical region, 
i.e., the unitarity of the physical S matrix. 

Repeating Heisenberg’s calculations, we arrive 
at an interesting result: the scattered wave of 
“shost states” vanishes for a definite value, not of 
the amplitude b of the incoming wave of the “ghost 
states” itself, but of the following integral of b: 


2—]' 


eee (zB BB eer er) } dle apa (he) 


B Fo(k.... 2 

The adding of an arbitrary “ghost” wave giving 
a prescribed value to the integral (12), to the in- 
coming physical wave does not alter any physical 
results. 

4. We now discuss in more detail the question 
of the choice of basis states of the system. To be 
definite, we shall talk about the sector (N+20, 
V+6@). We seek eigenstates of the Hamiltonian in 
the form of expansions in terms of states with a 
definite number of bare particles [cf. formula (2)]. 
The state pya™ |0> has a negative norm. Never- 
theless, we look for a physical interpretation for 
the amplitude »(k) of this state, and show that 
it can be found. In order to resolve this seeming 
contradiction, we look at the solutions of the pre- 
vious sector (N+06, V). The discrete states of 
this sector are described by the function [formula 
(7R) of reference 1 ] 


oc Sb) ane 
a | aes V 40 on | V 20 (o— E, 


2) 


a® (k) dk | |O>. 
(13) 


Its norm is [formula (34) of reference 1 ] 


A dk 
DID ae = ie l +60? | ae—e ay || 2 
: (14) 


The second term is greater than unity for the 
physical state of the V particle, and the system 
is mainly in the state N+. We have the opposite 
situation for the “ghost state.” 

In the sector (N+26, V+@) it would have more 
physical meaning, if we expanded in terms of eigen- 
states of the system (N+06,V) plusa @ particle 
in a free state, as was done by Heisenberg in the 
discussion of the higher sectors (reference 15 


Sec. 5.1). However, jt is more convenient for the . - 


calculations to use an expansion in terms of bare 
particle states. (k) can then be regarded as a 
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superposition of the amplitudes of the two states 
of the V particle, which is what is effectively done 


in reference 1 as well as in this paper [if E > 2m¢, 


y (kK) also contains the amplitude of the virtual 
State of the V particle coming from the continuous 
spectrum of the (N+@, V) system]. 

The use of 9(k) is justified by the fact that it 
possible, as a consequence of the formal conserva- 
tion laws concerning the asymptotic behavior of the 
function y(k) at great distances (the 6 -function 
in the Hamiltonian (2R) in reference 1), to tell 
which one of the states of the system (N+0, V) 
belongs to the scattered @ particle. In view of 
what has been said earlier, we shail regard the 
basis states of the following section as states of 
the ‘type (N+6,,V) +20. 

5. In conclusion we investigate the conditions 
which have to be imposed on the unphysical states 
in the more general case. 

Let the initial state of the system be described 


by the function , where ® is a state with 


® 
G 


positive norm, and G is a state with negative norm. 


Writing this function in the form of a column vec- 
tor underscores the orthogonality of @ and G 
with respect to each other. @ and G may them- 
selves be many-component functions. 

The scattering matrix mixes states with positive 
and negative norm belonging to the same energy 
eigenvalue (other integrals of the motion may also 
be identical). Owing to the pseudo-unitarity of the 
scattering matrix (S*S = i) the norm of the sys- 
tem remains unchanged: 


|D|?—|G]?. (15) 


If the initial state contains only states with either 


positive or negative norm, the final state will be a 
mixture of both: 


Sete 1A oh, (16) 
S()=(@)) lal?—1B)?=—1. (17) 
If the initial state is a mixture, then 
4 0\)__ /A+éa 
s{(o) + eG) = (ese) (18) 
|A+taj?—|6+6B|?=1—([61* 
Choosing é such that 
ei? =|o- sB |; (19) 
we obtain : 
7, 
|A+tal? = he 
The S matrix then takes the form 
S, 0 
oe)? et) 


with both S;S;=1 and S3S_ = 1, where the her- 


mitian conjugation is to be understood in the usual 
sense. 

With the unitarity of the S matrix describing 
transitions between states with positive norm guar- 
anteed, one may now construct physical quantities 
by postulating that they are completely defined by 
states with positive norm. The probability <@|#>, 
the energy <|H|®>, and the other integrals of 
the motion will be conserved, as should be required 
of these physical quantities. 

With regard to the foregoing section we empha- 
size again that the states @ must have a physical 
meaning, whereas the states with negative norm G 
have the character of boundary conditions and arise 
solely from unitarity considerations for the scatter- 
ing matrix for physical transitions. 

We add a few remarks on the uniqueness of the 
determination of the states G. The only condition 
on the amplitude of the admixture G is the require- 
ment that the scattering matrix for transitions be- 
tween unphysical states be unitary [cf. formula 
(19)]. Then we can apply physical language to the 
“ghost states.” In particular, if there is only one 
unphysical state, condition (19) can be said to be 
the requirement of elastic scattering of the unphys- 
ical admixture. 

It is clear that the requirement of elastic scat- 
tering of the “ghost state” makes the problem non-_ 
unique, since it depends on the choice of the scat- 
tering phase of this state. In this respect the case 
of an indefinite metric is different from the case 
considered by Heisenberg. There the exclusion 
of the unphysical states is unique. The simplest 
procedure to obtain unique physical] results is given 
by the more incisive requirement (which we used 
in the present paper) that the unphysical admixture 
does not scatter at all.’ In this case condition (19) 


| Gt— eo |? = | Gt-—ew |? (19a) 
is replaced by the condition 
Git ag Ge (19b) 


I am grateful to Prof. Ya. A. Smorodinskii for a 
discussion of the results and for helpful advice dur- 
ing the writing of this paper. 
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Electrical phenomena occurring in an electron-ion plasma in which acoustic waves are 
propagated are considered. The space attenuation coefficient (absorption coefficient ) 


of the waves is computed. 


‘Tae spectrum of characteristic oscillations of an 
electron-ion plasma consists of two modes: plasma 
or electronic oscillations with the limiting Lang-. 
muir frequency, and acoustic or ion oscillations. 
Thermal motion excites in the plasma only acoustic 
oscillations, which largely determine the tempera- 
ture dependence of the physical properties of the 
plasma (for example, electric conductivity, ther- 
mal conductivity, absorption of sound, etc.). 

Certain properties of real metals can be ex- 
plained on the basis of the so-called plasma model,!?? 
in which the metal is regarded as an isotropic elec- 
tron-ion plasma. This model is useful for describ- 
ing those phenomena in which the characteristic 
length is considerably greater than the average 
distance between the particles of the metal. In 
particular, such phenomena include effects, con- 
sidered below, which are associated with the prop- 
agation of supersonic waves in the metal. 

In the first section of this paper, the problem is 
formulated and the fundamental equations are dis- 
cussed, on the second section the potential of the 
electric field of supersonic waves is calculated, 
and in the third section the absorption coefficient 
of a longitudinal supersonic wave in the plasma is 
calculated. 

1. When a longitudinal supersonic wave is prop- 
agated in an electron-ion plasma the amplitudes of 
the ion and electron densities will differ in magni- 
tude due to the large difference in the volume com- 
pressibility of electron and ion fluids. This cir- 
cumstance will result in the appearance of a space 
charge that produces a longitudinal electric field 
which varies at the supersonic frequency. The in- 
teraction of the spreading supersonic wave with 
thermal acoustic vibrations will lead to absorption 
and dissipation of energy of the supersonic wave. 
These effects can be taken into account by intro- 
ducing a finite value for the electrical conductivity 
o of the plasma, i.e., by taking into account the 
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collisions between the electrons and the thermal 
vibrations of the plasma. For finite values of o, 
the energy of the longitudinal electric field excited 
by the supersonic wave will be dissipated as Joule 
heat. We shall show that this mechanism of dissi- 
pation of supersonic vibrations in the metal gives 
the correct order of magnitude for the absorption 
coefficient. 

We consider a dyriamical system consisting of a 


large number of electrons and ions in which an ultra- 


sonic wave is propagated. If the interactions be- 
tween the particles are taken into account in the 
self-consistent field approximation, the initial 
equations may be written in the following form: 


indy; = — (i? /2m,) Ady; + e, Oh, 
A® = —4x Dye, | by; 
ly 


Here yj is the self-consistent wave function for 
the j-th particle. The subscript y takes on two 
values, 1 for electrons, and 2 for ions. The equa- 
tions in (1) are a system of Hartree’s equations 
generalized to the case of nonstationary states. 
Our problem consists of evaluating the potential 
of the longitudinal electric field of ultrasonic waves 
in terms of constants characterizing the plasma 
and the amplitude of the supersonic wave. 
Equations (1) have an exact solution for the sys- 
tem in a state of constant density | y,,; . |? = const. 
In states with a density that does not differ much 
from a constant, (1) can be linearized. To do this 
itis cemenien to write (1) in the so- -called hydro- 
dynamic form,? by setting 


(1) 


by; = Py; 2 exp {isy [h}. 


If we seek solutions of the linearized equations in 
the form of a superposition of plane progressive 
waves exp {ik-r — iw (k)t}, then we obtain the 
following system of equations for the Fourier am- - 
plitudes of the quantities pyj and Syj: 
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{— i +- ik-v,;} Syj + CyDy + (h?/4m,) R*o.; = 0, 


{— lo ++ ikevy; } pyy — (A°/nty) Sy; = 0, (2) 
O,=4xk-2 ee 


Y! 


where vy; is the velocity of the j particle in the 


state with homogeneous density, equal to Vsi0)/ My. 
J 


The system of equations (2) leads to the dispersion 
equation® 


1 = (RG (k)/L9) D\(2/my) [(o — kevy;)? — n2R4/4m2 >, 
Ie, 


(3) 
where 
G (k) =\ 5 et ar =e 


ire ke? 


and L?® is the volume of the system. If the veloc- 
ity distribution of the electrons obeys Fermi sta- 
tistics and the random motion of the ions can be 
neglected in the state with a spatially homogeneous 
density, then, taking into account the inequality 
(w/k)? « ve (vp is the limiting velocity on the 
Fermi surface), which is justified by the result 
obtained, we obtain from (3) 


a? (Rk) = wo? u?k? /(w?, + u2k*), (4) 
where 


(2, = ArMo2 €3/M2, u? = 1/5/ mMye2 | Mee, | VF; 


Nog is the average ion density. As k—0 expres- 
sion (4) coincides with the corresponding formula 
of Silin’s paper.! 

2. From (2) we can easily obtain the Fourier 
component of the longitudinal electric field 4,, 
which can be conveniently expressed in terms of 
only the ion characteristics and w(k). On using 
the approximations adopted in deriving Eq. (4) we 
obtain 
where A, is the amplitude of displacement of the 
ions equal to 2 p2,j/(amk), while w(k) is the 


frequency of the supersonic wave. 

Let us consider the case of a Standing super- 
sonic wave. The position in space of the loops and 
nodes of the amplitude of the displacement of the 


ions A; will not depend upon the time in this case. 


On the basis of (5) we can assert that between a 
node and a loop there exists a difference of poten- 
tial ©, which varies in time with the frequency of 
the supersonic wave. Preliminary experiments 
support this conclusion.? In these experiments we 
measured the magnitude of the variable electromo- 
tive force that arises in a polycrystalline copper 
sample when stationary supersonic waves are Cx~ 


cited in it. When the standing waves had a wave- 
length of 5 cm and the amplitude of oscillations 
was ~ 107° cm the magnitude of the electromotive 
force was of the order of 10 microvolts, which 
agrees with the estimate in Eq. (5). The distribu- 
tion of the variable electromotive force along the 
sample corresponded to the nodes and loops of the 
standing wave. 

3. The potential (5) can also be obtained by con- 
sidering oscillations in a system containing not two, 
but only one kind of particles of mass my, with the 
interaction potential between these particles being 
given by 


V (r) = (€2/ 1) exp {— Wo / Up) Tr}. 


From this it follows that the effect of electrons on 
the interaction between ions reduces to screening 
the ionic charge. Since the average velocity of the 
random motion of the electrons is large compared 
with the same quantity for the ions, the Debye elec- 
tron cloud practically does not differ in shape from 
a sphere. At the same time the velocities of the 
ordered (hydrodynamic) motions of the electrons 
and the ions are the same, since the Debye polari- 
zation cloud consisting of electrons moves prac- 
tically together with the ion which is at the center 
of this cloud. The ratio of the kinetic energies of 
ordered motion of electrons and ions will be equal — 
to the ratio of their mass densities T,/T, =m ,z/m, 
(where z =|e,/e;,| is the number of electrons per 
ion). This conclusion follows directly from Eq. (2). 
We now proceed to evaluate the coefficient of 
sound absorption a in an electron-ion plasma. 
We consider the absorption due te the viscosity of 
the electron gas which arises as a result of colli- 
sions between the electrons and the thermal vibra- 
tions of the lattice. The existence of viscosity leads 
to the dissipation of kinetic energy of the ordered 
(hydrodynamic) motion. Consequently, the quan- 
tity q (the energy converted into heat per unit time 
per unit volume) is a function of the kinetic en- 
ergy T, of the ordered motion of the electrons. 
By expanding this function into a series in powers 
of T,, and by restricting ourselves to the first 
term of the expansion, we obtain 


g = B (mz / my) \- Heats \ : (6) 


(G8 is the expansion constant). Since the average 
density of kinetic energy in a supersonic wave is 
equal to the average density of potential energy, 
which in turn is equal to the energy density of the 
longitudinal electric field with the potential given 
by (5), formula (6) may be written in the form 


g = (8/8x) (17,2/me) | YDz | *. (7) 
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The quantity {(m 4z/m,)|V,|?#/ can be inter- 
preted as a certain effective electric field which 
gives rise to the ordered motion of the electrons. 
If formula (7) is interpreted in such a way, the 
constant 6/87 can be identified with the electrical 
conductivity of the electron-ion plasma. 

By equating q to the divergence of the energy 
flux density in the sound wave, which is equal to 
Zaugmyngw* (k)| Aj, |?, we obtain the following ex- 
pression for the absorption coefficient: 


& = (omy2z/2mz) | VDz | 2/Ugtotyow? (k) | Ax | 2. (8) 


By utilizing (5), Eq. (8) can be rewritten as 
(9) 


This expression for the absorption coefficient co- 
incides with the corresponding expression of refer- 
ences 5, 6, and 7, in which the formula for @ was 
obtained by other methods. The numerical value 
of the quantity a@ and its dependence on the elec- 
trical conductivity are apparently confirmed by ex- 
perimental data.® 

We note that in the electron-ion plasma of a 
metal other mechanisms of absorption of super- 
sonic waves also exist in addition to the mechanism 
of absorption considered above. .The absorption of 
supersonic waves may be due, for example, to ther- 
mal conductivity. In this case the correction to 


= (11, 52/2e2nyotty) w®. 


an Ge Gs (Gee Leg Olin 


Eq. (9), according to reference 8, will be of order 
(l-cy/ Cp). Since the ratio of specific heats cy/ Cp 
for metals at not very high temperatures is close 

to unity the corrections to formula (2) due to ther- 
mal conductivity will be small. 
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AS qualitative study of the levels of a Mott exciton in ionic crystals is made from the point of 
view of a many-electron theory. A many-electron discussion of the exciton reduces to the 
problem of the motion of two quasi-particles which in the case of triplet states (ortho-exciton ) 
interact through Coulomb forces and in the case of singlet states (para-exciton) through Cou- 
lomb and exchange forces. These forces are approximately evaluated using a model in which 
the electron states at the cation site and the vacant states at the anion site are supposed to be 
spherically symmetric. The ortho- and para-exciton series of a non-polarizable exciton of 
large radius are evaluated using a generalized effective mass method. An estimate is given 
of the influence of the difference from a point charge Coulomb potential on the magnitude of 
the J-splitting. Using group theory a general level scheme is given for an exciton for the 
case K=0 for the Oy, group, and the results are compared with the yellow exciton series 

in a Cu,O crystal. The properties of an exciton in a magnetic field are discussed. 


1. A MANY-ELECTRON DISCUSSION OF THE 
PROBLEM 


A Mott exciton in strongly polar crystals is the 


result of a transition of an electron from an exter- 


nal, filled p shell of the anion into a vacant state 
of the s_ shell of the cation. The extra electron 


and hole obtained in this way form a system simi- 


lar to a hydrogen atom. Its states have been con- 
sidered in many papers.'~° In the paper by one of 


the authors [reference 9, Eq. (8)] the wave function 
of the exciton in a crystal with undisplaced ions was 


written as a linear combination of wave functions 


C(G, s, H, M, S;, S,) of all electrons in the crys- 
tal for which an electron from the external p shell 
of the anion site H with magnetic quantum number 


M had gone into the s shell of the cation site G 


with spin S,, while the anion site remained with a 


spin S,. These were of the form 
C(G, s, H, M, S, Se) 


ree? > (— LysP? Team. (GimoShme) Gass, (dass; Si), 

(h, m, 3) (H, M, — S2), (1) 
where @,.. are one-electron orthonormal func- 
tions, P the electron permutation operator, V 
the parity of the permutation, q and Sz, the co- 
ordinate and spin of the electron; h numbers the 
anion sites of the lattice, m and o number the 
states in the anion p shell. 

It is convenient to choose as the basis functions 
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linear combinations of the C functions which are 
eigenfunctions of the operator of the square of the 
total spin of the system. For a singlet state S = 0 
and the corresponding function, designated by an 
index 2, is equal to 


¥(G, s, H, M|Z) = [C(G, s, H, M, 3/2, —*/2) 


—C(G, s, H, M, —/2, 1/2)I/V 2. (2) 
For: S=1 there are three functions. It is con- 
venient to choose these in such a way that they go 
over into one another under the action of the On 
group.!? We distinguish them by indices é, 7», 
and 4G: 
(Gr S, H, M |€) — [— C(G, S, H, M, */35 1/5) 
Se C (G, S, H, M, —?/3, =n) V2 
yi (G, S, H, M, | 7) == [Cc (G, S, H, M, Ws 1/5) 
+ C(G,s,H, M, —4/2. —/2)] (i/ V2), 
¥ (G}s, HM |e) = [C(G, sy Hy M7 4/3 4/5) 


+ (G,s,H, M, —*/2, "/2)]/V2. 
The wave function of the crystal in the general 


case will be 


v = S}O(G,H, M1/) ¥(G,s,H, MJ), 


GHMI! 


(3) 


(4) 


where I takes on four values 2, &, n, and €, 

while M takes on three values. The sum over 

G and H extends over the whole of the crystal. 
For an exciton moving with wave vector K, the 

function ® must tend to zero as |G—H| increases, 
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and if G and H are translated over a lattice vec- 
tor distance it must be multiplied by an exponential 
factor, so that 


(G, H, M|/) = exp [iK, xG + 8H] ¢,(G —H, M\1!), (5) 


where v denotes all the quantum numbers charac- 
terizing the relative motion in the exciton. The av- 
erage of the crystal Hamiltonian taken over the 
function (4) is equal to 


SE,(K) = >) Lets (G—G',s)expliK, 2(G —G’)] 
GG’HM! 
x @f (GH, Mj) @(G—H,M/1) 
—+ 3 Lett (H—H’, M, M’)exp[iK,8(H — H)] 
HH’GMM/ 


x 93 (G—H’, M'|1) ¢(G—H, M|/) 


Sings oe Dy 


GG’HH’MM’/ 


(6) 
exp [iK, «(G— G’) 


oP (i —-H ) | =P Cys) Hoe G's, Ha) 
+ 28 (S) F (G, s, H’, M’;H, M, G’, s)] 
x ¢* (G’ —H’, M’| 1) o,(G—H, Mj J) 


if we neglect the spin-orbit interaction. This ex- 
pression separates into two parts corresponding 
to S=0 when I=2, and S=1 when I takes 
on the three values &, n, ¢. In our approxima- 
tion the states with I=, n, € can be also sep- 
arated, but in the following we shall choose linear 
combinations of them corresponding to a well de- 
termined symmetry. According to reference 9, 
the coefficients Leff are equal to 


ett. (G —G@’, S) — L(G, S3; G’, Ss) 


+2)>)F (G, s,h, m; G’, s, h, m) 
hm 


— >) F(G, s, h, m; h, m, G’, s), (7) 


iim 
Lege (H—H’, M, M’) =L (H, M;H’ ,M’) 


+2) F (h, m,H’, M’; h, m, H, M) 


hm 


— )\F (h, m, H’, M’; H, M, h, m). 
hm 


Here 


It Ge Neale X’) ats ies (q) pat 


sa Va + (a)| rr (q) dq, 


F (th, hy hh, ho} 1 ho Ib hy) (8) 


Q§.n, (dr) 9F,9, (42)0 (9, (di) 8 (42) dqidae 
tot vee 


? 


5) | qi — qe | 
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where V(q) is the potential produced by the cores 
of all the ions in the lattice, f takes on the values 
G and H; A takes on the values M and s. For 
G=G Lere(G-—G’, s) can be interpreted as the 
average kinetic and potential energy (including ex- 
change) of the interaction of an excited electron 
with the cores of the ions and with all of the 6N 
valence electrons (the background). For H = H’ 
and M=M’ Leff(H—H’, M, M’) plays a similar 
role for a hole which has, as can be seen from the 
signs, the opposite mass, charge, and spin. The 
third sum in (6) can, if G=G’, H=H’, M=M’, 
be interpreted as the Coulomb and exchange inter- 
action of the extra electron and the hole. In the 
triplet states there is no exchange interaction be- 
tween the hole and the electron. Since the form of 
the “interaction potential” is different, states with 
S=0 and S=1 will have different energies. We 
shall call them para- and ortho-excitons. Since 
the electron spin can change during a photo-transi- 
tion due to the spin-orbit interaction, but with a 
rather ” nall probability, we must expect that the 
ortho-exciton series will have a very low intensity. 
Since there are two quasi-particles present, the 
exciton states will be to some extent similar to the 
states of the He atom, but since the interaction 
potential is different for the two series from a point 
charge Coulomb potential, the 1-degeneracy will be 
lifted. 

Overhauser’ has investigated the lowest states 
of a Mott exciton for K=0 in crystals of the NaCl 
and CsCl type, assuming that the electron goes over 
from the halide only to the first spherical configura- 
tion of Nat or Cst ions. He also showed the ex- 
istence of singlet and triplet states using group 
theoretical methods and gave the systematics of 
the lowest exciton terms. However, the restriction 
to the first spherical configuration is clearly insuf- 
ficient for a consideration of the excited states. 
Moreover, Overhauser did not determine the exciton 
levels. In a recent paper!! Takeuti considered the 
exciton in elemental semiconductors with one va- 
lence band and one conduction band, using Bloch 
functions. Restricting himself to a qualitative in- 
vestigation he also arrived at the result that there 
are singlet and triplet states present, and concluded 
that the difference between their levels in the so- 
called “hydrogen case” are negligible. Ortho- and 
para-excitons are thus described in his paper by 
the same equation. Our consideration is more gen- 
eral, and includes, in particular, his scheme and 
enables us to determine the exciton levels in a well 
defined approximation. Using the more general de- 
scription of the wave functions (2) to (5) we shall | - 
consider arbitrary exciton states and the case 
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K #0. For K=0 we madea group-theoretical 
analysis of all exciton states for crystals of the 
group Op; the result of this analysis is given in 
the following, but an account of the method is given 
in a separate paper. In that way a method is found 
to understand the details of the exciton spectrum 
which is experimentally observed. Finally, we re- 
duce the determination of the exciton energy (6) to 
the problem of the motion of two quasi-particles, 
and in the case of excitons with a sufficiently large 
radius we shall give a numerical estimate of the 
Coulomb and exchange integrals and of the energy 
levels of the para- and ortho-exciton series, taking 
l-splitting into account. 


2. THE REDUCTION OF THE MANY-ELECTRON 
PROBLEM TO THE EQUATION OF MOTION 
OF TWO QUASI-PARTICLES 


The functional (6) can be rewritten in the form 
used by Dresselhaus® who earlier assumed the pres- 
ence of two quasi-particles, where one of them is 
described by the states of a degenerate band. To 
do this we use the identity 


7 Yi Lett (H—H’, M, M’) exp [iK, 8 (H— H)] 
HH’G 
x ¢ (G — H’, M'\/) w(G—H,M|/) 
= >) Ler (hh, M, Me (f, Mle (F — fy MID) 


if, 


x exp[iK ,Bh]= Dyo*(f,M’| 1) >) Leet (hh, M, M’) 
f f, 


(9) 


x exp [if,,3K + ive] g(f, M | /) 
= Jor (i, M|NEGK iv: MM) olf, M|D), 
f 


where we have put 
E(x, M, M’) = >) Lees (f, M, M’) exp (izi). 
f 


The first term in Eq. (6) can be similarly trans- 
formed. In the last term we retain only the two- 
center integrals with G=G’ and H=H’. We 
have then 


Sey (K) = igi, MID BOK +ivn s)e (i MID) 


{MI 
— > ff, MIDEQRBK + iv, MM) we, M |!) 
f{MM’I (10) 


+ 4 (KG, MM, s) +28 (S) AEM, M, 9) 


—MM’/ 


x gf (F, M1) oe. (i, MID 
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where 


E(x, s) = }j Lets (f; s) exp (ix); K (f, M, M’, s) 
f 
= F (G, s, H, M’; G,s, H, M); 


A(f, M, M’ s) = F(G, s, H, M’; H, M, G, s). 


Minimizing the functional (7) with respect to y* 
leads to a matrix equation for g, which is the 
same as Eq. (19) of Dresselhaus’ paper.® The 
physical meaning of the coefficients E(x, s) and 
E(k, M, M’) is easily ascertained, if we neglect 
the interaction between the electron and the hole 
and assume 9) = N71? @ (M) exp (iKf), where 


Dile(M) |? = 1. (11) 
M 


In that case Eq. (10) separates into two parts: 


E (aK —k,,s)— D)¢ (M’) E(8K —k,, M, M’) ¢, (M). 
MM (12) 


The first term is the energy of the electron in the 
band with wave vector aK—k,, and the second 
term gives after diagonalization the energy of the 
three hole bands corresponding to a wave vector 
BK—k,. 

The next problem is to find the form of the func- 
tion gy (f£,;M|I). In the general case gy and the 
exciton levels depend on the exciton wave vector K 
which enters as a parameter into the functional (10). 
The next step in the investigation is performed only 
for the states with K=0, into which transitions 
from the ground state of the crystal are allowed. 
We can write ¢,, in the form of an expansion in 
spherical harmonics Yjm (9, ¢) which enables 
us to classify not only states of small radius, but 
also states of large radius: 


gy (f, M|/) = 2 Yim(8t $s) Ruim(\#|,M|Z). (13) 


Here Of, vf are the polar angles which determine 
the discrete lattice vector f. Using group theory 
one can show, how, indeed, a combination of spheri- 
cal harmonics leads to the expansion (i3) 


3. GROUP THEORETICAL CLASSIFICATION OF 
EXCITON STATES WITH K=0 


In contradistinction to Overhauser’s considera- 
tions which assumed to begin with that the electron 
moved around a fixed hole and along the nearest 
spherical configuration, and then let the system as 
a whole be translated, we shall start from the very 
beginning with arbitrary motion of the electron and 
the hole. 

Substituting the expression for an arbitrary func- 
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tion which possesses translational symmetry (5) and Bo Gs, M,) + (—fe, Mz) —V2 (¥ (fy, Mx) 
la aa 4 (— fn Me) +8 (fer Me) + ¥ (fe, Mal}, (18) 
w= Yo, MINDY Md), (14) 
iM{ which occurs in Overhauser’s paper.!° 
where For states of arbitrary radius we can choose, 


according to the expansion (13) and Eq. (14) as 


Ww =o NES aT 
ciaamle ere las Betta), ie basis functions 


H 
We choose to begin with the sun Ons v(E, M |1) y, (Im| M) = Sy (f, M) Yim (614s) Rom (/F1M). (19) 
as the basis functions for the classification of the ; 


states. Since in our approximation the Hamiltonian 

does not contain the spin variable I, we can at first One can easily see that now expansion (13) must 
classify the states only according to the coordinate contain either only even, or only odd lJ. The al- 
part of the function W(f, M). In the case of states lowed transitions correspond to the first states. 


of small radius, when we can restrict ourselves to If we restrict ourselves to only harmonics with 
the first spherical configuration, f will take on, 1=0 and l= 2, the space of the eighteen func- 
for a lattice of the NaCl type, all six values tions splits into subspaces according to the irre- 
(+d, 0,0), (0,+d,0), (0, 0,+d) which we shall ducible representations [, +13 + 314+ 2Fs. 
denote by +f,, +fy, +f,. Each value of f canbe The wave functions of the bases of the irreduc- 
combined with one of the three values of M. The ible representations [4 and I will be the follow- 
indices Mx, My, Mz, will denote states of an ing: for the first representation of I, we have 
electron in the p-shell of the type xf(r), yf(r), three functions of the kind 
zf{(r). The space of the eighteen functions splits 
up into invariant subspaces corresponding to the » Re (lf 1) Yoo (8e¢s) V (F, My), (20) 
f 


irreducible representations: 


Dit Pk eae ck On ere. (16) which differ in the index M; similarly for the sec- 
. ond representation of I4 
As will become clear in a moment, only transitions 


“~~ 
into states arising from Ty and I are allowed, DR (If) 3 [Scos” (fx)—1] ¥ (i, Mx); (21) 
after multiplication by the spin functions. These 
irreducible representations correspond to the and for the third repr eco aied of Ty 
functions >) Rove (| |) [cos(fx) ¥ (Ff, M,) 
f 
Ty Rn 4 
+ cos (fz) ¥ (f, M_)] cos (fy). (22) 


[Y (fe, Mx) +B (—fx, Mo)]/V2 
TE (fur My) + (— fa M1 V2 . 
[(Y (fz, Mz) + ¥(—f., M2)1/V 2 Djsin? (fz) cos (2f,2) Re ((E)) YF, M2), (23) 
By 
1 1 where 9 is the angle between f andthe xz- 
or yo x Pe a ? 25 + 2 x + * pe ee) x ee 
UE (ia, Mx) +P (— fo, Ma) + (fe, Mx) + ¥ (— fe, My plane; for the second representation of I5 


For the first representation of I, we have 


DB 
Sl¥ (fe: My) + ¥ (—fes My) + ¥ (fe, My) +B (— fe, M,)I 
1 


> Rove (| £) [cos (fx) Y(t, My) 
aI (fer Mz) +'¥(—fe, Me) + ¥ (fy, Me) + ¥ (— fy, Me) . 


e — cos (82) W (f, 472)] cos (fy). (24) 
: (17) If we write down the wave functions of the spin vari- 
gl? (fy, Mz) + 'F (—fy Mz) ¥ (fz, Mi) —¥(—fz M,)] able I, the basis remains the same for the singlet 
(E(x, My) + '¥(—fr, My) —¥ (fz, M,) —¥(—fe M,)] states, and transitions into [4 states are allowed. 
For a triplet state the number of basis functions 
[Y (fx, Mz) + ¥(—fx, Mz) —¥ (fy, Mz) —Y(—f,, M2)] increases by a factor three and the 54 functions fall 
into groups according to the following irreducible 


Instead of the functions I'4 which we have writ- representations: 
ten down we can also take a linear combination of (Fs 4p iv re) Ree pa Nan pace 
the corresponding lines of the two equivalent rep- 
resentations. In that case we get, in particular, the = 3P, + 2M, +52, +.6P, +.77;. (25) | 
completely symmetric function 67'/* 2 ¥(£, Mx), We shall give one function of each of the irre- 7 


and also the function f ducible representations of Ij. 
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The first representation of Ij: 
Z1Reao (| 41) Yoo (6G) (—¥ F, My|0 


PE (f, Mz|%)]/ V2, 
the two other functions are obtained by a cyclic 


permutation of the variables x, y, z and £, n; 
¢. The second representation of I): 


(26) 


“~ 


= Reo (||) {(cos? (fy) — 1) ¥ f, M,| © 
. (27) 
+ (3cos? (fz) — 1) ¥ (f, Mz|1)]. 


The third representation of I: 
> Revs (| f]) [sin® (f2) cos (24.2) F (i, Me) 
j 


om (28) 
+ sin? (fy) cos (2¢,,)'¥ (f, W,,!6)]. 


The fourth representation of I): 


aN oN 


>} Rove (| F[) {cos (fx) [cos (fy) ¥ (F, My !O) 
f 


+ cos (fz) ¥ (F, M19) (29) 
— cos (f2)[cos (fx) W (f, Mx|&) + cos (fy) F (f, My|®)]) 
and so on, 

The exciton eigenfunctions will be linear com- 
binations of the corresponding lines of these irre- 
ducible representations, different for S=0 and 
for S=1. From the point of view of this more 
general consideration, the level schemes for a 
NaCl and for a CsCl crystal must be identical, 
since their lattice symmetry is the same. The 
different number of states obtained by Overhauser 
is connected only with the different number of basis 
functions, he took, since he restricted himself to 
only one coordination sphere. The differences be- 
tween the exciton spectra of these crystals must 
lie only in the individual spacing and intensity of 
the different lines. 


4, EXCITON LEVELS IN THE MACROSCOPIC 
APPROXIMATION AND A VERY SIMPLE 
VARIANT OF THE EFFECTIVE MASS METHOD 


If the expansion in spherical harmonics contains 


a limited number of terms, it was shown by the fore- 


going considerations that the wave functions without 


spin are not separated as far as the quantum number 


M is concerned. As a result there will enter into 
the functional (10) not only diagonal terms in M, 
and the equation corresponding to this will for K=0 
have the form 
E (iVs, 8), (f, M) — ECV, MM’) 9, (6, M1) 
ar 


4 [— K(f, M, M’, s) + 28(S) ACE, MM, 5)] 
oo 


x @, (f, M’) ="E,9,(6 M). (30) 


In the present paper we shall, in order to simplify 
the calculation, neglect the off-diagonal elements 
in M in Eq. (30). Account will be taken of these 
terms in a separate calculation. Equation (27) then 
simplifies to: 
ERGY SS) , (ft) — E(iV,, M, M’)o,(f) + 
+[—K(f, M, M, s) 


+ 28(S) A(i, M, M, s)]9,(f) = *E,g, (f). 


(31) 


We restrict our considerations to an exciton of 
large radius. We can then consider f to be a con- 
tinuous variable and go over to the effective mass 
method (E.M.M.) equation. We shall consider the 
simplest case when both the electron and the hole 
band have a unique minimum at K=0, and, more- 
over, F(k, M, M) does not depend on the value of 
M. Both bands are then spherically symmetric. It 
is known that for a number of real crystals the 
bands have several energy minima and do not pos- 
sess spherical symmetry, and in the case of degen- 
erate bands one can not expand in powers of K. 

The corresponding exciton spectra will be much 
more complicated than the ones obtained in our 
approximation. We shall concentrate our attention 
here mainly on ascertaining the role of the exchange 
potential and an estimate of the magnitude of the l- 
splitting and of the level shift compared to the hy- 
drogen series. As is clear from (6), the many- 
electron approach to the problem leads to the ap- 
pearance of another interaction, apart from the 
Coulomb and exchange potentials namely of each 
quasi-particle with the background electrons. The 
influence of the background on the interaction of 

the electron and the hole was considered by Sa- 
moilovich and Korenblit.4 This interaction leads, 
moreover, to the fact that at large distances the 
Coulomb interaction is divided by the square of 

the index of refraction n3. This was in different 
approximations shown in the papers of Kohn! and 
Liberberg-Kucher.'? At distances of the order d 
and dv2 (d is the distance between nearest neigh- 
bor ions) the error in dividing by n? is about 10 
to 20%. In our considerations this last effect will 
not enter explicitly, but the final result for both 
functions will be divided by ng. If f=|G—-H|=d 
the error is again small and the contribution of this 
potential at smaller distances is small (especially 
for a para-exciton). Expanding E(iVf,s) and 

E (iVf, M, M) in powers of iVg up to Ve inclu- 
sive, we can write Eq. (31) in the form 


: ee cy TAS 
—Fve,- 5 = [K(r) —28(S) A 4,= *E9, 
(32) 


0 
It is different from the equation used by other au- 


108 


thors*~® through the presence of the exchange po- 
tential A(r), the fact that K(r) differs from 
1/r and the fact that the following E.M.M. approx- 
imations are taken into account. The quantity c 
depends on the structure of the cation and anion 
lattices (see Appendix 1). Here r=|G-—H| isa 
continuous parameter. The approximate estimate 
of the integrals K(r) and A(r) is performed 
with hydrogen-like functions of the Is type. The 
equation which is then obtained is quite complicated 
(see Appendix 2) but can be approximated quite 
simply: 


9° 


—SY (r) | (2 / n?) = K (r) — 28(S) A(r 
: 5 exp (— yer) 


12 Ve 


— Ui 


(33) 


through a suitable choice of the parameters ve, 
vp for each value of the spin S=0 and S=1. 

Equation (32) was solved by the variational 
method using the trial functions 


Nef 
nim”) _ XR (=) Y 1m (89); 


where a= apnim/p is the effective Bohr radius, 
ap= h?/me?, Xg the variational parameter. The 
average value of the energy, evaluated by using the 
functions (34) and taking (A2.8) and (A2.9) into ac- 
count, is equal to 


(34) 


"Bate — oe 


eae) He 


The first two terms within the brackets corre- 
spond purely to the hydrogen problem, the third 
term is due to the term in V‘ and the fourth one 
to the difference between K(r) — 26(S)A(r) and 
1/r. S; (Xg|nl) is given in Appendix 2. 

After finding the minimization parameter Xg, 
the expression (35) for the energy turns out to de- 
pend on the orbital quantum number 7. One sees 
easily that the l-splitting between s and p levels 
varies as 1/n? A numerical estimate will be given 
for a Cu,O crystal. 


(35) 


5. THE THEORY OF EXCITONS IN A CRYSTAL 
OF THE Cu,0 TYPE 


Since at the point K=0 the difference between 
all groups vanishes, the classification of the states 
of large radius which was obtained for NaCl re- 
mains valid also for Cu,0. We shall assume that, 
in accordance with reference 14, the hole can be 
on one of the O- sites in one of three p states, 
and the electron on one of the Cut sites in an gs 
state. Such a mechanism of the formation of an 
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exciton is not possible in only one way. At the 


present time also other possibilities are considered, 


on which we shall report separately. 

In Fig. 1 we have depicted the scheme of those 
levels of the para-exciton (S=0) and the ortho- 
exciton (S=1) for which transitions from the 
ground state are possible only through spin-orbit 
interactions. We have given only S and d states 
of relative motion, transitions into which are al- 
lowed. The distances between the levels are drawn 


FIG. 1. Scheme of the exciton 
levels in the crystal, into which 
a transition from the ground 
state is allowed. 
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FIG. 2. Potential energy curves for the para- (S = 0) and 
ortho- (S = 1) exciton in the macroscopic approximation. 


arbitrarily. The para-exciton levels must lie some- 


what higher, thanks to the presence of the repulsive 
exchange potential. Pavinskii and Zhilich! have 
shown that due to the presence of two O77 ions in 
the elementary cell of Cu,O two hole states are 
possible: even and odd states. Taking this fact into 
account in our scheme led just to the occurrence 

of the second exciton series. 

Our considerations cannot give us the correct 
distances between the levels since from the various 
factors which produce the splitting we have only 
taken into account the difference in the potentials 
in their dependence on the total spin. For our nu- 
merical calculations we took for the parameters in 
the atomic functions (A2.1) for Cu a= 0.743/ay, 
according to Slater!* and for O~~ according to the 
results of Zhilich'* (for the radial part) 6 = 1.03/ 
ap. Asa result of this calculation we obtained an 
expression for K—2A (Appendix 2) and found the 
values of the coefficients in the simplified Eq. (33): 


S=0: V?=—48.47/ag; V2=46.46/as; V3=—1; 
AG py ES oles w= 1.503) a,; BOE eis Ch, 
$ jf m ‘ * (36) 
Sei Vi 1554 fap, Vi 0: Veo 
yi = 1.42 /ag; i= 2.1 / ap. 


For £=1.18/ap we obtained values close to these. 
The corresponding curves are given in Fig. 2: 
—K(r)+2A(r) for S=0, and —K(r) for S=1. 
The dotted line gives the point charge Coulomb po- 
tential. The rest of the evaluation of the exciton 
energy through Eqs. (35) and (A2.8) was performed 
for n{=2.5; p=0.253m, a= 24.7ap. 

In Fig. 3 we have given the para-exciton ee 
taking the exchange potential and the term in V 
into account. We assumed also that the effective 
masses of the electron and the hole were the same. 
In that case c = 1/16 according to Appendix 1. 
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FIG. 3. Comparison of the yellow exciton series observed 
experimentally with the calculated ones: a — experimental 
data;’”** b — calculated from a hydrogen-like exciton model; 
c — according to the representation of the present paper. 


Side by side we have given for comparison the re- 
sults of the experiments of Gross and coworkers!"!8 
and also the position of the lines for a purely hydro- 
gen series K(r)=1/r, A(r)=0. 

As can be seen from the figure the shift is ap- 
preciable for the s level of the para-exciton series 
and insignificant for all other levels of the para- 
and ortho-series. The lines with n=1 (they are 
drawn to a different scale) turned out to be very 
weak experimentally; this cannot be explained in 
our scheme. The calculations show that the dis- 
tances between s and p levels of the same n 
vary for the given values of the parameters as 
30/n? em-! for the para-series and as 1/n* cm™ 
for the ortho-series. The comparative smallness 
of the J-splitting produced by the difference of 
K—2A from 1/r and by taking the terms in V* 
into account is connected with the large radii of 
the exciton states in Cu,O. 

We also investigated the influence of the differ- 
ence between K—2A and 1/r and of the correc- 
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FIG. 4. Shift of the °E1,, "E25, and °E2, levels from the 
usual hydrogen-like position as functions of the magnitude of 
the effective Bohr radius. 


tions to the E.M.M. ~V*‘ on the magnitude of the 
l-splitting for different radii of the state in the 
simplest case when the effective masses of the 
electron and hole are assumed to be equal in the 
correction term ~V*‘. The results are given in 
Fig. 4 for the 1s, 2s, and 2p levels. The solid 
curves are the ones obtained without taking the 
term V* into account, and the dotted lines those 
with taking this term into account. The horizontal 
line gives the level of the purely hydrogen problem. 
The magnitude of the splitting increases steeply 
with decreasing effective Bohr radius. Simultane- 
ously the role of the corrections to the E.M.M. in- 
creases. The exact calculation of the /-splitting 
and the position of the lowest levels for small radii 
of the states must thus take into account the discrete 
structure of the crystal. 

In conclusion we note some peculiarities of the 
behavior of excitons in a magnetic field. The ground 
state of the crystal in which all spins and orbital 
momenta are compensated is diamagnetic and its 
energy in a magnetic field increases as H*. Asa 
result of the absorption of light due to the presence 
of the spin-orbit interaction exciton states with 
S=0 and S=1 are formed. Since their energy 
levels differ appreciably because of the differences 
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in the interaction potentials and in the character of 
the orbital motion, the spin-electron resonance in 
an exciton is essentially different from the spin- 
electron resonance in polarons and in localized 
centers with one electron. This difference consists 
in the fact that the energy necessary for a spin-flip 
of the exciton electron is equal to the difference be- 
tween the corresponding levels of the para- and 
ortho-exciton series. If the levels of the para- 
exciton series are situated above the correspond- 
ing levels of the ortho-exciton series, then the spin- 
flip of the electron in an external constant magnetic 
field which leads to the change of an ortho-exciton 
into a para-exciton, will be accompanied by the ab- 
sorption of two quanta of energy 


ho = | En;—tEa ee 2hO7 , 


where Oy, is the Larmor frequency. In crystals 
where the levels of the para-exciton series are 
situated below the corresponding levels of the ortho- 
exciton series during the same mechanism of trans- 
formation of a para-exciton into an ortho-exciton 
quanta 


ho = | | ey cy AES 2hO;, 


will be absorbed. The absorbed quanta in spin- 
electron resonance in excitons can correspond to 
an infrared frequency for some values of the quan- 
tity |°Ey7-'Enz|. This is one of the different pe- 
culiarities of exciton spin-resonance absorption. 
Another property of it is, according to Deigen and 
Pekar! the narrowness of the spin-resonance ab- 
sorption band. 

The exciton model considered by us can be gen- 
eralized both for the case of an exciton in elemental 
semiconductors and dielectrics and, in particular, 
for the case of a delta-function form of the function 
~y(G—H), that is, for a Frenkel exciton. One 
needs only let the position vector of the electron G 
take on the same values as the position vector of 
the hole H. The atomic functions in the case G = 
H will then be different from the case of differing 
G and H. 


APPENDIX 1 


EXPANSION OF E(-iV) IN POWERS OF iV 


The behavior of E,(k) for lattices with iden- 
tical ions with a face centered cubic cell of edge 
length D= 2d and an extremum at k=0 is given 
in reference 20. Apart from a constant it has for 
small k the form 


RR? 


wa? Pd? 
fy (kt) = 5, oy Ment aoaea id Cala Syed aka 


ON THE ENERGY SPECTRUM OF AY OSE (EB SCLUON 


We shall approximate by replacing the cubically 
symmetric expression by a spherically symmetric 
one. We perform a similar operation for the ex- 


pression E(k) for a body-centered cubic lattice? 


and replacing k by —iV we get, apart from a 
constant 


E,(— iV) —£,(— iv) =— * yt Bey 


254 AD (1.2) 
where 
es 40 (1 + p2) me vile ne 
242+ du.’ OE ere hin? 


and wu is the reduced effective exciton mass. 
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APPENDIX 2 


EVALUATION OF THE COULOMB AND EXCHANGE 
INTEGRALS 


With the aid of functions of the type 


Sle | gle 
Gola Fae" Oy(q) = ae ey 


we can write down the Coulomb and exchange inte- 
grals. The exchange integral A(r) can be esti- 
mated by Hellmann’s method?! 


i\g= = G| all 


= 3 qe— Hi}dq.dqy~ = 


with only one difference, namely that we use for 
n(x) a different analytical expression which is 
more convenient for the integration: 


n(r) = {1 — 0.5 exp[—0.11 (8 + 0.42) r]}, (2.3) 


where 
r=|G—H/ijand8>«. 


Using the expressions for the two-center inte- 


grals”! we find 
K (r) —2A(r) 
23 : i -er St Ae pals ee e—28r Se + e—(a+8)r Se 
ee ie ma =i 
n= ie n=0 ie (2.4) 
n=2 n=2 p’ Be 
1 —I9a’)/ n net 7 ENG tie —(a'+B")r = n 
e 2 | e208 pie ae 2 : 
where 
aes eee pe vasa 
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40a383 (8 —a) . , 200383 (8 — a) . 
Cs a a ? Ge = (82 — aye 3 
(8° — 30284) | 80a°B%(3a8 — 8) . (2.5) 
A, oad (62 — a?) I (B2— aA 5 
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by <> (8? Le a?)3 (B2 is a?)4 , 
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404888 (328 — B2) 1 __ 400889 (308 — a) , 
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, 400882 [408 —(B—-a)*) 
a (Bay! 
C, _ 3200884 (B —a) , 
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$= 0.11 (6 + 0,42). 


Qa! = 2x48, 


2p’ = 28 + 6 


8] q. —H| 


a [qo G|— 8[q.— H}} dq, dq, (2.2) 


In evaluating the value of the potential (33) aver- 
aged over the functions (34) one comes across 
integrals of the following form: 

x8 \ Ria (xr | na) r?er? dr = JP (x). 


9 
They are given in a paper by Alder and Winther:?2 


&(n + DMI + pt yx?! 122? 


P,Y 
xX = 
Jni,'nt (X) [(22 + 4)? n+?! (n — 1 — 1)! y? (ya)?448 


x F,(2l+ p+3,l+14+2,l+1—a, (2.6) 
21-+2, 242, —<, am) 


where Fy, is the generalized hypergeometric func- 
tion with a circle of convergence 4x/yna < 1. The 
average value of Sy (r) is, according to (34) and 
(2.6), equal to 
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Since the functions (34) are the solutions of the hy- 
drogen problem, the average values of the operators 
(—h?/2u)V? and (—h2d?/uc)V* are respectively 
equal to 


eee ee es y e [ 1 =| is 
2Qan2n2 c¢ \ a 2an?n® ae ls 4n}~S° 
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The statistical theory of Fermi is applied to 7~-p scattering at 4.5 Bev, including effects 
of a possible resonant interaction between two pions. Production of strange particles is 
also included. The results are compared with experiment. 


See authors!“ have suggested that two pions 
have a resonant interaction. In a statistical theory, 
the effect of such a resonant interaction can be con- 
sistently included by treating the resonant state as 
a virtual particle.>»® 

Nikishov’ made a calculation along these lines, 
treating the resonant pion-nucleon interaction as 
an “isobar” effect, and thereby improved the agree- 
ment between the theory and experiment.* However, 


the ratio of strange-particle production to pion pro- 
duction remained considerably too high.® To be con- 
sistent, one should also include effects of a possible 
pion-pion resonance. 

At present there are no direct experiments on 
pion-pion scattering, and it is hard to imagine such 
experiments being done in the near future. But in- 
direct evidence can be used. For example, we see 
from the work of Dyson! and Takeda? that the second 


TABLE I. Charge distribution of the products of 7 —p collisions 
for processes involving K-particle and hyperon production 


Type of Charge cicne os me 
process state charge state 
Ae A9Q@9 1.000 
D-K+ 0.555 
2K 50E0 0.445 
A°Q°rn? 0.445 
AOl A°K tn 0.555 
A@II A°@°TT? 0.445 
Takeda AQK+II- 0.555 
A@II A°"TIy 1.000 
Dyson 
Y9Q070 0.214 
5+O0n- 0.233 
2K1 5-@ n+ 0.178 


Statistical 

Type of coe weight of the 

process state charge state 
SKI DK tn 0.489 
>-K+n° 0, 189 
S0Q°q] Or2z4da 
>+eE°TI- 0.233 
KU E-@ f+ 0.178 
Takeda SKA 0.189 
=-K+nN° 0 A 189 
SKI >°@oTT° 0,445 
Dyson 2-Kr il? 0.555 
Ls N@°@0 0.275 
NKR NK+tK- 0.278 
PK-@° 0.444 
2KK E~K+@0 4.000 


TABLE II. Statistical weights of 7 


Number of | 0 4 2 3 
secondary mesons 


—p collision processes at 4.5 Bev. 


| P 


Strange particles 


Type of process |M| N2 Ni NU 


SS eS 


eee eee Olseet 0; [52-5 6 § 4} ) 2 géaets 
tical A 

weight yson 

f version | 1 5 1 0 


*There seems to be an error in the calculation of the frequency 
relative probabilities for elastic non-diffractive scattering, 2-prong, 


28.5, and 0.75 instead of 1, 49, 24.5, and 0.5. 


N3. N2 NUL NI | Né N3 NTL NI2 vam N5 NY4 NIW2 NIM NOB 


A® Ze AOL ACIL BK1 UKI EKK NKK 


of stars with various numbers of prongs in reference 7, The 
4-prong and 6-prong stars should be respectively 0.75, 45, 
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TABLE III. Charge distribution of ™—p 
collision products, including effects of 
Il -particle production 


Statistical weights of charge 
Type Reaction states 
reaction products 
Dyson Takeda 
version version 
P+—— 0.222 0.08t 
N’IL P—00 0,111 0.193 
N+—0O 0.445 0.726 
N 000 0.222 — 
|e 0,371 0.189 
NIM P —00 0.185 0,189 
N+—0 0.296 0.622 
N 000 0.148 — 
eS) ——0 = 0.378 
Se op == 0.444 0.155 
ore N + —00 0.445 0,467 
N 0000 0.414 — 
P+——0 0.183 0.355 
P — 000 0.092 0,074 
N’TI4 N++—— 0.375 0.181 
N + —00 0.296 0.393 
N 0000 0,054 ae 
P+——0 0.252 0.465 
P— 000 0.126 0.074 
Nii2 N++4+-—-— 0.311 0.130 
N + —00 0.259 0.334 
N 0000 0.052 ed 
[Po ht 0.148 0.032 
P+——00 0.148 0.395 
N’I1 P — 0000 0.037 iL. 
N++——0 0.296 0.425 
N + — 000 0.296 0.148 
N 00 000 0.075 ai 
P++——— 0.173 0,096 
P+——00 0.201 0,324 
N’TI2 P — 0000 0.054 0.025 
N+-+——0 0.339 0.364 
N + — 000 Or2t2 0.191 
NV 00000 0.021 Bag 
P+ +——— 0.144 0.057 
P+ ——00 0.180 0,306 
NII3 P— 0 000 0.054 0.015 
N++——0 0.385 0.428 
N + —000 0.222 0.194 
N 00.000 0.015 eee 


maximum in the mt -p scattering around 1 Bev might 
be explained by a resonant interaction between two 
pions. Using the Fermi statistical theory, we can 
handle such an interaction by supposing that a new 
“virtual particle” [I is being produced, having 
mass yu = 0.47,* ordinary spin S=0 and isotopic 
spin T= 0} or T= 14 

By comparing the results of the theory with ex- 
periment, we can find out which of the two isotopic 
spin values is more correct, within the limits of 
the statistical model.; We calculate here the effect 


*We use units such that f= c =Mayc) = 1. 

tThis kind of treatment of a resonant interaction is also in- 
teresting, because it allows us indirectly to incorporate into 
the statistical theory the effects of a matrix element be in the 


2 
expression W, ,,= Be |H,,P Py: In the original Fermi theory 


such matrix elements were neglected. 


of the pion-pion interaction on 1 -p scattering at | 


4.5 Bev. | 
We take the statistical weights from the formula 


s(n) = [Q./ (2x)9}"-1dQ (E) / dE, Q=Qo/ 2, % = 4/s7Ro. 


Here Ry = 1.41078 cm is the pion Compton wave-| 
length, and is the nucleon energy in the 1-p 
center-of-mass system. In all cases the statistical _ 
weights are calculated with conservation of energy, 
momentum, spin, isotopic spin and its components, 
and identity of particles. In the case of strange par-_ 
ticles, we also take into account the conservation of 
strangeness. | 

The calculations for two and three particles were | 
made with the exact formulae of reference 6. For 
four and five particles, we made the approximation 
of treating the nucleons and nucleon-isobars non- 
relativistically, the pions and the Ii -particles ultra~. 
relativistically. We neglected processes in which 
more than four secondary pions are produced, such 
processes being certainly unimportant at these en- 
ergies. 

In calculating the production of K-particles and 
hyperons, we assumed the K-particles to have spin. 
zero, the hyperons to have spin af At 4.5 Bev, al- 
lowing for the conservation of strangeness, only the 
following processes are energetically possible: A@, 
xO, A@1, 2O1, AOIl, LON, =o, NOO. Table I 
enumerates the charge-states arising from these 
processes. 

Table II shows the statistical weights of the vari- 
ous processes. To compare the theoretical results 
with experiment, the charge-distribution of all the 
reaction products was calculated (Tables I and III). 
The charge-distribution of the products of m~-p 
collisions, assuming only pions and isobars to be 
produced, is shown in Table II of reference 6. In 
our calculations we have assumed® that the isobar, 


TABLE IV. Distribution by prong-number of charged 
products of m™—p collisions, normalized to 100% 


Statistical Theory 


Including 
isobars 
and strange 
particles only 


Including 
isobars 
only*’ 


Takeda 
version** 


Type of 
collision 


Dyson 
version** 


2-prong 
inelastic 
4-prong 
inelastic 
6-prong 
inelastic 


*Corrected value, see first footnote of text. 
**The Dyson and Takeda versions are calculated including 
isobars, strange particles and [I-particles, the latter possessing 

isotopic spin 0 according to Dyson, 1 according to Takeda. 
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which can have the Tz component of its isotopic 
spin equal to +% or +%, decays from the state 
with T, =% into pat; from the state Tz,=-% 
into Na; from the state T, ='/ with probability 
*/, into pm’ and with probability Y, into Nat; from 
the state T, =—'4 with probability % into pz 
and with probability vA into Nz°. In the theory of 
Takeda (Ty =1), the I -particle has three states 
with T, =+1, 0. It decays from the state Tz =+1 
into mtr®; from the state Tz =-1 into m7; from 
the state Tz =0 into mr‘. In the Dyson theory 
(Ty =0) the Il-particle has only one state Tz =0, 
and decays with probability 4, into m'z, with 
probability v. into 17°. 

For the comparison with experiment we have 
used references 8 and 9. Reference 9 concerns 
™-p scattering at 5 Bev, but the experimental 
results at this energy differ very little from the 
results at 4.5 Bev. 

Table IV shows the distribution of the reaction 
products according to the number of prongs, calcu- 
lated from Tables I to III. Comparison of these 
numbers with experiment shows that the number 
of two-prong stars is too small, especially in the 
Takeda theory. However, the Dyson theory gives 
better agreement than a calculation including only 
isobars and strange particles. It should also be 
remembered that the reaction A@2 will make some 
contribution to the statistical weights, and this will 
increase the number of two-prong stars. 

The ratio between strange particles and observ- 
able pions is 0.08 to 0.09 in Takeda’s theory, 0.14 
in Dyson’s theory, and 0.3 to 0.4 in the theory which 
includes only isobars. The experimental value of 
this ratio’ is 0.04 to 0.05. 

The average multiplicity is 2.7 in Takeda’s 
theory, 2.4 in Dyson’s theory and 2.3 + 0.1 experi- 
mentally.° 

From these results we draw the following con- 
clusions: 

1. The statistical theory, including only isobars, 
K-particles and hyperons, disagrees significantly 
with experiment, both in the distribution of numbers 
of prongs (Table IV) and in the ratio of strange 
particles to pions. 
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2. When a resonant pion-pion interaction, or II - 
particle, is included in the statistical theory in ad- 
dition to the isobar, the agreement with experiment 
is much improved so far as K-particle and hyperon 
production is concerned. 

3. The Dyson theory agreés with experiment bet- 
ter than the Takeda theory, although there are some 
discrepancies in both cases. Such discrepancies 
are to be expected, since our calculations have ig- 
nored the conservation of angular momentum. 

In conclusion, it is my pleasant duty to thank 
Professor Zh. S. Takibaev and his collaborators 
P. A. Usik and Ya. M. Granovskii for valuable ad- 
vice and help, and A. Akhmedshin for his assistance 
with the calculations. 


Note added in proof (October 15, 1958). After 
this paper was submitted for publication, we learned 
of the work of R. Gatto and M. A. Ruderman [Nuovo 
cimento 8, 775 (1958)], in which a similar treatment 
of a resonant pion-pion interaction is used in a cal- 
culation of proton-antiproton annihilation. 
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A study is made of a system of magnetic moments subject to electric exchange and weak 
magnetic dipole-dipole interactions and situated in an external magnetic field H)+h(t). 
Equations of motion for the magnetization vector are obtained up to terms of second order 
perturbation theory® and for weak variable fields h(t) «K Hy. The limits of applicability 


of the equations obtained are discussed. 


lip The microscopic theory of the behavior of nu- 
clear magnetization in an external magnetic field 
has been developed in the paper by Wangsness and 
Bloch.’ In that paper it was assumed that nuclear 
magnetic moments interact weakly with their mo- 
lecular surroundings which are regarded as a heat 
reservoir. 

In the cases when the nuclear spins are I=1 
the equation of motion in weak variable fields has 
the form: 

dM / dt + (iM, +jMy)/T, 
+k(Mz—M,)/T) = 7[MxH). (1) 


For values of spin I>1, Eqs. (1) are valid only 
in sufficiently weak constant fields Hj. In subse- 
quent papers??? Bloch took into account the direct 
and the indirect interactions of the nuclei and has 
investigated strong variable circularly polarized 
fields. The theory developed in references 1 —3 
in principle allows one to compute the relaxation 
times T, and T) occurring in (1). 

Bloch’s equations have been widely used to de- 
scribe the behavior not only of a system of nuclear 
magnetic moments but also of electronic magnetic 
moments in an external field. The phenomenon of 
ferromagnetic resonance in strong radio-frequency 
fields is also often discussed on the basis of the 
system of equations (aye 

Experimental data on the observation of relaxa- 
tion and resonance phenomena in paramagnetic and 
ferromagnetic substances are analyzed on the basis 
of Bloch’s equations; in such an analysis the relaxa- 
tion times T,; and Tj are obtained. However, the 
computation of these relaxation times is carried out 
on the basis of assumptions which are frequently 
different from those utilized in the derivation of 
equations (1). Therefore a comparison with experi- 
ment of the theoretically calculated values of Ty 
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and T, based on the application of Bloch’s equa- 
tions is not consistent. 

A more consistent method consists of finding 
the variation of magnetization with time (equation 
of motion) starting with a given form of the Hamil- _ 
tonian, and of finding the coefficients appearing in 
these equations. 

Kubo and Tomita® have developed a quite general 
and flexible method for determining the line shape 
of magnetic resonance absorption in radio-frequency 
fields. This method is more convenient than the 
method of Wangsness and Bloch for the description 
both of nuclear and of electronic magnetic reso- 
nance and relaxation. It was successfully applied 
to the study of line shape in nuclear and electronic 
resonance in a weak constant field (hwy « kT).°~8 

In this paper we obtain with the aid of the method 
of Kubo and Tomita the equation of motion for the 
magnetization vector of a system of magnetic mo- 
ments coupled by electric exchange and weak mag- 
netic dipole-dipole interactions. The coefficients 
occurring in these equations may be calculated in 
specific cases. 

2. The expression for the components of the 
magnetization vector 


M(t) = Spe (t) M (2) 


is determined by the density operator f(t) which 
obeys the equation of motion: 


ino (t) = H (t) p(t) 0 (t) & (0), (3) 


where 
H(t) =H —Mh(t), M= gus dij, 
7 (4) 
and h(t) is a variable radic-frequency field which 
is assumed to be weak, h(t) « Hp. < 
Following Kubo and Tomita® we write the time- 
independent part of the Hamiltonian 3% in the form 
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Toe Hs | HK’, (5) 
in such a way that 
[HM] =[H1, Ho) = 0. (6) 


In order to do this we assume that 3¢, contains 
in addition to terms which do not depend on the 
spins ij, other terms that describe electric ex- 
change interactions, while the operator 


b) 


KH, = — hWo >) Tes h@o = LiLo Hy (7) 
i 


determines the interaction of the magnetic mo- 
ments with the external constant field Hy = Hy. 
The operator 


Hl = 2s Dd) re le — 3 (ijrjs) (Lie rje) / Fe) (8) 
i>k 


is regarded as a perturbation. 
To solve the equation of motion (3) we set 


0 (t) = exp(—i#ft /h) 0’ (t) exp (iH | h). (9) 


Then in the new representation we shall have for 


p’(t) 


inp’ = [6" (t), M(OIh CE), (10) 
where 
M (t) = exp (i#t |b) Mexp (—i Ft | h). (11) 


On integrating (10) by the method of successive 
approximations we obtain, up to terms linear in 


h(t), 


™~ 


oo), M (t’)] h(t’) de 


(12) 


ae 
Further, in the same approximation we obtain 

from (9) 

t 


o(t)= tot \ fom —Aih(eya’, 18) 
where 
bo = exp {(F — #) [ kT} (14) 


is the equilibrium density operator in the absence 
of the radio-frequency field h(t) which is switched 
on at t=—. 


We introduce the following notation: 
Mey = aE (Mx ats iM,) V2, My = Mz, (15) 
higy = (Act thy) i V2 hy = he, 


then 


M-h(t) == >)(— 1)* Maha = Dy Mah}, 


where a@=0,+1. : 
Now by using (13) expression (2) can be written 


7 


in terms of its components 


t ~ 
Ma (t) = Moa + >) \ 5 Sp po [Ma (t--2"), Ma] Ai (t’) at’, 
(16 


—oo 


where 
Mou S Sp 6). Ma 820, 


and where we have taken into account the fact that 


Sp [eo, Mg (t’ — t)] Ma = -- Sp 60 [ Ma (¢{—t’), Mel. (17) 
We introduce the tensor relaxation function 
1/kT 1 
Gas (*) =Sp pe \ s{Ma (ei 2) Mp 
0 (18) 


+ Mg (—*—ihs) Ma} do— Moa Mos, 


which, as can be easily seen, satisfies the following 
relations 


Gag (t=) = Gpa(—1), 
— dGapg (2) [dt = (i [ b) Spo [Ma (2), Mal. 


(19) 
(20) 


By noting that at t=t-—t’ the right-hand side 
of the expression coincides with the integrand in 
(16), we obtain 


—Mu=— 3h f 


Thus, to calculate the components of the magnet- 
ization Mg(t) it is enough to find the components 
of the tensor Gqap(T). 

3. To calculate the components of the tensor 
Gap (T) we shall write the expression for the op- 
erator Mq(t) occurring in it in the form of the 
following expansion: 


Mz (t) Gap (t)-h’, (t — 5) de. 


(21) 


t 


Ma (t)= M(t) + (1/in)\ Ma), He (A) de, 


(22) 
where Te 
M3 (t) = exp (Hot |b) Ma exp (—i#ot | h), (23) 
H' (t) =exp(iAot/h)H' exp(—iHWot/h). (24) 
Then 
Gas (t) = G&A (2) + Gas (=) + Gua (x) + (25) 


In the following we shall restrict ourselves to the 
approximation of Berend order in «’, 
; 0) , 
We obtain for Cries 
Ge = \ Sp ae be (Me (< — ihs) Mz 
. iE (26) 
+ M3 (—:—ike) Ma}ds —z. Mox Mop. 
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By utilizing (6), (7), (23), we obtain: 


Ma, (t — ihs) = exp (— iay t — hos) Ma: ee 


Now by noting that Sp PoMaMg =0 for a #- 8, 
we obtain 


. x 1 2 
GSB = (— 1)* Ya exp(—— £009 t) Oa, —3— pa Moz a0 9,0; 


(28) 
where 


Ya = Spoo{Ma|? sinh (aha / RT) / xhoy. (29) 


In the case of weak fields hwy <« kT as a result 
of the isotropic nature of the operator (14) in spin 
space we have 


Xe = Xa HX, = oH Xy- (30) 


In strong fields, generally speaking, xX, # Xj. 
(1) 


In the case of isotropic surroundings Gag = 0. 
This follows from the fact that a contains only 
the first power of 3’. oe 

For the computation of a?) it is convenient to 


a 


write the operator X’ in the form 


KH = dD) Pin’ ik, (31) 
where eee 
{ik} 40 = OTe ees 
GR} ny = FV 2 (Tj Leo + Lio Less): (32) 
Cik}o = Lin Feo + Yo Lita Pea + Tia Teta) 
eth V6n/5g? Lor Ts Yo, 49(9je, Pir)» 
Dj = — V6R/5 yg? yorje Yo, 1 (jes Pit) (33) 


D°, = = — VA 16x 15g o Lorie. Yoo (Pizs Pik)» 
YJm is the normalized spherical harmonic, and 
Laer Reith do, eve (34) 
By utilizing (6), (7) and (24) we obtain: 


He (t —ihs) = >) XP (— LAW — AhWy 5) HK: (t — iho), 
3 (35) 
where 
H(t — iks) 
ee tie 5) 3 g (36) 
= exp (Halt /h + H25) Fl, exp (— i Plot |h — Flq9). 
Now 
; LRT eit t, 
Gos (t) = — re \ ds exp (— (xy7) >i dt,\ dt, 
0 


ie 
EGG) 0 


x exp (— ihdyt, — id’ Wolty) Sp oy (exp (—(a-EA+D) hoops) 
X(N Ma, ont, —— 186) |, 2 (eno Ve) 
+exp ((% + + 2’) hays) 
X(Mp [% (to + ihs), (FH; (t) + iho), Mal])}. 


(37) 
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The magnitude of the trace does not depend on 
the choice of the origin of time, since the trace is 
invariant with respect to a unitary transformation 
of an operator which follows the trace sign: 

exp (iL AT ih nee OXDi (eee iH. ATa/ ti 
Therefore 

Spb» ([[ Mas Ha (t1— ins), Hiv (te — ihs)] Mp) | 

=exp(—i(x ++ 4+ B)@ AT) 


1 — ihs)], Hy (to — ihs)] Ms), 


x Sp éo ([[Ma, Hx (t 
from which we obtain 
atirtnri’+6=0. 


Since expression (31) for x’ contains spherical 
harmonics, only the terms with A =—A)’ differ 
from zero in averaging at t; =t, in the case of 
isotropic surroundings. For t, ~t, the terms 
with » =—A’ give the principal contribution to 
(37). Therefore, in accordance with (38) we may 
set a=—-B8. 

We then have: 


(38) 


1/kT t ; 
\ ds exp (— 1x97) d\as (« — 9) exp (iho, 9) 


O hee 0 


<Sp Gy {exp (— ahwye) [[Ma, Hr (—9—iho)], H_a (— iks)] M_a- 


4 


(2) 
Gas (*) = — 558 


+ exp (%hW 3) Me. [F_» (o + ihe), [Fl (its),Mal]}} 8a, —B» 
(39) 
where J =t,—t,. 


We introduce the notation 
» er 
age \ doSp om {EXP (— ahw9s) 
10) 


< Ma, %, (—9— ihs)],H3. (ihs)] M,, + exp (ahs) Mz 


X [Hx (9 — ihs),[H; (ibs), Mal]} = 7, Q2, fan (2) (40) 
under’ the condition fg, (0)=1. Then 

Gua (=) = — (— 1)* ya exp (— fay =) a(t) Fa,—p, (41) 

= 21% ae exp (1h) 9) far (9)d9. (42) 


The tensor Ggg(7T) can now be written in the 
form 


Gap (t) = (— 1) Xe, EXP (— 1097) (1 — Ha) Sa, —¢ 
(43) 


ee ~ Moz 6 orn) Fe 50+ 


As can be seen from (40) and (42), the function 
Yq(tT) has the following properties: 
Pa (t) = b (— 1) =f", (2). (44) 


4. If (43) is taken into account, Eq. (21) found 
above for the magnetization Mo determines its 
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variation with time in weak variable fields. The 
function ~q(T) can be obtained if the specific 
form of the correlation function fq, (t) is known. 
The function fg, (t) falls off rapidly with time. 
In the case that 


Our Te << ? (45) 


where Tg is the time interval that characterizes 
the function fg, (t), then we can use for va(T) 
the following asymptotic expression 


a (2) = > 9) Q2,\ exp (id, 9) fox (9) dd, t>0. (46) 
h 0 
The term neglected in the integra! (42) is of order 


(QoaTo)’. 
We can now write wJq(T) in the form 


us 


ba (t) = (1 / Ta) {[t] + ixAe,e, (47) 
where As 
a= 2%, Re | EXP (745 9) faa, (9) dd, (48) 
a 0 
x0, = 0%, Im| exp (1000p 9) fe, (8) d9. i) 
; 


Taking into account the fact that q(T) is 
small and the limiting condition G(#)=0 we ob- 
tain in accordance with (21) and (43), up to terms 
of second-order perturbation theory: 

Ma = Moa + Ya \ (ix) + ba (<)) 
0 


X exp (-— 1aW9t — ta (t)) Na (f — %) de. 


(50) 


The last expression completely determines the de- 
pendence of Mg on the time for a given h(t). 

It is now easy to obtain the differential equation 
that is satisfied by the components of the magnetiza- 
tion vector. On differentiating Mg with respect to 
time we obtain after simple transformations 

Ma + [ix (y + Ay) + 1] Ta] (Ma — Mao) 
= — [ia (m, + Amy) + 1/ Tal yah (t). 
By going over to the Cartesian coordinate system 
we obtain: 


Me + (1/7) Me = (1/74) x, Be (8) + My Ho — 1Mo hy (t) 
= (4, Ho — Mo) hu (2), 
My + (1/T .) My = (1/7 ,) x, Pv 2) + Mo he (d 
— (MH) +1 (%, Ho — Mo) Ax (4), 
eee t= Mi) SUT 1) rea, 


(51) 


(52) 


where 
1H, = My 1 Am, (63) 


and T; = Ty, and Tj =To are the transverse and 
longitudinal relaxation times. 

Equations (52) differ from the linearized Bloch 
equations (1) by their last terms, and also by the 
terms containing x, and X\j- 
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In weak fields, hwy < kT, as we have pointed 
out earlier, we have x, = yj = x independent of 
the field Hp. In this case Mp = XHp. 

The quantity y appearing in the equation differs 
from the gyromagnetic ratio for the free magnetic 
moment Yo = gu/h by the correction term (53) 


= Yo + Amy / Ho, (54) 
where Aw, is determined by (49). 
In the case W9Tg K 1 we obtain from (49) 
Ay / Hy = > 2% | Mod fan (9) ad. (55) 


0 

In the case under consideration this correction to 
y is due certainly not to the spin-orbit interac- 
tions, which were not taken into account, but to 
dipole-dipole interactions. The magnitude of the 
correction depends in an essential manner on the 
nature of the thermal motion of the magnetic mo- 
ments and on the exchange interaction. When 
WyTg > 1 the correction to the gyromagnetic ratio 
can be neglected: 

The condition for the applicability of (52) is the 
inequality Qq@Te « 1. 

In paramagnetic solutions Te is the correlation 
time which is determined by 


Gp (Are > Vee (56) 


where a is the kinetic radius of the molecule. If 
we take into account that Qq, ~ uj/d°h, where d 
is the average distance between the magnetic mo- 
ments, then 


Qa te ~ (Anu? q / 3hRT) (a/ a)’. (57) 


For aqueous solutions of paramagnetic salts at 
room temperatures Qg Te ~ (a/d)® <1 and rapidly 
decreases upon dilution. 

For ferromagnetic substances at temperatures 
below the Curie temperature we always have 
QorATe K 1. 
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The hyperfine interaction of an F center electron with the magnetic moments of nuclei of 
the first coordinational sphere surrounding the vacancy is examined for the case when a 


static field of arbitrary strength is present. 
for F centers in a KCl crystal. 
frequency field are considered. 
are found to be allowed. 


The hyperfine splitting has been evaluated 
Transitions between hyperfine levels induced by a radio- 
In the absence of an external static field, these transitions 


Special attention is paid to paramagnetic resonance of F centers in which only one of 


the first coordinational sphere has a magnetic moment. 


In this case the frequencies and 


intensities of paramagnetic resonance absorption depend on the oriention of the crystal 
in the static magnetic field. The absorption intensity depends also on the orientation of 
the crystal relative to the vector of the magnetic field of the wave incident on the crystal. 


1. INTRODUCTION 


EXPERIMENTAL and theoretical investigations of 
paramagnetic resonance of F centers in ionic crys- 
tals have been reported by several authors.‘~® An 
essential feature of all these investigations has been 
the presence of strong magnetic fields, i.e., the in- 
equality wH >A (wy is the Bohr magneton, H is 
the intensity of the external staticmagnetic field, 
and A is the hyperfine splitting constant). In this 
case the correct quantum numbers are Sz and Iz. 

Quantum transitions under the influence of a mi- 
crowave field satisfy the condition AS; =+1, Al, 
= 0. It becomes possible to obtain the shape and 
half width of the spin-electron resonance curve. 

The Gaussian form of the curve, which is obtained 
theoretically, is in good agreement with experiment. 

It is of interest to consider paramagnetic reso- 
nance of local electron centers for arbitrary value 
of intensity of external static magnetic field. Judg- 
ing from references 7 and 8, devoted to an experi- 
mental investigation of paramagnetic resonance in 
hydrogen and deuterium in weak magnetic fields, 
we can likewise expect qualitatively new features, 
not inherent in the spin-electron resonance in 
strong fields, in paramagnetic resonance of local 
electron centers in crystals. 

Of particular interest is an investigation of the 
possibility of realizing paramagnetic resonance in 
the absence of an external static magnetic field. We 
develop below the theory of paramagnetic resonance 


of F centers for arbitrary value of the intensity of 
the external static field and, in particular, for zero 
field. 


2. HYPERFINE SPLITTING OF ENERGY LEVELS 
OF THE F CENTER IN THE PRESENCE OF AN 
EXTERNAL STATIC MAGNETIC FIELD 


The spin-Hamiltonian of the system under con- 
sideration can be written? 


6 
Ve ul (gS; = X gu le : 


+ Dd) ae (Ste) + > 2 Anil eeeoe Phe (1) 
k=1 fit | g=1 
and 
= (4npet/TeS) |) (or =9)(?, 27 = gouepn/u, 
be ( *%¢ Ol] y- 
Apak = -Sr, e Ox, a, (2) 


where g is the Landé factor of the electron; gnuc 
is the nuclear g factor; wy is the nucleon mag- 
neton; S, I,, S, and I,, are the spin vectors of 
the electron and the k-th nucleus and their projec- 
tions on the Z axis, uw, is the magnetic moment 
of the k-th nucleus, and y is the wave function of 
the F center. The integration in (2) is in a frame 
with origin in the k-th nucleus. 

Separating the Fermi terms in the last compo- 
nent of (1), the spin-Hamiltonian of the system is 
more conveniently rewritten as 
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- Se Llk ae 


8 (3) 
a Anaad p Pe) Ph 


a 


+e An (SI,) + wis S) 


k=1 R=1 g=1 


Srp, | 
ASST iY (ge = 0) [%, (4) 


Apgk = == 


(5) 


SX ppX hq - _ 058 
Ty \ih Paes 


Estimates show that Apgk «<A, for F centers. 


Therefore the spin Hamiltonian (3) can be approxi- 
mately written 


Wa Wt (Se pil) AS <1), (6) 


It is taken into account in (6) that for all nuclei of 
the first coordination sphere the value of A, is 
the same (A, =A); I and I, are respectively 
the total spin of the nuclei of the first coordina- 
tional sphere and its projection on the z axis. 

The energy levels of a system with a spin 
Hamiltonian (6) have been calculated by Breit and 
Rabi?® and are written 


= Al/2+ pH (g/2—gJ) for F,=S,+1,=1 +4, 


(7) 


= Al/2—ypH (g/2—g,1) for Fz= —I—¥, (7a) 


Esq = — A/4 —pHg F2+Yellg + g,)? WH? (7b) 


eal (eg )eH PAM + */2)° 14 
In Eq. (7b), Fz assumes values from —I+ 3 to 
I — 3, and the indices 3 and 4 designate the aggre- 
gate of energy levels. It follows from (7) that the 
energy levels correspond to definite values of Fz. 
This quantum number, however, does not determine 
the levels uniquely [see (7b)]. It is therefore con- 
venient to describe arbitrarily the energy levels by 
still another quantum number F, which character- 
izes the eigenvalue of the square of the total mo- 
mentum. The latter characteristic has meaning 
only if H=0 (F=1+4% and F=I-%). We shall 
assign the first value to the E3 level and the sec- 
ond to the E, level. All energy levels of this sys- 
tem are obtained from (7) at different values of Fz 
and I. 

By way of illustration, we calculated the numer- 
ical values of the energy levels for the alkali-halide 
crystals with lattices of the NaCl type (halides of 
K, Na, Rb, and Li). The spins of the nuclei of the 
metal ions in these lattices are %. Using the rules 
for addition of vector operators," we obtain for the 
total spin of the six nuclei in the first coordinational 
sphere the following values: 
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N determines the statistical weight of the quan- 
tum state corresponding to a definite I. 

Available data on double paramagnetic reso- 
nance”? !2:13 make it possible to determine the bind- 
ing constants of the spin Hamiltonian (1). In par- 
ticular, for the spin-Hamiltonian of the F center 
in KCl we obtain for the constant A [Eq. (6)] 
A/u = 15.48 gausses. We note, furthermore, that 
in high-accuracy numerical calculations it is pos- 
sible to neglect the second component of the Zee- 
man term of (6), since it is on the order of 1074 
of the first term. 


It is easy to see that the total number of levels 
9 


in this case is S) 
claculations of the energy levels in the presence of 
an external magnetic field have been carried out for 
H = 50 oersteds. Since we do not wish to clutter up 
the article with tables, we omit the numerical val- 
ues of the energy levels and cite only the transition 
frequencies. 


2(21+1)=200. Numerical 


3. QUANTUM TRANSITIONS IN THE SPECTRUM 
OF HYPERFINE SPLITTING. SELECTION 
RULES. INTENSITIES OF PARAMAGNETIC- 
RESONANCE LINES 


The wave function of the system is written 


® = Cyy, (Iz) Yop, (Sz) + Cox”, (/z) Ky, (Sz) 


[Cs (F 2) XP 4th (/2) Xa, (Sz) (8) 
F,=—I+f2 


+ Cy (F 2) Xr) (Lz) X1,(S2)I- 


Here x and y’ are the electronic and nuclear spin 
functions respectively, while C are the linear- 
combination coefficients. 

The inclusion of the perturbation (6) removes 
the degeneracy completely and leads to the appear- 
ance of 200 levels. Each level has its own wave 
function, obtained from (8) by substituting into this 
expression the corresponding set of coefficients C. 
We note that for levels with F, =I+2% and F, = 
-(1+4%) only one of the coefficients differs from 
zero. For levels having the same values of Fz 
only C3(F,) and C,4(F,) differ from zero. They 
are determined by solving the system of equations 


[Ws (Fz) — E] Cs (Fz) + Waa (Fz) Cy (Fz) = 0, 


Bid / : (9) 
Was (Fz) C3 (Fz) + [War (F 2) — El Cy (Ez) = 0, 
where W33(Fz) and Wy,(Fz) are respectively 
the diagonal matrix elements of the states with 
I=F, +3, S,=—-2z and I=F,-3%, S,=32, while 
| W34(F,)| =|W43(F,)| is the non-diagonal ele- 
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ment, constructed from the wave functions of the 
state indicated above: 


Ws (Fz) = — pl g/2 — (A/2) (Fz + */2), 


W aa (F 2) =v g/2 + (A/2) (Fz —- 2), (10) 

Waa (Fe) = Was (Fe) = (A/2) (0 + Fe + *h) (0 = Fe + "ad 
with the normalization condition 

(Ge0F lt ae Ga (Fe) ee Lt (11) 


We finally obtain the following system of wave func- 


tions ; 
OD, = kikyy,» (12a) 


M, a rae ae (12b) 
URES ORV Es eee a Cy OF 3) Lema isle) 
DP) = C5 (Fay nit On) i eae (Led) 


In (12c) and (12d) Fz assumes values from —I+ 3 
to I-—¥%. C’ corresponds to the value of energy E, 
obtained from (7b) using the root with the positive 
sign; C’ corresponds to the negative root. The 
first three wave functions in (12) describe states 
characterized by F =I1+ 4%, while the last one 
describes states with F =I-3. 

It follows directly from (9) and (11) that 


1 


C3 (Fz) = — Wa (Fz) / [Wa (F 2) +[Ws3(Fz2)-E}\', 
(18a) 
Ca(F2) = (Wea (Fz) — E) | (Wa (Fz) + [Wea (Fz) — EP)”. 
(13b) 


Using (13a), (13b), and also (7b), we can show 
that 


Cx(P) SG, (Fae Cs OSC). (14) 


Going to the limit of strong fields, we obtain the 
following values for the coefficients: 


C3 (F:) —> 0; Cale a le 


CNR eae Gale) =, (tS) 


A radio-frequency field produces transitions 
between the stationary states of the system which 
were considered in Sec. 2. 

The solution of the corresponding Schrodinger 
temporal equation is sought in the following form 


og = D,®, + D,W, 
(16) 
[Ds (Fz) D3 (Fz) + Dy (Fz) Ps (F2)], 
Fz=—I+"h 

where D are time-dependent coefficients. 

As usual, at the instant t =0 all the coefficients 
D, with the exception of one, are assumed to be 
zero. Atatime t #0, according to perturbation 
theory, ’ 


t 
Diets (1/c%) \Va eXp {L;~7} dz + 8;z, 


) 


(17) 
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where the index k indicates the level from which 
the transition takes place to a certain level i, and 


V = —(peH’ (t)), om == (Ei — Ex) /t. (18) 


To calculate Dj; it is first necessary to deter- 
mine Vj. It is easy to see that all the matrix 
elements Vj, can be obtained by applying the 
perturbation operator (18) to the functions and 
6), and also to the system of functions 3 (Fz) 
$,(Fz). 

The first two functions correspond to levels E, 
and E,, while the third and fourth functions are 
ascribed to leveIs E3 and Ey. We therefore en- 
counter a total of eight different types of matrix 
elements Vj. The calculations yield 


Vi0 ae 0 for I == (), 


Vie=Youg(H.—iHy) for 1=0,., (19a) 


Vis = Yopg (Hx — iH,) C3(F2)8 (Fz, 1 — Ye). (19b) 


The symbol 6(F,, I-—%) indicates that the 
matrix element (19b) differs from 0 only for tran- 
sitions from level 3 (when F, =I-—3%) to level 1. 
For the remaining values of Fz, the transitions 
from levels 3 to level 1 are forbidden. Inserting 
into (19b) the values Fz =I- % and the values of 
the coefficient C3(F,) for F, =I-g [from (13a)] 
we determine Vj43. 

Analogously we have for the matrix element Vj,, 
Vo3, Vag, and V33 


Vie = Y/opg (Hx —tH,) Cy(F2)8(F2,1— Ys), (196) 


Vos = "ug (Hx + ify) Cy(F2)8(F2, —1 +), (194) 

Veg == 1/y ug (Hy + iH,) G (PRS (Ps, oa, I —- Bo Ng (19e) 
Ves = Youg (He — iy) Che) Cy Chai Wien hae eh eo 
The matrix element V33 corresponds to a tran- 

sition from the level Fz, to the level FE =F, +1 

Vas = Youg (Hx + iy) Cs (F2) Cy(F2) 8 (Fz, FP +1). 
(19g) 

When calculating V3, it must be borne in mind 
that the transitions possible here are both between 


identical Fz and between different ones. Accord- 
ingly, three matrix elements of type V34 appear: 


Vea = Yo ugh? [Cy (FL) Cy (Fe) 


} ‘ ib 
— C3(F?) C3 (F)]8(Fi, Fz) wg 


Vea = aug (Hy + iH,) Cy (FF) Cy (F2)8(Fz, FP +1), (191) 
Vor = "/2ug (Hx — iHy) Cy (FP) C3 (F2) 3 (Fz, FZ —1). (193) 


It follows from the above that selection rules 
AF, =0 apply to transitions caused by the com- 
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ponent Hy, of the alternating field, while selection 
rules AF, +1 hold for the transitions correspond- 
ing to the components Hx and Hy. 

Expressions (19) allow us to determine the prob- 
abilities of the corresponding transitions; multipli- 
cation of the latter by the statistical weights of the 
states yields the intensities of the absorption lines 
in relative units. 

The results of calculations are shown in Figs. 1 


and 2. 


4, FIELD-FREE PARAMAGNETIC RESONANCE 


In this case the Hamiltonian (6) becomes 


W = ASs 1. (20) 


Intensity, relative units 


ab eo 4 


wo 20 =< 40~SC«S*S:*=«SSSCSC*«S 
Frequency, Mcs 


1 


Its eigenvalues are 
E=1/. A[F(F + 1)—/(1+1)—S(S+1)]. (21) 


In view of the fact that F assumes only two values, 
two levels E(!) = AI/2 and E() = —(A/2)(I+1) 
correspond to each value of I. The transition fre- 
quency is E(@)— R@) = a(r+ 3). 

It is interesting to investigate the possibility of 
quantum transitions between levels E() and E@), 
Using the results of the preceding section, it is easy 
to show that when H=0 only the matrix elements 
Via, Vo4, and V34 will play any role (V4.2, Vi3, V3, 
V33 and V4, are not significant, since the corre- 
sponding levels have merged). It is convenient in 
this case to retain the previous coordinate system 
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(H =H,) and speak of transitions caused by the 
alternating-field components Hy, Hy and H;,. If, 
for example, the vector of the alternating magnetic- 
field intensity is oriented along z (H, component) 
the intensity of the corresponding transitions is de- 
termined from (19h); if we put H =0 in the coeffi- 
cient C and, taking into account the degeneracy of 
the levels with respect to F,, add the intensities of 
the transitions in the interval from F, =-—1+ 3 to 
I — 3, we obtain 


[C3 (Fz) Ca (Fz). 


F g=—-I+'/r 


(22) 


The relations (14) are taken into account here. Put- 
ting H=0 in Eqs. (13) we get 


C.F). =—[5(1- ae aie (23a) 
i.) || (23b) 

Inserting (23) into (22) and summing, we get 
eae nee (24) 


Ss pees te 
The intensities of the individual lines in relative 
units are obtained by multiplying (24) by the statis- 
tical weights of the states with definite I — N. 

Analogous calculations, but using (19i) and (19k), 
also lead to expression (24) for the two other com- 
ponents. 

It is thus obvious that, for an arbitrary orienta- 
tion of the external alternating magnetic field, the 
intensity of the lines of field-free paramagnetic 
resonance is again determined by the product J’N. 

The results of the calculation of the frequencies 
and the transition intensities (in relative units) in 
field-free paramagnetic resonance are shown in 
Pigs. 

It is easy to show that the intensities of the lines 
of field-free paramagnetic resonance are comparable 
with the intensities of the lines of spin-electron reso- 
nance in strong fields. It therefore becomes possible 
to realize field-free paramagnetic resonance expe- 
rimentally. 


5. DEPENDENCE OF THE FREQUENCIES AND 
INTENSITIES OF THE ABSORPTION LINES 
ON THE ORIENTATION OF THE CRYSTAL 
IN AN EXTERNAL STATIC MAGNETIC FIELD. 
DEPENDENCE OF THE LINE INTENSITIES 
ON THE DIRECTION OF THE POLARIZATION 
VECTOR OF THE ALTERNATING MAGNETIC 
FIELD 


In Sec. 2, in considering the hyperfine splitting 
of the energy levels of the F centers, we omitted 
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terms of the form 


6 3 
p ep arn Be es 
Ors » > A pat! kay 0p: 


k=1 p, Q=1 

We now find the corrections to the energy levels 
and to the wave functions of the system, by consid- 
ering Q as asmall perturbation. In view of the 
fact that the energy levels are not degenerate in 
the zeroth approximation, the correction to the 
energies in the first approximation are determined 
by the diagonal elements of the matrix Qmin, con- 
structed with the functions #, and ,, and also 
with the entire system of functions corresponding 
to the levels E3; and Ey. The calculations yield 

S| 


(25) 


Qu= i> Agel, (26a) 
k=1 

Qoo = Qu, (26b) 

i 9 ees 1 

Qss = [2 (Ca (Pi Cs (Fa) ig 
— 50,(F.) Co (Fe) VE + fa)? — F2| D) (la)h Ato» (260) 

k=1 

Qu = a (F2) —C3 (Fz)) — ‘ 


Bet Ke Via FS) Ul Ae (26d) 


=! 


> 


The symbol (ips for the matrix elements is bor- 
rowed from reference 11. In obtaining formulas 
(26) we used relations (14) and the equality Ay, + 
Ako + Ak33 = 0. It must be borne in mind that the 
spin Hamiltonian (1), and consequently also the co- 
efficients, are written in a coordinate system that 
is connected with the external static magnetic field. 
In specific calculations it is convenient to calculate 
expressions for the coefficients in a frame with its 
origin in the k-th nucleus, but with the z axis 
along one of the crystallographic axes. 

The corrections (26) to the energy depend only 
on one of the coefficients Af 33. It is easy to show 
that 


Abas = Ay afs (A33 — Aj,) ne: (27) 


where 


= (Amp pu/ ST) | b (Pe = 0) Pa Ay = Ass, 2A + A33 SS, 


and A33 is given by expression (2), while n; is 
the cosine of the angle between the directions of 
one of the crystallographic axes and the external 
static field. 

Insertion of (27) into (26) and the subsequent 
calculation of the energy terms and frequencies of 
the absorption lines cause, naturally, the position 
of the line in the spectrum to be a function of n3, 
i.e., to depend on the orientation of the crystal in 
the external static magnetic field. 
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TABLE I 
AF, =0 AF,=+ 1 

Frequency, ela | Frequency, | Ttensity 
Mes | tive units Mcs tive units 

54,.51+4+5.146 nj} 0.198 | 56.044+8.54 n? 0,948 

50,49+-0,438 n3 0.394 | 52.5 42.35 n? 0.848 

45 ,22—4 578 ne 0.589 | 47,85—2.51 ne 0.749 

38.51—8, 058 n2 0.779 | 41.86—6,32 n2 0.654 

29.45—11,46 ne 0.952 | 33.98—9.76 ne 0.552 

| 15.51+0.234 n2 0.390 


Specific calculations have been made for the F 
centers in an MgO crystal. In this case the task 
becomes simpler, for this crystal most probably 
has two types of F centers:'4 (1) F centers in 
which the first coordination sphere has no nuclei 
with magnetic moments different from zero; 

(2) F centers in which one of the nuclei of the first 
coordination sphere has a non-zero magnetic mo- 
ment. 

It is obvious that for the F centers of the first 
there will be no such angular dependence. Calcu- 
lation of the angular dependence was made for the 
F centers of the second type. By way of an exam- 
ple, the field was assumed to equal 10 oersteds, 
and there were calculated frequencies and intensi- 
ties of lines that are sufficiently remote from each 
other and were easiest to resolve experimentally 
in the spectrum. The results of the calculations 
for two directions of the polarization vector of the 
incident wave are given in Table I. 

The wave functions can be calculated in the first 
approximation using the ordinary procedure of per- 
turbation theory. Cumbersome calculations, but not 
difficult in principle, make it possible to determine 
the wave functions in the first approximation, and 
to calculate with the aid of the latter the probabili- 
ties of the transitions under the influence of the 
radio-frequency field. By way of an example, the 
calculations have been made for two arbitrarily 
chosen levels (with F=I1+4, Fz =I1+ 3% and 
F=I-—3, F,=I-— 2), the quantum transitions 
between which were then considered. 

The square of the corresponding matrix element 
was found to be 


19 { A"2 ee QsaC,, (F,) 
Vi, = PH? {es ye O0. (Es) Feoee 
(Ay = Ag) V2! ( CHE) | CRE) \ or Fr] 
: Bice ioeboe (sre eae 


%8(F2,, Ft + 1)8(Fz, I —"e)- (28) 


Inserting into (28) the values Aj, and Abo 
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TABLE II 
Direction 
along 
which the Frequency Intensity according to (29) 
ions are 
located 
[010] 56 .04+-8 54 sin?Q | 0,928 -— cos?Q (0.0705 sin*y,. — 
[010} —0,00555) 
[100] 56.04+-8.54 cos?Q | 0.9225 + sin2?Q (0.0705 SIO are 
[100] +0.00555) 
{001} 06.0% 0.9225-+0.0705 cos*y , 
[004] 


yields, after subsequent calculation, 
(uA) °V2, = 0.9225 + 0.005552 + 0.0705n7, (29) 


where n,; is the cosine of the angle between the x 
axis (which determines the polarizationof the alter- 
nating component in the magnetic field) in a coordi- 
nate system stationary with respect to the static 
field, and the z axis of the local system of coordi- 
nates. 

It follows from (29) that the intensities of the 
lines will depend on the orientation of the crystal 
both relative to the external static field and rela- 
tive to the component of the alternating high-fre- 
quency magnetic field that causes the transitions. 

To obtain the angular dependences of the inten- 
sities and frequencies for any ion of the first co- 
ordination sphere, we introduce, as in reference 13, 
the following angles in the principal system of co- 
ordinates: (1) y and 2 to specify the vector H, 

(2) 8 and @ to specify the z axis of the local 
system of coordinates, and (3) yx and 2, to spe- 
cify the x component of the alternating magnetic 
field. 

For y = 90° (intensity vector of the external 
static field lies in the xy plane of the principal 
system of coordinates), we obtain, for the sixth 
of the frequencies (see Table I), the summary of 
the angular dependences of the frequency and in- 
tensity listed in Table Il. 

Estimates show that the angular dependences 
of the frequencies and intensities are sufficiently 
large to be experimentally observable. 
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We consider the construction of a wave function of a system of un nucleons, with prescribed 
values of isobarin spin T, from the wave functions of individual states Ni, No,...Ny that 
are not coupled vectorially. The number of independent states with a given T is determined 
by algebraic methods. The problem is primarily of interest in relation to the unified model 


of a light nucleus. 


Rieeecis experimental data! evidence that the 
generalized model of a nucleus with a strong coup- 
ling between the particle and the surface holds not 
only for heavy nuclei, but also for elements between 
O'* and Ca** (1d and 2s shells), i.e., where the 
isobaric spin is a good quantum number for the 
lower states. In connection with this, it becomes 
necessary to evaluate for the Nilsson model? in 
this region the parentage coefficients? necessary 
to calculate the matrix moments of the operators 
F=f; or G = Ugif. 

In this paper we make a general analysis of this 
_ problem and derive ageneral formula for the paren- 
tage coefficients. 


1. NUMBER OF INDEPENDENT STATES 


The nucleon in the nucleus is characterized by 
the charge and by four quantum numbers, for ex- 
ample nlj2, where © is the projection of the nu- 
cleon momentum on the symmetry axis of the nu- 
cleus. The particular form of this set of numbers 
is immaterial in our problem. We denote this set 
by N. 

The wave function of n particles is 


WNeNow ee Nel Toye lint; (1.1) 


where T is the isobaric spin, Tz= Z—2A is anti- 
symmetric over all particles if the charge coordi- 
nate of the nucleon is introduced. 

It is easy to see that by changing the order of 
the nucleon coupling we can obtain other independ- 
ent states from (11); Such states are identified by 
the symbol a. The number of such independent 
states is determined by the theory of permutation 

| groups‘ in the following manner. The antisymmet- 
ric function W is constructed from the spin-orbit 
functions lA] (x) and the charge functions 

rll (r), where A is the symbol of the Young 
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tableau, r is the Yamanouchi symbol,‘ while [X] 
and [f] are the symbols for the tableaus that are 
conjugate® to [A] and r in the following manner 


ve Tete (f1)- tiny som (r) Teles G: 


r 


(1.2) 


where flA] is the dimensionality of the representa- 
tion of the group Sy of permutation of n numbers, 
with [A] determining the isobaric spin T.° It is 
necessary to determine how many independent 
states ol] (r) exist with given [A] and r. 

We first consider the case when all Nj are dif- 
ferent (at least one number out of four different 
for each compared pair). 

We introduce 


-Na(n)>, 


i.e., ®) is simply the product of individual func- 

tions. All the functions Pd) for all n! permuta- 
tions of the number of states P are orthogonal to 
each other. From these we construct the functions 


O, SN ONO (1.3) 


(1.4) 


ol) D,, 


where wll are the normalized orthogonal Young 
operators,‘ [A] is the symbol for the Young tab- 
leau, while r and s are the Yamanoochi symbols. 
The symbols [A] and r represent the permuta- 
tion properties with respect to permutation of par- 
ticles, while the symbols [A] and s pertain to 
permutation of the number of states. 

All the states wll &q (i=1, 2, flA]) are or- 
thogonal to each other. In addition, since 


Pol) — So (P) woh (1.5) 
t 

(where all T) is the matrix of the irreducible 

orthogonal representation" of the group S,) any 

state with specified [A] and r can be expressed 


in terms of these states. Thus, if all Nj are dif- 
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ferent, the number of independent states with 
specified T is flA] ss 

Now let there be one pair of identical Nj, for 
example, N,;=N»,. Then 


@, =| N, (1) Ny (2) Na (8)..-Na (a) (1.6) 


has the same properties with respect to permuta- 
tion as 


[2-- Pyo] Dy, (1.7) 


where ¢€ is the unit of the group; Py, is the per- 
mutation of the number of states 1 and 2; [€ + Py] 
= 2el?] is the symmetrizer with respect to the num- 
bers 1 and 2, and the function 4) has the same 
properties with respect to permutation as yp. 

Thus, the problem reduces to the following: how 
many of the operators 


Cer) I Seon ees (1.8) 


are linearly independent? 

The problem is solved by successive expansion 
of wl] in idempotent operators of the Young tab- 
leaus with an ever-diminishing number of cells* 
until wl\] assumes the form of an operator prod- 
uct on the right end of which will be either elt1] — 
as anti-symmetrizer over numbers 1 and 2, or 
el2); 


el1lel2) 0, eel?! == ell. 


Thus 

oftl 8) — oll, 
if in a table of sj the numbers 1 and 2 are in the 
first row (i.e., [A] = [Aq, Ag,...,Am] should have 
A, = 2), and 


in the opposite case. The number of non-vanishing 
operators ofA) Jel2], as can be readily concluded 
from the above, is fl\* 1, where [A*] = [Ag,...-Am] 
is the Young tableau without the first line. All are 
independent of each other. 

Finally, let us consider the case of k identical 
pairs N from a total number and n = 2k. It is 
necessary to determine how many independent op- 
erators will be among 


IA) {2 2}2 2)p 
wp! eeliplzle : ce! Vr 


eisai (1.9) 


where el2]; is the symmetrizer over the j-th pair 
of states. Making use of the results of the foregoing 
analysis and solving the problem by analogy, we find 


that the number of independent operators is el] 
where [AK] is obtained from [A] by removing 
the k upper rows, each of which consist of two 
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cells. The number of independent operators equals 
the number of independent states. 

The method of constructing the function oA) 8 
wlAlo (where © is % or 4, etc.) i.e., the 
Yamanouchi symbol s, is determined, as can be 
readily seen, by all the intermediate particle coup- | 
lings over T: 

| (N\No) Ti, N3, T1238) +++; 


= (fl2)—% Domory (x (1), (2). 


IM ae lie 


1.10) © 
ED) Lol es) ( ) 
Actually, the transition from Ty. to Ty3 etc. de- | 
scribes the successive filling of the Young tableau 
by numbers; this determines the Yamanouchi sym- 
bol. 


2. PARENTAGE COEFFICIENTS AND THEIR 
CALCULATION 


The parentage coefficients make it possible to 
express the complete asymmetric wave function of . 
n nucleons in the form of a linear combination of 
antisymmetric wave functions of n—1 particles, 
vectorially coupled through the isobaric spin with 
the wave function of the n-th particle. In the spin- 
orbit portion of the wave function, there is no vec-- 
tor addition: 


HANGIN o & 


.N,aTT 2) 
= DPN NGS NGO NUNS NS ee vo 
OTs 
< [AIMS <<. Neg Neues ONG 0 cen ee 
[| Nios. MeqNeu as Nae Ne anee 
= >) (PEAT ae) (2.1) 
fis Ty (1) 
xX |NiN,... Ns iNsas ..- Naw TT 2 | No cz (nt). 
Here <N,N,...NyoT|'N,...Ng_jNgqqs- Nyala) 


is the parentage coefficient. We shall use hence- 
forth a shorter symbol: 


Na Niscc 5 Naa Ni ane cert Verge 
== (nxT |(n — 1)52’T’S; 


N,x'T’) 
(2.2) 


Tz(m) in formula (2.1) is the projection of pe 
isobaric spin of the n-th nucleon. (T’T* , aT7 (m) | 
T’5TTz) is the Clebsch-Gordan coefficient. | 
To calculate the genealogical coefficients we use | 
the Redmond method.® If we take some state [Ny . 34] 
Nj-yNi,...Nyga”T”, Nj(n):TTz> from the right 
half of formula (2.1) as the initial state, and act onit, 


with the antisymmetrizing operator 0 =1 — De Pigs 
k=1 
we obtain, with accuracy to within a normalizing 


factor Q, the antisymmetric state | NyNo. 
NneTTz >. The operator Pyy is the operator of 
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TABLE I. Parentage coefficients for n = 3 
(NNN: 0T | (2),7’, N> 


1 
Nee i 
| | 
os | 4 Z ! 2 
A 2 | 
NG iy i 
‘iad TY By ty 3s 172V3 == hi 0 4,2 
ile aie 76 3473 12V3 VS | 1 2ve 
3 pose as Nie ja 
[s VS Weed Vas 41V3 
< N,N,N Dis | N,N, O, Ny» =—1, V 6, <N1N\No} Bil N,N, 1, Ny) ee 1j/V2, 


NN We 1/2) NiN10, Nd = 1/3 


permutation of the spin, isobaric, and ordinary co- 
ordinates of the k-th and n-th nucleons. Multiply- 
ing (2.2) by |Ny...Ng-yNg41...Nno’T’, Ng(n):TTz >* 
and integrating over the corresponding variables, 

we get 


Q <naT | (n — 1),0’T’> 
Se eer ee, EVA Tz! 6! Gi Vio TaN; Gt) RT eS 


n—l 


(2.3) 


Nea) oT Tz! Pani (n—1) aT oN 2 TT 2. 


Consider the matrix element of the permutation 
Pn-i,n- This is best performed if we use the paren- 
tage coefficients to separate also the (n—1)-st 
particle: 


Pra,al(2—1)a"T’, Ni(n): TT z> 
= Ia Dy <(n —= 1) CETL (1 a Doh Sls” > 
alT’r 


ee eT ON (nh WEP) Nin TT 
=) <(a— l)o"T" | (n — 2)” TD 
N;(n —1):TTz> 


(2.4) 
Sea — Dy aT CIN: (ny eT’; 


Dd) <(a— Mea" | (n — 2)ire"T"> 


(CULE RG fs 
x [(a — 2)i-a"T”, Ni(n— 1):T'; N,(n): TT z> 
1 vi 1 ia ala ip ple ahs pi dens PU) Ww 
x U(s7 fe adie on) ea elie 
The last transition is carried out by introducing 
the Racah coefficients U(3T”T3; T”T’), which 


are connected with the Racah coefficients W as 
follows 


‘U (abcd; ef) = V (2e + 1) (2f + 1) W (abcd; ef). 


It is now easy to obtain from (2.4) the permuta- 
tion matrix element Py-j,n, which enters into the 
right half of (2.3). If all Ng are different, we ob- 
tain for s #i, by using the orthogonality of the 
single-nucleon functions with different Ng, 


(aS Ya Ns (ny eTT A Pan ie een NG) eee 


ae Di (eral nce Na 12) ae 


aT" 
EA Oke Ne Oe (2.5) 
x (Ss i ae} (ete cle es. ey 


When s=r, the matrix element is obviously equal 
to! zero. 

From the antisymmetry of the functions that de- 
termine the matrix elements of the operators Phy 
in (2.3), it follows with respect to the permutation 
of the particles 1, 2,...,n—1, that all the matrix 
elements in (2.3) are identical and have the value 
given by Eq. (2.5). 

We thus obtain for the case when all Ng are 
different 


Q <naT | (n — 1)5a’T’> = 8 (is) 6 (a’a”) 8 (T’T”) — (n— 1) 


x(1—8(is)) DY <(n—1)sa’T" | (n— 2)isa"T") 
a’Tu 
(2.6) 
x <(n— l)ga’T" |(n — 2); 7") 
Pe a OE MA EIR EE PAY 


To determine the normalizing factor Q, we multi- 
ply (2.2) by its complex conjugate and integrate over 
the corresponding variables: 


Q? = C(n — 1) a"T”, Ni(n):TT Z| O| (a — 1)a’T", Ni (an): TT z 


A— 


1 
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(2.7) 


OMG = Dac Neate 


From calculations analogous to the proceeding 
ones, we find that Q? =n for the case when all 
Ng are different. 

According to the Pauli principle, the same Ng 
can be found among Ny, No,...,Ny not more than 
twice. Consequently, the most general case is that 
when the N,N,...Ny contains k pairs of equal N, 
i.e., when the wave function of the n nucleons has 
the form 
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TABLE II. Parentage coefficients for n= 4 
(NN 2N3N4@ T | (3), %'7’, Nyy 
Tat 1/,a Web $/s 
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aoe | | | 
Oa 4/2 ye == thie 1/2 0 V3/4 —V3/4 0 
Ob 0 a YT SS) Rye 0 Aye —1/4 1/4 1/2 
ta SUAS 1V6 adh VGH 0 (3, Vik ASV Quel endo Veer 0 1/6 — (6 1/6 4/2 
1b 0 4/4 —41/4 4/2 LDV 3), = Vise 1/4V 3. 0 1/V6 0 —1V6 0 
te 1/28. —1/4V3 | 1/4V3 0 1/3 =e 5/12 4/2 AWA AO || ees AO Sid Gl IG 
me —1/2 1/2 Se 4/2 


<NiN\N2N20 | NiN2N2*/2, Nay = 1/ V25 CN\NyNoN2 0] NYNiNo 4/2, Nod = 1/V25 


<N1N,N2Ng0| NiN2No 4/2 @,. Ni = (1/2V2); <M N23 0| NiN2N5 3/26, Niy =V3 /2V2; 


«NN N2N3 0 | N,N,N3 Vo, Ne oe <NiN\NLN3 0 | NiN\Nog Vo, N3> = lig; 


<N\N\N2Ns3 1 | N,N2N3 lo a, Ny = (1 /2 Veo CNN, NLN3 1 | N,N2N3 1} b, Ny» =>— 1/2 V6; 


<NiNiN2N3 1! NiNiN3 12, No> = — Yo; <NiNiN2N3 1| NiNiN2 4/2, Ns> = 1/2; 


/NN\N2N3 1) NiN2Ng 3/2, Ni =4/ V3 


|N,N,N.N,. . NeNeNepiNnere- . 


The formula for the parentage coefficients is de- 
rived for such a state of a system of nucleons in 
the same way as (2.6). We finally obtain 


SN cath ase 


<naT |(n — 1)sx’T’> —— Osan" Orr — (n—1) 
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x <(n—1)ja"T\(n—2) 1 aT"? (2.8) 
In the case of a purely proton or purely neutron 
configuration, i.e., in the case of maximum isobaric 
spin, the wave function is merely the Slater deter- 
minant and it is obvious that 
n—1 


(Waly, ee pee One 


z 


nn 
C1 l= 


Not all the states |naTTz>, obtained with the aid 
of all possible initial states, are linearly independ- 
ent. It is necessary to select from among them the 
linearly-independent and the orthogonal states. This 
selection is made easier by the fact that if all Ng 
are different, the initial states |(n-—1);a’T’> and 
|(n-1)jo”T”> lead to mutually orthogonal states 
of the n nucleons. It is also useful to know the 
total number of linearly independent states, which 


we have determined by algebraic analysis. A unique 
construction of the wave function is possible only 
from experimental data, but for the cases of prac- 
tical importance, when all the nucleons in the con- 
figuration form pairs, or else there are one, two, 
or three nucleons that form no pairs, the matter 

is rather simple, since the number of linearly- 
independent states does not exceed two. 

Tables I and II give the parentage coefficients 
for n=3and4. For n=8 our coefficients coin- 
cide with those of Yoshida,? whose results, how- 
ever, are incomplete. The calculations were car- 
ried out with the aid of formulas (2.6), (2.7), and 
(2.8) and can be extended without difficulty to in- 
clude the case of more particles. 
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A general formula is derived for the 8-y correlation of 6 -decay electrons and circularly 


polarized y rays emitted by the excited daughte 
are considered. The calculation is performed fo 
with the nuclear Coulomb field, in particular the 


r nucleus. First-forbidden 6 transitions 
r an arbitrary mixture of 8 couplings, 
so cailed “Coulomb terms,” taken into 


account. Two special cases are considered, unique and Coulomb transitions. 


OME of the experimental consequences of parity 
nonconservation in weak interactions! is the appear- 
ance of spatial asymmetries in the angular distribu- 
tions of 6-decay electrons and circularly polarized 
y rays emitted by the excited daughter nucleus. A 
theoretical calculation of the degree of asymmetry 
for first-forbidden £8 transitions was given by 
Alder, Stech, and Winther.” Assuming the £6 in- 
teraction to be a mixture of the s, t, and p co- 
variants, they calculated the angular distribution 

of B electrons and of y rays emitted immediately 
following the 8 decay. They included effects due 
to the nuclear Coulomb field but neglected the 
terms which, in heavy nuclei, give rise to so called 
“Coulomb” transitions. 

The aim of the present work is to study the b-y 
angular correlation of circularly polarized y rays 
in first-forbidden 8 transitions, in particular in 
Coulomb transitions, for an arbitrary mixture of 
covariants and including Coulomb effects. 

The probability that ina y transition following 
B decay the y ray is emitted at an angle 6 with 
respect to the direction of the electron momentum 
is given by 

W (W) = DiBataPr (cos) (2R + 1), (1) 

R 

where fp is a coefficient which depends on the 
characteristics of the 6-decay (interaction coup- 
ling constants, nuclear matrix elements, electron 
and neutrino energy and momentum, nuclear charge ), 
and yp is a coefficient that depends on the charac- 
teristics of the y transition (spin of the final nu- 
cleus, multipole order). The quantity R, which 
determines the order of the Legendre polynomial 
PR(cos @), is related to the order of forbiddeness 
1 by 0<R<= 21+ 1, and varies between 0 and 3 
in the case of first forbidden @ transitions. 

The quantity yR can be calculated for an arbi- 
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trary y transition — pure electric, or pure mag- 
netic, or mixed. In the case of a pure transition 
yR does not depend on the transition type and is 
given by 


(R= Cron’ V Gh + 1) (2L £1) W (jeigRL; Liz), (2) 


where j, is the spin of the excited nucleus formed 
after 6-decay, j3 is the spin of the final state to 
which the y-transition proceeds, and L is the 
multipole order of the y-radiation; 4=+1 cor- 
responds to right- and left-circular polarization 

of the y ray. CER is a Clebsch-Gordan coef- 


ficient? and W (j.j3RL; Lj.) is a Racah coefficient 
tabulated in reference 4. 

Occasionally the nuclear y radiation is a mix- 
ture of electric radiation of multipole order L+1 
and magnetic radiation cf multipole order L. We 
denote the ratio of the amplitudes of electric and 
magnetic radiations in the mixture by a constant A, 
so that the ratio of the corresponding intensities is 
A’. For such a radiation 


R= Gas ae + 1) (2L + 1) W (jojsRL; Liz) 


fo POL ete te iaay y 
$VAY see apg Cote V Ch +) QL +1) W 


ee : =n L+2 SS 
% (jnigRL: L-+ lja) + 4°CrHY*® == V Qi + QL +3) 


YW (joisRLE +1; 2 + je). (3) 


W(@) is also given by formula (1) if angular 
correlation of a 6 electron with any y ray from 
a cascade accompanying the 6 decay is considered. 
In that case yp will depend on the characteristics 
of that y transition as well as on those of the y 
transitions preceding it. Thus, if an excited nucleus 
of spin j, is formed following f decay, which 
emits successive y rays of multipole order Lj, 
L,... Ly as it cascades through the levels of spin 
j3.--jn+g, the angular correlation function W (@) 
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of the electron and n-th y ray will contain for a 
pure radiation 


Tr = Cie V Qints + 1) Ln 


Ly-tn 


Fl) W (ints inte REn Lain) 


n—1 
x I V (iets =k W)(2jepe+ 1) W jet LiRji+e; Jito]ita), 


t=1 


(4) 
and for a mixed radiation 


= (Ci ings + 
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Ly—tpRO0 


= 2u, An + hy alas} Es ptl—p, 


(Qints = DCL, +53) 
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3) W (intifnteaRLn + Ike toe ae 1 jn+s)] 


2hiaa ae 1)(2ji+2 Ar 


where A;, A,...A, describe the relative amount 
of electric and magnetic radiations in the y tran- 
sitions Ly, Ly...,Lly, and py gives the circular 
polarization of the n-th y ray. 

The quantity BR is calculated in this work for 
first forbidden f transitions without taking into 
account finite nuclear size corrections. It has the 
following form: 

Be =D f (I,J, R) 


file 


V 2je + IW (Jj Riss jot’) - (6) 

Here j; and j, are the spins of the nucleus be- 
fore and after the 8 transition, and J and J’ rep- 
resent the total angular momentum of the electron- 
neutrino pair and may be equal to 1, 1+1 where 1 
is the order of forbiddenness. W (Jj,Rjo; jod’) is a 
Racah coefficient.’ f{(J, J’, R) is a complicated 
expression which depends only on the interaction 
coupling constants and nuclear matrix elements. 
The form of f{(J, J’, R) for a general first for- 
bidden transition is given in the Appendix. Some 
special cases, easy to interpret, are discussed 
below. The calculations were performed with the 
6 -interaction Hamiltonian as given by Lee and 
Yang.! 

The electron wavefunction can be written as 
follows:° 


o. = [4-1 + By, + Cipr-1 + Dip-ry, 


jell ly Ve AZ 
ge at ae, A= "ely. + Vac, 
2 : = 
CathP +i n=t EK, pa—if,; 
Li 1, = ee 
D=—iFt MaiF+B Je, 1, =~i— eZ, 


_ 121 (2y, +1) T (ya + éaZE/p). 
P(2yo+41) Pv +iaZE/p)’ 


(7) 


Bo = [2Reg,, |<r/M1 |? —2 V2Re(g,,+ g,.)<r/ Or 
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where p is the electron momentum, E its total 
energy, Z is the charge of nucleus 1, Y4, Y are 
four-by-four matrices, and u¢ is the unit two- 
component spinor. 

It is easy to see that this form of %e will give 
rise to three types of terms in first forbidden 
transitions: relativistic terms, whose matrix ele- 
ments are of order vn /c (vn is the nucleon veloc- 
ity in the nucleus), ordinary nonrelativistic terms 
of order pRy (Rn is the average nuclear radius), 
and Coulomb terms of order @Z due to the nuclear 
Coulomb field. In heavy nuclei the Coulomb terms 
are dominant and all others may be neglected. Beta 
transitions of this type are called Coulomb transi- 
tions and they are in many respects similar to or- 
dinary allowed transitions. However there is one 
important difference. Whereas in allowed f# tran- 
sitions terms testing time reversal invariance ap- 
pear as small corrections, in the case of Coulomb 
transitions they can play a leading role. This cir- 
cumstance makes a study of these terms particu- 
larly interesting. 

Whereas the quantity yR can always be calcu- 
lated from the formulas (2) to (5) if the spins of the 
excited states of the final nucleus and the multipole 
order of the y rays are known, the computation of 
BR is complicated by nuclear matrix elements 
which can be estimated only with great difficulties. 
This naturally leads to a consideration of various 
special cases of the general formula where the 
number of unknown nuclear matrix elements is at 
a minimum. 


1. COULOMB TRANSITIONS 


This type of transitions is found in heavy nuclei 
when the conditions @Z >pRN and @Z >vy/c 
are satisfied. In this case BR depends on three 
kinds of nuclear matrix elements whose numerical 
value is unknown: <r/r>;, <(r/r) o> , 
<(r/r)o>,. All three enter into Aj =0 transi- 
tions, only <r/r>, and <(r/r)o> , enter into 
Aj =+1 transitions so that the asymmetry coeffi- 
cient depends on two ratios of nuclear matrix ele- 
ments in the former case and on one ratio in the 
latter. Aj =+2 transitions are forbidden. The 
quantity BR is given by 


<(r/r) 3>y 


+ 2Re fy, (31 <(r/r) aol? + 21<(r/12>a 91 (Xoa-t- + Xoo) 
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Since R can only be either 0 or 1 it is convenient 
to write formula (1) as 


W (OG) 1 A= cos §, (9) 


where v is the electron velocity and the angular 
asymmetry coefficient » is given in terms of BR 
and yp by 


(10) 
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Coulomb transitions are of interest mainly in 
connection with the question of time reversal in- 
variance. Should even one combination of the imag- 
inary parts of the interaction coupling constants 
turn out to be different from zero, violation of time- 
reversal invariance would be proven. It is easy to 
see that the expressions multiplying the imaginary 
and the real parts of the coupling constants behave 
differently, namely the former contain an additional 
factor a@Z/p which increases with decreasing elec- 
tron energy and increasing nuclear charge. Conse- 
quently a study of the energy dependence of the 
asymmetry coefficient A in heavy nuclei would give 
an estimate of the contribution of time reversal non- 
invariant terms in B decay. 

Recently a number of hypotheses have been put 
forward regarding the covariants involved in 8 
decay. One of them, proposed by Feynman and Gell- 
Mann and consistent with the two-component neu- 
trino theory developed by Landau!’ and Lee and 


Yang,® states that 
Cos CSIC = C0 CO 


In that case formula (8) becomes 
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Formula (12) permits the study of ratios of nu- 
clear matrix elements and can be used to determine 
unknown spins of nuclear levels. 

Examples of Coulomb f transitions are: 
ic Au’ An’%8 Bi2!2, Nope. 
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2. UNIQUE TRANSITIONS Aj = +2 


In this case, as a consequence of selection rules 
for the nuclear matrix elements, most of the terms 
in expression (16) are to be omitted. BR becomes 
independent of the nuclear matrix elements and is 
given by 
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The Xj; are given in the Appendix, formulas (17). 
As in the case of Coulomb £8 transitions the 

terms violating time reversal invariance have an 

additional factor aZ/p. If time-reversal invari- 
ance holds and the hypothesis (11) is valid the quan- 
tities BR may be calculated exactly since they are 
then independent of the interaction coupling con- 
stants. Omitting factors common to all BR and 

irrelevant for W(@) we obtain from (13) 
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<(r/r)o>9<ro> 7 : : 2V10 
(r/r)o>9<ro>2 [4Re g,X19 + 2Re (243 + Laa) Xo] Sigg 


C(r/r)o>1K1> 1 


= [2Re (Zt, AF a) X19 == 2Re (Sts + ge) X29] —_ (= SrRo <a 5 sen \ 
H 


. RADE Pe EPL hae 2 Tee! : } 4 y 

os: [4Re gpaXur + 2 (Gxt + Baa) X12] FV 28 Qy + [2Re (Sit -— Saa) Xis— 21m gay (x1 aye Kae) ee Sri 
. ‘ Pe = ; Fe , 2 VG 

[2Re (Gy — San) X10 + 2Re (Bat — Sta) Xo] P2 V3 Spo + [ARe SigXu + 2S + aa) X12] : SR (- use 


44 Re i et eV ise V 30. ; ere a j VE 
L [4Re g4qX19 + 2Re (84 + Baa) X20l e ae a (ee 3 go) + |2Re (844 — Baa) X18 2m gop | Xaz + = a) pee Sa 


€(r/r)o>1<rs>1 


‘ , site pepe ao r i oy eee { 10 

el 1273 7822 — [4Re B¢qX10 + 2Re (84 + Baa) Xeol FF 5 SRe + [2Re (S44 — Saq) X1s — 21M Boe be aren Xe)| p - 81 
rin . mere ae —— ve 

eT it [2Re gay {Xa EB + Xn) — ss + Soo) (Xa ile Xn) 38) 2 leg — £9) Kea alee Neale - dR 


<rirds (r1F) 99 [ARE (ei, — eet) Kos + 2lm (Bq — Gey) Xual EP 


ep eae es ; 
<r/M1 rir) os -- [2Re (oie) (Xo ea Xia) Rega Bra)( Kare Xee) |V 68, 


© f v . , , P p y < 
+ [2Re (Bra = Sst) Xe3 + 21m (fsa es Sot) X24] ae SR 
f 


1 ! 
C(r/r) 8 oA 7/r) Oo [2Re Sta Gar E Eg Xie) ea (4+ Saa) [Xu i E ke 38 p 


1 / ate iran / aaa ae 
<(rir)o>1<(r/r)o>a [2Re ea (Xe ey a Xs a (Sit 1 Saa) ( Xa1 a we. Xeo)| 2V 3 dpi =I (Siz a Laa) X23 + 2Im Latr24) , 


Comparison of these exact results with experi- E ales 2 4 \ 
ment makes it possible to check the validity of time ee (X Lae As) ee Mas cant Xia); 
reversal invariance for B decay. For unique 6 a = VR v (ay Px (15) 
transitions the experiments could be performed ; a aes ES 

; 91 A Hye ae ee S54 < = 
with the Y®! nucleus, for which j, = /, and j= 65 mag P(Xis + = Xu); 83 = BEAL X15 


‘%.° Formulas (14) then give 
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To summarize: the study of B-y angular corre- 
lation of circularly polarized y-rays in first for- 
bidden £-transitions is of interest in two cases: 
Coulomb transitions in heavy nuclei and unique 
transitions. Apparently only in these cases is a 
simple interpretation of the results possible. 

The author expresses his gratitude to Prof. I. S. 
Shapiro, who suggested this research, for valuable 
advice and constant attention. 


APPENDIX 


For a general first forbidden 6 transition the 
quantity f{(J, J’, R) [cf. formula (6)] has the form 


ee 


where <A->yg and a denote arbitrary nu- 


Pee, digs CBO (As lay R), (16) 
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is the sum of all possible products of pairs of such 
elements weighted by the factor K(A, B, R) which 
depends on their specific form. The table lists all 
nonzero values of K(A, B, R) for different pairs 
of matrix elements <A>jy and <B>y-. In the 
calculations <A>y and <B>y were assumed 
to be real. 

The table contains a number of abbreviations. 
The quantities gyz and gy, stand for the follow- 
ing combinations of coupling constants: 


g,, = CC; eC Cee, 


Syz Guzen oe 


= CC es 


Here Cy, Cy are the coupling constants for the | 
U, py aetems 


covariant y (y corresponds to s, 
where the primed ones take into account parity non- 
conservation in 6 decay. 


clear reduced matrix elements. Thus f(J, J’, R) The quantities X; have the following values: 
4 1)2 272 F2 4 272 E , +41)? + Le U1, 
X= ee — Xp a Nee, (i Ds 
eal a*Z*(E2 +1) |. aZE ' Gere ea .aZ ; ' 
Xs=O [it Det 2) +S Sant]; X%=—go [Et iS —nt ); 
pe ( VFB : ; _ aZ ; x, az? aZ 
7= 3° [le (tr + 1) (y2 +2) + 272? p + ia ZE (y2 — 41 + 1]; Xs= go (at i+ 3)o, Xy = iz 2p ; Nip = Va; 
aZE Zz 2 E2+4 2 OZ? E 
Xn =F ln) = Bet vn—v—S 40s Xe =" [et 2 +e]; x = pe S 
an 2)? 27? r Vier a J ee — 2 
Xue ice os z ; Xoo he Ga); Xi = it GEO J at, 
OS Gy 3 (ie 88) Ee (Gee 2) (ye SHE) rer ig -¢[S= es ee jeEI IE ee: 


_ (yi —1) B24 41, a8Z?, 
Pall = 4 p ! fe 2% 2p 


The general expression for f(J, J’, R) con- 
tains a number of reduced matrix elements satis- 
fying definite selection rules in the total angular 
momentum J(J’) of the electron-neutrino pair 
and in parity. Our notation for the reduced matrix 
elements differs from the generally accepted one, 


<r), = (jel Ya () a): 


<ro>, = (felT,, (0,9) i); OSI <2, |p—-fj<J 


Pee : 
(0) = — Fp Fall P10 (> Pn) |i): 


Polit 
<r, =(h r 


“1 (r) | 


(r/r)s>,= (ie|| 


eT) 3) lis); 
Note added in proof ( August 28, 1958). Recently 
M. Morita and S. Morita published an article (Phys. 
Rev. 109, 2048 (1958)) containing formulas for B-y 
correlation of circularly polarized y-rays for ar- 


— {2 
xe ees 


J=1, 
Sje thi, yes; 


Jia lige—hix<d 
is); J=1, lie—hh <I <b +i, yes; 


d= O31, 


ay 272 
Mop = Ue : Noa = aZ (17) 


but it simplifies the final results. We give these 
matrix elements below in the notation of Rose and 
Osborn!? together with the appropriate selection 
rules. Nuclear matrix elements differing by the 
operator 6B =y, were assumed to be the same. 


lix—fpl<J<gp+h, yes; 


il pg : : : 
{sy = Fp (ell Yor) e-pli)s J=0, b=, yes; 


Shot iv yes; 


Le Tell So fe ape ees (18) 
ee BG a ee ee 
bitrary mixtures of covariants but without interfer- 
ence terms between the s, t, p and v, a covari- 
ants. The case @Z > 1 is considered, but the con- 
cept of Coulomb £8 -transitions is not introduced. 
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GREEN’S FUNCTION FOR THE RESONANCE RADIATION DIFFUSION EQUATION 
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An analytic expression for the Green’s function of the resonance radiation diffusion equation 
has been derived for the case of a homogeneous infinite space. The properties of the Green’s 
function have been investigated for dispersion and Doppler spectral lines. An analytic expres- 
sion has been derived for the mean time required for photon to move as a result of diffusion 
over a distance greater than some prescribed value. In conclusion, the Green’s function has 
been determined for the stationary equation and its asymptotic expression is. given in explicit 


form for a dispersion spectral line. 


1. INTRODUCTION 


The theory of resonance radiation leads to a Fred- 
holm integral equation of the second order relative 
to the concentration of the excited atoms. Biber- 
man?’ formulated this equation for stationary prob- 
lems under the following assumptions: (1) all the 
atoms have one resonant level, (2) the diffusion of 
the atoms can be neglected compared with the dif- 
fusion of the photons; (3) one can neglect the re- 
duction in the number of normal atoms due to ex- 
citation or ionization of some of the normal atoms; 
(4) the role of negative absorption is unimportant; 
(5) the mean-free-path time of the photon is small 
compared with the duration of the excited state of 
the atom; (6) the frequency of the photon emitted 
by the atom is independent of the frequency of the 
absorbed quantum within the limits of the given 
spectral line. 

The integral equation of diffusion of resonance 
radiation is first encountered for non-stationary 
problems in the papers of Holstein.?? However, 
since he investigated the rate of emission of the 
gases by determining the cessation of their exci- 
tation, Holstein was interested only in the first 
eigenvalue of the equation, which he calculated by 
the Ritz method. 

We shall show here that by retaining Biberman’s 
assumptions and by considering the diffusion of 
radiation in an infinite homogeneous medium it is 
possible to obtain an analytic expression for the 
Green’s function f(r,t) for this problem. 

In this case the function f(r, t)dV is the prob- 
ability of the excited atom staying at the instant t 
in the vicinity of the point r, if at the initial in- 
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stant of time (t =0) the space contains only one 
excited atom, located at r=0. The unknown 
Green’s functions should satisfy the following 
equation, considered in the papers of Biberman 
and Holstein, 


ee (=, ||P Il) 


|r—r,|? 


art oe 9 = \\e dv dV, 
V 


4 
—(=+ elf, 2) (1.1) 
with the initial condition f(r, t)=6(r) when 

= 0. 

The following symbols are used in Eq. (1.1): 
T is the average lifetime of the excited state of 
the atom, o is the probability of an extinction 
collision per single excited atom, and v is the 
frequency of the photon. The functions ¢€, and 
k,, characterize the shapes of the emission and 
absorption lights respectively. 


2. SOLUTION OF THE RADIATION DIFFUSION 
EQUATION 


By virtue of the symmetry of the problem, we 
have for a homogeneous unbounded medium, 
f(r,t)=f(r,t), where r is the modulus of the 
WECUOIE 18. 

We use the Ambartsamyan transformation.! 
We write Eq. (1.1) in a rectangular system of co- 
ordinates (x, y, z) and integrate it over the two 
variables y and z from —o to +o, 

Let us consider the transformation term by 
term. We have 


GREEN’S FUNCTION 139 


ee fos) 


Vi VP FPS, t dy dz mlz \ A(t;-¢) fdr, 
cao |x| 
where r? = x? + y” +2", 


We introduce the notation 


Ali 2) = On \ f(r, t) rdr. 


ied 


Differentiating Eq. (2.1) with respect to x we find 
i (%, t) = — (1 /2kx) OA (x, t) / Ox. 


(2.1) 


(2.2) 


Next we have 


Pe exp[— & |r —r"|] 
\\ dy dz = 2x Ei(k,,x —x’' |). 


jul iv P 
Here Ei is the exponential integral. 
We thus obtain for the function A (x, t) a one- 
dimensional integro-differential equation. 


co @ 


- - \ \ Svky Ei (hy |x — x"|) A(x", f) dv de’ 


—(S+s)A(s2) (2.3) 


with an initial condition A(x, t) =6(x) when 

t =0. We apply the Fourier transformation to 

Eq. (2.3), denoting the Fourier transforms with 
the same symbols as the originals, merely chang- 
ing the arguments from x to p. We find 


oe c aay de 
OA rt) _ T= A (p,t)\ evky Ei (up) dy — (+ +2) A(p,0). 


ot 2t 
0 (2.4) 


The initial conditions becomes A(p, t) = 1/vV 27 
when t=0. 
By definition 
i vente C Ei (ky | x |) ef* dx 
Ei (hyp) = a5 \ (fy | */) 


—co 


co 1 
ve exp (—R, |x 1/2 
= \ elPpx P( v | y) dydx. 
y 
—O 


After integrating first with respect to x and then 
with respect to y we get 


; Ca 
Ei (4p) =—> YW = tan*Z- (2.5) 
Solving Eq. (2.4) and using Eq. (2.5) we get 


7p 


0 


le EN ee ener aha 
A(p,t) = Pee E (=| eyeytan ae os eee s)]. 


Using the inverse Fourier and Ambartsamyan 
transformations, we obtain finally 


et (/t+s) 
(21%)?r 


«2 { em exp {£s)} —1 Jd +2800), 26) 


h(r,t) = 


ule a -1_?P 
J (p) = =\ Syke tan Pea dy. 


0 
We shall henceforth replace the argument x, which 
denotes the distance between two points in space, by 
ry 


(2.7) 


Equation (2.6) gives a complete solution of the 
problem for an arbitrary form of the spectral line. 
The first term in (2.6) takes into account the diffu- 
sion portion of the solution. The second corresponds 
to the probability of the excited atom, staying at the 
point r=0 during the entire time t, without ex- 
periencing a single act of radiation or extinction. 

We turn now to the limiting case. Let the spec- 
tral line be monochromatic. Then 


k = 
J (p) = — tan te, 


(2.8) 
The Green’s function can be calculated further by 
approximate methods. Its asymptotic expression 
for larger values of r can be obtained by expand- 
ing J(p) in powers of small p and retaining the 


first two terms. We then obtain 


Cnr 0 C F tp? 
ae eS eae oe 


—co 


hatin) = 
29 
= (45Dt)—? exp (— ot — “a : (2:2) 
where 
Dock: 


The diffusion of monochromatic radiation is thus 
analogous in the first approximation to the diffusion 
of particles. This analogy was noted by Compton.® 


8. DIFFUSION OF PHOTONS FOR A DISPERSION 
SPECTRAL LINE 


A dispersion spectral line is defined by the 
functions 


ho oes 2 : 
Ry — 14 (2 (v a Vo) /Ay,] > yi : tAy, il ae {2 (v —Vo) PAvala ° (3.1) 


Here vy is the frequency of the center of the spec- 
tral line, Ave is the width of the line, and kg is 
the coefficient of absorption at the frequency Vp. 

If the spectral line is of this form, the integral 
(2.7) can be calculated explicitly.° For an asym- 
ptotic expression of the Green’s function it is 
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enough to know the behavior of the function J(p) 
for small arguments only. We determine this ex- 
pression: 


wa ek 
i(p)=\\ ; as — dudvy 
He ciara ala 
5 o 1 
ko \ \ 4 dpdew 
ae Care (ke 5 
—2v,/Av, 0 ( ea + pre 


where w =2(v—v9)/Ave. Since Ave & vo for 
the spectral lines of the atoms, the lower limit of 
integration can be extended to —«. Using the nor- 
malization condition of the function ¢€, and making 
the following change in the integration variable 


(kofpy) [1 + 0°) = x3 (p>, 
we obtain 
1 0 
a 40 / pp. c it dxdy. 
IM=1+5\ VE \ — ayes 


0 Ro| PU (3.2) 
At small values of p the lower limit of integration 
can be extended to infinity and the second term 
under the radical can be neglected. Then 
ap 
ee et (3.3) 
Inserting (3.3) into (3.6) we get 
i = Tine 0 C —ipr : ( t 21 pl 
fe.) = — a ae \ exp (— ge yf HE) ap. 
After making the substitution rp = g for the inte- 
gration variable and integrating by parts we obtain 
as the final result 


F UG a ae 
i (r,t) = on ai z (Y) i (3.4) 
where 
o(y) =y\ eta sing?dg; y= t/3e V 2kor- (3.5) 


0 


For very large distances it follows from (3.4) 
and (3.5) that 
Ne Ge 4 


i ae = oS SS eae 
AG ) (4x)? = Vikor r3 


(3.6) 


Compared with (3.9), the distribution (3.6) dimin- 
ishes slowly at infinity. This is explained by the 
slow character of decrease in the kernel of Eq. 
(1.1), as pointed out by Biberman.! 

The function ~(y) can be expressed in terms 
of the Fresnel integrals:' 


o(y) = Vy {siny?|+—s(y) | + cos fake —C(y) iz 
(3.7) 
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where 


y y 

7. = 2 ps 
SY) = re \ sin t?dt; C(y) = ve \ cos dt. 

0 


T 
0 
It is easy to verify that the distribution (3.4), 
like (3.9), satisfies the following normalization con- 
dition 
eo \ i Gt) Anrdr =a. 


7) 


(3.8) 


For the subsequent calculations we shall find it 
convenient to use certain integral relations. We 
have 
Tr 
\ Ati t)dn = —SWM—SWI—CY)I—CUY). 
; (3.9) 
Using the properties of the Fresnel integrals, we 


obtain the following asymptotic formulas 


r 


\ Ata dn~ x for y>~, 
= (3.10) 
\ Aft) arp a — = for y+ 0. 
0 
Furthermore 
t fo CO. 
2 / 1 1 t i Vee ; —2Y9 C 2d. 
| AGE sr ge ue COS q 9), 
i . t (3.11) 


\\4 (Ete dedi ae \4 (ry, t) dry + 2r\ A(r, 1’) dé’. 
4. DIFFUSION OF PHOTONS FOR A DOPPLER 
SPECTRAL LINE 


The Doppler spectral line, resulting from the 
thermal motion of atoms with Maxwellian velocity 
distribution, is determined by the functions 


ey = ky exp = oo Ving} ; 


a Ayp V F exp 
where Avy is the Doppler width. 

The integral (2.7) cannot be calculated in explicit 
form for a Doppler spectral line. For small values 
of the argument p, it is possible to obtain by the 
method indicated above the asymptotic value 


J(p)=1—YV xp/4ky Vink, — Inp. (4.2) 


Equations (2.6) and (4.2) lead to the following 
asymptotic expression for the Green’s function 
hy 


(4.1) 


(0) 


, eat a a 
Ft) == ga a Re | ee (4.3) 
0 a 
t Va p 1 
x eX — —— - 
P( Ti he arare ie 


| 
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For large optical distances kor, formula (4.3) 
can be further simplified to 


2 t et 


De —— , 
) (4m)? 7 kortV In Ror 


(4.4) 


It follows from (4.4), like from (3.6), that the 
photon distribution function f(r, t) diminishes 
slowly with increasing distance. 


5. NUMERICAL CHARACTERISTICS OF THE 
DIFFUSION OF PHOTONS 


The principal numerical characteristics of pho- 
ton diffusion, like those of any distribution, are the 
mathematical expectation value and the dispersion. 
The mathematical expectation value vanishes be- 
cause the function f(r,t) is even. The dispersion 
x? provides an estimate of the mean distance cov- 
ered by the photon during the time t. 

Let the photons diffuse without a change of fre- 
quency and in the absence of extinction (c= 0). 
Calculating r? with the aid of (2.9), we arrive at 
the Einstein equation r? = 6Dt. 

If the spectral lines have Doppler or dispersion 
shapes, the slow decrease in the function f(r, t) 
at infinity causes the integral that determines r? 
to diverge, and the foregoing arguments lose their 
meaning. We must forego the definition of the mean 
distance covered by the photon during the time t. 
We can speak, however of the mean time t required 
for the photon to shift more than a specified dis- 
tance r. 

Assume that there is no extinction. Then the 
expression 


\ 4ar2f (ri, ¢) dry 
0 
represents the probability of the photon staying 
within a sphere of radius r. Therefore 
6) ¢ Ne 
=. \ Anr?f (r,, t) drydt 


0) 


(5.1) 


is the probability of the photon leaving this sphere 
within a time dt. Consequently, the average time 

required for the photon to shift a distance greater 
than r is defined as the mathematical expectation 
value of the function (5.1) 


eee er ; 
eer \t op Aad (ra t) dr,dt. 
0 0) 
Let us turn now to the dispersion spectral line. 
Integration of expression (5.2) by parts and rela- 


tions (3.10) lead to 


(5.2) 


i= ( (sr (at) dridt. 


0 0 


(5.3) 
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Integrating by part once more 
loo} cor 
f =—2r\ A(r, t)dt + 2\ \4 (ry, t) drjdt. 
0 0 0 


These integrals have been given above. We there- 
fore obtain as the final result 


t= 3c V Ror/a = 1.7¢V/ kor. (5.4) 


Formula (5.4), obtained with the aid of an asym- 
ptotic expression for the function f(r,t), does not 
hold for small kor. In practice it gives correct re- 
sults even if kyr is on the order of several units. 

Since we consider the photon to have an infinite 
velocity, the time t owes its existence to the finite 
duration 7 of the excited state of the atom. Conse- 
quently t=n7, where n is the average number of 
photon reradiation events over an optical distance 
greater than r. From this we get 


fie VOR fie 


Holstein’? investigated the de-excitation of finite 


volumes of gas after cessation of the excitation of 

the atoms. He considered a planar layer of gas of 

thickness L and a cylindrical volume of radius R. 
For the mean de-excitation times of these volumes 
he obtained (using our symbols) the following ex- 
pressions, respectively: 


f= 2.2: VRL/2; T=1.6cVRR. (5.5). 


Comparison of (5.5) with (5.4) shows that Hol- 
stein’s results are close to ours. The difference 
lies only in the numerical factor, which is deter- 
mined by the configuration of the scattering space. 

Let us turn now to the Doppler spectral line. 
From (5.2) and (4.3) we find 


te Vip 1 
4 ky) Vinky—Inp 


x exp ( ) dpdr at. 
Interchanging the order of integration and perform- 
ing operations connected with t and r, we arrive 
at the expression 
kyr 
i= 2 thor \ 


— (2 


(Sa SO) Vin kr In x de, 


0 
where x=pr. If the optical distance kor is suffi- 
ciently small, then 


Loo) 

oe : | Ee if Sunes cos x 

t = 8x—Atkor V In Ror \ ( aes ae dx. 
0 


After integrating, we obtain the final result 


t= 8a—hthor V In Ror = (5.6) 


L.Ackor Vin kor. 
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Compare these with Holstein’s calculated results 


P= 19th —V Inky; F=1lekeoRVINAR. (5.7) 


His first formula is for a planar layer, the second 
for a volume with cylindrical configuration. Hol- 
stein’s relations (5.7) are in good agreement with 
experiment.® 

Comparison of (5.6) and (5.7) leads to the same 
results as obtained for a dispersion spectral line. 


6. CONCERNING STATIONARY SOLUTIONS 


Let a source of excited atoms act for an infi- 


nitely long time at a certain point in space (r=0). 


The distribution function f(r) satisfies in this 
case the equation 


co 


near exp (—k, |r —r1]) 
Tee | \ fobs fly) AP nd 
Vo 


—f(r)(S +2)+8(r) =0. Oa? 


Using, as previously, the Ambartsamyan and 
Fourier transformations, we find 


e tPF dp 
Oran (Dp) lay 


(6) 
f(r) > (2n)2r dr \ (6.2) 
where the function J(p) is defined by Eq. (2.7). 
Assume that there is no extinction and that the 
spectral line has a dispersion shape. Using (3.3) 


we arrive at the asymptotic expression 


f(r) 230 V wkor/2 (2n)?r?. 


The same result can be obtained by using the solu- 
tion of Eq. (1.1) and the formula 
f(r) =\ fer, tat. 
0 
In conclusion, I express deep gratitude to L. M. 
Biberman, who was in charge of this research. 
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A. Puce eiol gare) treatment is given of 2~-hyperon capture by deuterons with formation 
of A’-particles. A study of the polarization correlation of the strange particles yields in- 
formation on the polarization of the x -hyperon. 


A phenomenological study of 2~-hyperon capture 
by protons was recently given by Pais and Treiman.! 
The process is of interest for determination of the 
relative parity of A and 2 particles and for de- 
termination of the degree of polarization of the = 
particle using the decay process as analyzer. (As 
is well known, experiments on the “up-down” asym- 
metry coefficient in the associated production proc- 
ess give drastically different results for A and = 
particles which makes a determination of = polari- 
zation important. ) 

In this note we consider the capture of a polar- 
ized 2 hyperon by a deuteron 


Ded dos On + A (1) 


We assume that the spin of A and 2 particles is 
Wp . A quantitative study of this process indicates 
that it is of definite interest as a source of addi- 
tional information on the question of the degree of 
polarization of the x” particle. 

We investigated the capture process in the im- 
pulse approximation (cf., e.g., references 2 and 3). 
In this approximation the amplitude for the process 
has the form‘ 


Peete (1,2) dred (ty.3), (2) 


where the index 1 refers to the strange particles, 
and 2 and 3 refer to the nucleons composing the 
deuteron; 


o 


Ju = \¥F (ry, To, ts) Le (ti, Fe, Px) 9 (ty — ty) ar dryers 


(1 = 2,3), 


Wj and W¢ are the initial and final wave functions 
of the three particle system; and T is the ampli- 
tude introduced by Pais and Treiman, for x -hy- 
peron capture by a proton. 

Proceeding in a manner analogous to that of ref- 
erence 4 we find the following formula for the po- 
larization of the A particle produced in the cap- 
ture of a polarized =~ hyperon by a deuteron: 
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Rapa = > {JF Spl: (2, 3) T (1,2) ox My (2,3) T* (1, 2) 41] 
+|F*PSp {Is (2, 3) T (1, 2)on (2,3) T*(1,2)e1). (3) 


Here the trace is over the spin variables of all 
three particles, py =[1+py°0,]/2 is the spin 
density matrix of =~ particles of polarization py, 


1 


(2 3) = #78 + o,¢¢,], II, (2,3) = + 


[1 — o,+95], 
F* =\ 2" @,em-edp, 


yg is the wave function of two neutrons with rela- 
tive momentum g, %q is the deuteron wave func- 
tion, 2k is the momentum transferred to the nu- 
cleons; 


Ra => {|F7|® Sp [M, (2, 3) T (1, 2) ext, (2, 3) T* (1, 2)] 


+ |F*|? Splits (2,3) 7 (1, 2) pelle (2, 38) 7* (1,2). (A) 


As in reference 1, it is easy to obtain the following 
relation between pa, and py: 


RaPa = &Ppz +B (ps-N) N, (5) 


where N is a unit vector in the direction of motion 
of the A particle. 

The values of Rg, @ and 8 are determined by 
the type of transition from the initial to the final 
state and depend on the dynamics of the 2 -proton 
interaction leading to capture. We shall consider 
the various transition types separately. 


1. S—S Transition 


In this case the amplitude for = capture by a 
proton has the form 


T = a,ll, (1,2) + aI (1, 2), (6) 


where a, and a, are the amplitudes for the tran- 
sitions °S;—~%S, and 'S)—~'S) of the strange 
particle-nucleon system respectively (we use 
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standard spectroscopic notation). 
Rg, @, and B are given by the following ex- 
pressions: 


Ra = A A(11/a,? +3] a,|2-+ 2Reaas) | F-|? 


eA Gul cttae ae 2 Rede WE). (7a) 

@ = 7 {(25] a, + |ay|?-+22 Rea,at) | F-|2 
— (|? + |a2[?— 2Reaa’) | F* ), (7b) 
B= 0. (7c) 


For x © 0 (i.e., for small momentum transfer to 
the nucleons) one has F~ ~ 0 and pa =—py/3, 
independent of any assumption about the coherence 
or incoherence of the states with a; and a». 
Consequently, in this case it is possible to ob- 
tain definite information about the =” polarization 
by studying the asymmetry in the A-decay for both 
the instance where the 2 was captured from the 
continuum and where it came from an S-orbit. 
In the case of capture by protons the inequality 
pa, =p» is obtained only for transitions from 
S -orbits.! 


2. S—P Transitions 


= (3/3)'4O,N°S + V/30,NeS'Tl, + OgN°S’II,, 


where 


S = (4, + 9) /2, S’ = (0, — .) #2; 


by, by. and bg are the amplitudes for the transi- 
tions °8;—°P,, °S;—-‘'P,; and ‘S)—-°P) respec- 
tively. 


Ra =F {Sl P+ > le + $1631? + yTRe 6,6; 


+2 Reb,b* + a Re bbs) | F-P 


+(Jo? +5) b2|* + ylbs? 


a 2S Reb, 0,— V - Re 6,65 — V . Re 6,63)| F* pt (8a) 


4 


f 4 4 
aa t{— (jet [oe +4]o5]2 


+5) BReb.o; + 5 V/ 2 Rebs; 


+ VE Redes IF e+ (r+ + joe ++ op 


V Frenne + VF nen erp 


(8b) 


—YV 2Reb,b; — 
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4 ; 4 m 
a 4 {(3)a"+ = lo2/?+ |? 
+ 3V 2Reb:b;4 VOReb,b; += Reb.b; )i FP 


+(—F loP— | |b 


* 4 7. Rebibs )|F* Pt. (8c) 


Let us again consider the case k ~ 0 (experi- 
mentally this corresponds to the observation of a 
A particle with energy larger than a given Ej). 

If the =~ particle is captured from a discrete 
level the interference terms b,b{ and bab van- 
ish.! In addition, if the amplitude hb, of the tran- 
sition *S, —°P, dominates the others the simple 
expression pj ~ Py results. In the case when 
the amplitude by, or b3 (or both) 


Pa = /sPz — 2/5 (ps*N) N 
is obtained. 


3. P—S Transition 


In this case the amplitude T has the same form 
as for S—P transitions with the unit vector N 
replaced by the unit vector n in the direction of 
the relative momentum of the (2 —p) system. In 
the final expressions for Rq, @ and f an aver- 
age over n was performed. 


Ra ee 5 | cy|? — RC et 
=e V = Rect + 


+(Iak — 


ae ee Re ¢,c; — Vy i Re cat’) | Fp}, 


5 ley -E = |és| V9 React 
(9a) 


1 


a= = {llal®— gleel? — glee? —3V 2 Re cc} 


— VY 6Reccs -b 4 V BRecac}) (FoR 


f 9 fl ) 9° 
+(lak+ | fool? gg les|?@—VBRe cc? 
aa Ve Re cyct +273 Re C2C5 aan (9b) 
B = 0. (9c) 


Here cy, Cg, C3 are transition amplitudes for 
*P; > 4s,, Py — 3s, and 3P,—'s, respectively 
of the (2~-—p) system. 

Considering again the case x * 0 and taking 
into account the fact that all three amplitudes c,, 
Cy,, and c3 are incoherent (i.e., all interference 
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terms vanish), we obtain the inequality 
[P= < Pa < py. 


The limiting value pa ~ py occurs when the 
amplitude c;, dominates the others; the other lim- 
iting value pa ® vA P> is obtained when one of the 
amplitudes cy, cs is dominant. 

As was to be expected, these results could be 
obtained by averaging the equalities found in sec- 
tion 2. 


4. P—P Transitions* 
T = (8/4) \- dy [4NenlI, — 3iS-[Nxn] — (nS) (N¢S)] 


+ d, [iS [Nxn] + (nS) (N-S)] + Y/ 2iS'-[Nen] (d5Il; + dT) 


4 2d5 (N+) II, + +d, [(N-n) Tl, — (nS) (N-S)] }. 


The amplitudes dj, dy, d3, dy, ds; and dg 
refer to the transitions *P, —°P,, *P, — °P,, 
9p, 'P,, 'P,; —°P,, 'P;—'P, and *P,— %P, 
respectively of the (2° —p) system. 

If the conditions for. incoherence are satisfied 
we obtain (after averaging over n): 


Ra = F{(FIGP + Fl del? + 3s}? +1 a? 


+ del? +42 Redydt)| Fri? 
3 3 


BE a tae Pda) ee 


) 


Re d.d* \yrtp fo 


el V2 
+ =| de |? 2 


(10a) 


*There are a number of misprints in reference 1. This is 
true in particular of formulas (7) and (9) and of the form of the 
P > P amplitude. 


(97 9 2 1 
=a ||? +-[d,!?-+-Jd5|° era ag 


a 


Oo P * ls 14 19 9 9 9 
SAY 9 Reddy )|F?+(F ae | de |? —ld5°— F 1 de |? 
— 9/7 9Re dads) F*P}, (10b) 

nel 97 , 

Pie 5g {( ag (dP -+ =p heal? = ilids |? 

hy |d a9 Rededy )| F-|? 


rs 4 é 
+ (= Flal?+Flde|?-b Sls? 


+ Zldsl? + ldo |? +e Red,dy )j F*]*4. (100) 


In conclusion the authors thank Prof. G. R. 
Khutsishvili for useful discussions and advice. 


Note added in proof (November 24, 1958). The 
amplitudes of Pais and Treiman! characterize the 
transition of the strange particle-nucleon system. 
On the other hand in the deuteron case it is neces- 
sary to consider transitions of the system strange 
particle — two nucleons. However it is clear that 
for xk * 0 the two definitions coincide. 
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1759 (1958). 

2G. F. Chew, Phys. Rev. 80, 196 (1950). 
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A theory of relaxation of the magnetic moment of ferrodielectrics is given. It is shown that 
exchange interaction between the spin waves causes first a Bose distribution to be established, 
with given non-equilibrium values of the square and projection of the magnetic moment on the 
axis of preferred magnetization. Because of magnetic interaction and interaction due to the 
anisotropy energy, equilibrium values of these quantities are gradually attained. The relaxation 


times are computed. 


Ik The kinetic and relaxation phenomena in ferro- 
dielectrics are determined by various processes of 
interaction of spin waves with each other and with 
phonons. The strongest interaction between spin 
waves in the temperature region ®¢ > © > 

@c (uMy /®o)/" (ce is the Curie temperature, pu 
the Bohr magneton, and My) the magnetic moment 
of such a region) is the exchange interaction that 
establishes a Bose distribution of the spin waves. 
This distribution, however, does not correspond 
to the equilibrium value of the magnetic moment. 
To the contrary, since the Hamiltonian of the ex- 
change interaction commutes with the total mag- 
netic moment of the body ‘Wt and with its projec- 
tion of the axis of the lightest magnetization Witz, 
the latter quantities can be arbitrary. 

The transition to equilibrium values of these 
quantities, together with the equalization of the spin 
and lattice temperatures, is due to the magnetic 
dipole interaction between the spin waves, to the 
interaction caused by the anisotropy energy, and 
to the interaction between the spin waves and the 
phonons. All these interactions are weak com- 
pared with the exchange interaction between the 
spin waves, and the relaxation of the magnetic 
moment and equalization of the temperatures are 
therefore slow compared with the establishment 
of the Bose distribution for spin waves with speci- 
fied values of magnetic moment. 

The first to be established is the equilibrium 
value of the absolute magnetic moment. This 
process is caused principally by magnetic dipole 
interaction. The equalization of the spin-wave and 
lattic temperatures and the establishment of the 
equilibrium value of the projection of the magnetic 
moment on the axis of the least magnetization are 
slower. 
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2. The Hamiltonian of interaction of the spin 
waves with each other or with phonons can be rep- 
resented in the following form 


Hint = Se ate Kw =P a a a5 ile 


where Ho and #y are the Hamiltonians of the 
exchange and magnetic interactions, SC, is the 
anisotropy energy, and Hy is the Hamiltonian 
that describes the interaction between the spin 
waves and the phonons. 

To find %., we start with the expression for 
the exchange energy of a ferromagnet:! 


dM, 0M, 
Ox; OX; 


gree (ae \ dV, 


2 
where M is the magnetic moment per unit vol- 
ume and a is the exchange integral (a = @ga?/ 
2uMy, and a is the lattice constant). Let us put? 


M* = Mz + iMy = (4uMp)“a* [1 — (u/ M,) a*ay", 
M- = M, —iM, = (4uM,)"[1 — (u/M,) atal’a, 

M; = M, — 2ua‘a, 
where at and a are the spin-wave creation and 


absorption operators, satisfying the commutation 
conditions 


(1) 


[a(r), at (r’)) = o(r—r’). 
Expanding the operators a ina Fourier series 


, 1) a 
Gti os CRN 
k 


at (= View Die ag ines) 
k 


we obtain the following expression for the exchange- 

interaction Hamiltonian 
BP ew 
ibe — VW S| 


a 
kik kk, 


{(ky — ky)? + (ks — ky)? — ki — k2} 


(2) 


x AMM, (k, + ks —k, — ky), 
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where 
l,k=0 


gal clatter 


ob 
and ak, ak are the operators of creation and anni- 
hilation of a spin wave of momentum k. These op- 
erators satisfy the commutation condition 


[ax, at] = A(k—k’). 
The number of spin waves with momentum k is 
Ny = apa. 

The operator Kg is responsible for the scatter- 
ing of the spin waves by the spin waves, i.e., for 
transitions of the type ny, mg, n3, ny—n,+1, 
No — Tons? 1. ny. 

The Hamiltonians yw and Ke are defined by 
the formulas 


Hw = — &VpM,/V 
whe (3) 
x > “5 Get GLA (kab ke k;) + compl. conj., 
1 


ki kok, 
aot al >! Oy, Ay.,046, 0, A (ky + k; — kp — ky) (4) 
ViiieeZa Ks , 
k,kok,k, 
where £ is the anisotropy constant [the latter 
expression can be obtained from the anisotropy 
energy 2B f (M&+ Mj) dV]. It is easy to see that 
the operator Sy is responsible for the processes 
of the merging of two spin waves into one and for 
the splitting of one spin wave into two, i.e., for 
processes of the type ny, ny, n3 ~nyt1, no—-1, 
n3—1 and ny, ng, n3—ny—1, not+1, ng+1. The 
Hamiltonian Hg, like He, is responsible for the 
scattering of the spin waves. 
The energy of the interaction between the spin 
waves and the lattice can be represented in the 
following form*4 


; 5 (OMIM ay 
Hea = bs\ ai ay, Hie + »\ ae ae tet > 


where uj, is the deformation tensor; 6, and 6, 
are constants connected with the exchange integral: 


6, = 8, (O¢/ Mo) a’, 82 = 1/982 (8c / Mg) a* 


(8, and f, are quantities on the order of unity). 
We have written in Kp only the energy connected 
with the exchange interaction, and did not take into 
account the magnetostriction energy, which necessi- 
tates small corrections. 

Introducing the creation and annihilation opera- 
tors bfs and bfg of a phonon with momentum f 
and polarization s, in accordance with the formula 


wm VAD pit beet te) 


(p is the density of the matter, eg, is the vector 
of polarization of a phonon with momentum f; the 
number of phonons with momentum f and polariza- 
tion s is Ngg = bésbfg), and using (1) and (1’) we 
obtain the following expression for Hy: 


Hy = ia? VY. L(enk) (PK) + (erok’) (-K)] 
kk’fs 


+ 8 (k-k’) (ess¢f)} aibabys 2 = k=) 4 compl. conj. 
Vo, 
(5) 
This Hamiltonian is responsible for the emission 
and absorption of a phonon by a spin wave, i.e., for 


transitions of the type 
My, Ne, Nps—>ny—1, rot 1, Mis +]. 
3. The change per unit time in the number of 
spin waves with momentum k, due to the above 


interactions, is determined by the following for- 
mulas. 


fic th oe Ns (6) 
L {f, N¢s} == Ibe {fx} + Ibs {Nx} + La {fn} oe Lp {fk , Ns}, 


where Le, Ly, Lag, and Lip are collision oper- 
ators connected with the Hamiltonians Hp, Ky, 
Ky, and Kp as follows: 


Ly {Mm} = (24ry20Za! / hMV?) 
x » (ky:ky + ky-ky) (kg+ky + ky- ks +8 BuM, / 0,a°) 


kok,Ka 

X ((tte, + 1) Met, (Mt, 1) = Myc, (Mx, + 1) (tie 1} 
OO(sg + eyes —,) A (k, + ks — ky — ky); (7) 
Ibs {fix} = h) > {Axksk, Ay Nk, (Mx, os 1) 


kk, 
— (my, + 1) (mx, + 1) mx,] 6 (es + 82 — €) A (kg + ky — ky) 
+ Alkgtuka [(, 1-4) xe (Mx, 1) — rx, (Mx, 1) 4] 
X 6 (e3 — &2 + &) A (ks — k, — ky) + Axx, Hee 1) 
X (Mx, + 1) — (mx, + 1) Mitt.) 8 (3 — &2 — &1)A(k3 — ky — ky)}; 
Ax,tak, = (647?23M, /V) | sin 3, cos agai (8) 


+ sind COS Dy EXP 1G. |?} 


Ji Mie, = nB?ut / kV?) >, {(1 + my, + Mx,) Met, 
ik, 
— (1 + my, + Mx,) ,%x,} 
x -6 (8) ++ £3 — S2 — &4) A (ky + ks — ky — ky); (9) 
Lp {ttx, Nts} = (4n0Os/ V) >) crs” {81 [(ets*ki) (Fok) 
k, sis 


+ (efs*ky) (1+ky)] + Bo (Kir ke) (ersrf)}? ((N ist, — MyM, 
— ng, — Nesttx,) 8 (&) — &2 — henjs) A (ky — ke — f) 
+ (M,Mx, + M,Nis + Mk, — M,N 5s) 
xX 6 (&, — €; — hos) A (kz — ky — f)}. (10) 


By using the expression for the collision oper- 
ators it is possible to obtain the mean probabilities 
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of various interactions of spin waves and phonons. 
The mean probability of scattering of a spin 

wave by a spin wave, due to exchange interaction, 

oe 

is: 


we = (O,/h)(O/ O)*. (11) 


The mean probability of splitting of a spin wave 
into two andof merging of two spinwaves into one? is 


Wy An’? (BO, / h) (UM, / Ac)? (0 / 8-)2 In? (8 /uMy). (12) 


The probabilities of the remaining processes 
are less than we or wy. In the temperature 
range @¢ (uMy/@c)/" < © « Gg the inequality 
We > Ww holds, and therefore when © > 
@g(uMy/@c)¥" the largest term in Ag! will be 
Lé{nx}. The remainder of L, i.e., L’ = Ly+ 
Lp + La, can be considered in this temperature 
region as a small perturbation. 

It is easy to see that the general solution of the 
equation 


Le {Ny} = 0 
has the form 


io {{eee Ps iss, k==0, 


(13 
(No ke==30; oo 


where y and no are arbitrary constants. They 
can be connected with the initial values of the 
square of the magnetic moment Mt? and the pro- 
jection of the magnetic moment YJtz on the axis 
of least magnetization. According to (1), these 
values are 

M, == \ Mav MV Oinye= Ow diem 

V k+0 

(14) 


| 
V k+0 


IM? = {\ mav}? = (MV)? — 4uVM, 9} nx. 


We note that I? and WM, commute with the 
Hamiltonian of exchange interaction Hg (Wiz com- 
mutes also with %,, but M? does not). 

The time required to establish the Bose distri- 
bution (13) is of the following order of magnitude 


se = 1 [wee (h/ A) (0/0). 


We now take into consideration the weak inter- 
actions Ha, Ky, and Hp. Then the distribution 
(13), which satisfies the equation Le{n_} =0, 
will no longer satisfy the equation L {nk, Nfs} =0. 
Since, however, the rhean probability of the ex- 
change interaction of the spin waves we is con- 
siderably greater than the probabilities of all the 
remaining processes, the distribution (13) with 
slowly varying parameters y, ng, and @,, can 
satisfy approximately the equation 
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nN = L{ny, Nes}, Nis = [exp {hots /Ap}— iki 
(here the phonon temperature ®p also changes 
slowly with time). By finding the form of the func- 
tions y(t), no(t), @g(t), and Op (t) we can, in 
accordance with formulas (14), determine the vari- 
ation of IN? and YM, with time, and also find the 
equalization time of the spin-wave and the phonon 
temperatures. 

To determine the time derivatives of y, Ng, 9g, 
and @p we insert the distribution (13) into the ex- 
pressions 


Dy fie =D ET ty = AS 

k+0 k+0 

° 5 a aes 
Dd ropsN ts = D>) ext = — > eX Riss (15) 
fs k k 


ys SM + > nhogsN gs = Ep. 
k fs 


The third equality determines the amount of heat 
transferred to the lattice from the spin system, 
while the last relation is the law of conservation 
of energy. 

The change in y and ny can be found from the 
first two equations. Since y, being the “chemical 
potential” of the spin waves, is determined by the 
total number of the spin waves, which does not 
change if only the strong interaction Ke is taken 
into account, it is possible to determine y by find- 
ing the change in ey nk. Inserting the expression 


for the collision soaraiere into (15) and linearizing 
over the quantities y, A® =@s-@p, and n= 
€ono/N (N is the total number of atoms in the 
body, and the quantity n)/N is considered small 
but finite when N — ©), we obtain after simple 
transformations: 


AO + Ty aT ai) Gp = Byyy + Byny, 
AO +T oy + 7/¢s = BegA®, 7% = Bunt, 


where cg and Cp are the specific heats of the 
phonons, referred to one atom: 


ot LOG )( aM els ARON Ae 8? fost 2 
cy = ELS), cp = (AY RASA 
32m/2 NO; 9 \Op/ 5 3 \@3 6? 


(16) 


(©7=hsj/a, Of =fst/a are the Debye tempera- 
tures for the longitudinal and transverse sound); 


T, and I, are defined as 
re a) ao ae 
P k+#0 k+0 dey k+ ne 


and the quantities Byy, Byn, Bo@, and Byn are 
related to the collision operators by ; 


ON 


boy a C+ Cy 
(ene = ES Pry Ly {nx}, 
k+0 
gar Goa®. . 4 
Bn cs es ss Bite: N Lg {Mk }x=o, 
Si, , 
a eee Des 7 
A®Boo 06, N > Sxlip {tx Nes), 
k+#0 
(> 
1Ban = Te bys {Mc} k=0 


(La {nk}k=9 is the value of the collision integral 
La when y=0 anda value ny is Specified). 

Using formulas (8) and (10) we obtain for the 
coefficients B 


B Be UPN Oe om fp RE) 
ae pm hae 0, ) Cope, a 
Z 3 ao Bt (oy fst Sp G(): 
Ae (27) eco One exc, 0.05” 
3 46,0 
Bun = — aa PE 
mn (27) i raves © (6); (17) 
Noh VPCY NS yee : 
ed ren ‘( s P 
ae nyt eal \6, re, J1(%2) 
(ugk ea C) yu en gaa’ e 
(2%)% ca? \ O, \ 0; ae C5C, ‘ 
where 
é — &/ 4, ea == OF / O,, Oe —- OF / A0.; 
les) oO 
See Vg + 1/4xy F 
K()=6& ) dx a (e442) 4) (e807) __ 4) (4 — 0 ST 942)) dy; 
oe 
ao —* 
G(é)=\ = : ~In —*T ; 
: (c* ¥ 1) a ors Com 4 pe tay ees 
los} a 
: of ytd e x —(y + G,) als 
Jt(%) = Pa \ =e \ : eae : ; = 
pe © ewe ae oo) (ae ede. 
aay 
ee eas 
Jy (G1) = \ opel 
1) 
co 1 ) 
“ UOu(r == Yo) = oo (ae — tfou (Y 4-9) Ih 
. \ (281 (a; meee Baer ai) ODS, 
Gre ea) (er 4 ail) 


(y-+-@ 1)*/4e 7 
Assuming in (16) that the quantities y, 7, and 
A® vary as exp{—At }, we obtain the following 
value for the relaxation constants: 


MBeg + By, + {(TiB 99 — Byy) 402 Booby} sa 


hs = (pean ? 
- ? ‘ 18 
V1Boo + B {(LiBe6 Boy) + AP2BeoP 7} ve 
aoa eos ty) 
iy = Oe 


In the temperature range ®@g > © > &g(é <1), 
the expressions for A, and A3 are greatly simpli- 


fied and become 
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(19) 


he eek UMo uM, 0 ie meg ie 0 \2 
: h V e0, One ~ 165 hae, ee } A 


44+. 3/xy 


dx 
: \ AQ+x)4+y)(2+%4+y) 


oS 

I 
nie 
> 9 


dy ~ 107 


We present expressions for A, in the limiting 
cases of “low” and “high” temperatures:?4 


1556 (d of OF \ kh Qs [ e2 » 
a 35 | D I. Xx r it eee 
, 9-5 1 \ + o8 a) pa g% SAD a 400, ’ e) a 8, 
Ay =; 
ee /2 i rey \i2 0; 
eee 261 + ( (261 + f2)' ilieaat )) ? o> se * (20) 


Using (14) to (16) we can show that the time varia- 
tion of A®, Wiz, and mM? is determined by the 
following formulas 


ny 


AQ = Be 4 © pont 4 AQ,e—t 4 A@se— ts 
N Ay Cc. 
— : os s (hae. lS re NG 
We = ME = 98 = Oye ee es es go 
z te ny (1 — je Qu.N mera AAR, 
CIRO Dyan, NG), 
sea’ Tees aa aS a Lats 
2uN by +o, ali PB ee 
M2 == M+ 4uM,VEnpe-*# (21) 
Moss A@ 
a) &p"s So Li—)at 
4uM, NV uagn aes Ea oe 
pes PsB_. z 
24M NV ee = hab 
Ch a5 (oy 1 Ae Se IB. 


where YW, and W? are the equilibrium values of 
I, and IW? for the given temperature, 


one As ( ony Ts A3 
= - mares = Ee, (6. oe cp) < l 


and the integration constants ny, A®,;, and A®, 
are determined by the initial values of AO, Wz, 
and = )i: 

We note that of the three quantities A,;, A», and 
Az the smallest is A3. Therefore, if t > 1/A, or 
1/A,, it is necessary to retain in (21) only one term, 
proportional to exp { = Nab \. The values of Ytz, 
wt, and A® now become 


M, == Mie — Quity (1 —C)e—™, DP = M? + 4uM Vace—™, 


AW == a. a (22) 
Since £<«K«1, (Mz— Mz)/Niz is considerably 
ereater than (9i?—)?)/w?. In other words, first 
to be established is the equilibrium of the square of 
the moment at %t?, this is followed by a slow rota- 
tion of the magnetic moment towards the axis of 
least magnetization, which in turn establishes the 
equilibrium value of ‘iz. Such a relaxation proc- 
ess can be described phenomenologically by the 
well-known Landau-Lifshitz equation.! The time 
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of relaxation of the magnetic moment towards the 
axis of least magnetization is 


t= 1/ dg = (162 /B") (haeO. /p*) (O0/0)°. 


Putting B~ 10, Og ~ 10° erg, a~ 2x 107% cm, 
and @/®,~107!, we get T ~ 107° sec. 

In conclusion, the authors thank Academician 
L. D. Landau and M. I. Kaganov for valuable dis- 
cussions. 
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The interaction between spin waves and phonons is considered. The time for establishment 
of equilibrium between phonons and spin waves is calculated. 


Is a previous work,*! a phenomenological method 
was used to obtain the magnetic part of the energy 
spectrum of a ferromagnetic dielectric, and the 
interaction of spin waves with one another was con- 


sidered. Besides the spin waves there are in a fer- 


romagnetic dielectric, as in any solid body, energy 
branches connected with vibrations of the crystal 
lattice (phonons). Three of these, the acoustic, 
play a basic part both in thermal properties and 

in kinetic processes. The present work deals with 
the study of the interaction of spin waves with pho- 
nons. 

Interaction of elementary excitations (quasi- 
particles) with each other leads to the establish- 
ment of statistical equilibrium in the body. We 
calculate here the time for establishment of such 
equilibrium. For this purpose the process of es- 
tablishment of equilibrium is regarded as a proc- 
ess of equalization of the temperatures of the pho- 
nons and of the spin waves. Such an approach is 
permissible if the time for establishment of equi- 
librium within each of the subsystems (phonons 
and spin waves) is considerably shorter than the 
time of relaxation between the subsystems; as will 
be shown below, this condition is satisfied over a 
wide temperature range. 

Similar questions have been considered by 
Akhiezer? from a microscopic point of view. Be- 
sides the processes studied by him, processes 
are here considered in which two phonons take 
part. 


1. THE INTERACTION HAMILTONIAN 


In a phenomenological approach to the study of 
interaction between spin waves and phonons, it is 
appropriate to describe the spin waves by the vec- 
tor density of magnetic moment, M=M (r,t), and 

ie notation of the present work coincides with the nota- 
tion of reference 1. 
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the phonons by the strain tensor, uj, = hs ( du; /Ox_ 
+ Oux /Oxj) [u=u(r, t) = displacement vector ]. 
The interaction Hamiltonian will then be the sum 
of all those terms, in the expansion of the energy 
of the ferromagnetic in powers of Mj, 9Mj/2xx, 
and uj;, that have the form* 

Yikim Mi Matti, Mkimrs (Se ra Urs dU. 

These terms include all the invariant combina- 
tions that contain the tensor uj, linearly, and the 
vector M, and its spatial derivatives quadratically. 
The terms quadratic in uj, are responsible for the 
two-phonon processes and will be considered below. 
Terms linear in Mj cannot enter, since Mj isa 
pseudovector. 

The first of the terms written corresponds to 
magnetostrictive energy, which in the isotropic 
case (we shall henceforth restrict ourselves to it) 
can be written in the following form: 

Xo \ M? divudu + ¥ \ M; Megtt;, dv. 
The first of the integrals vanishes, since M? = Mi. 
The second contains an anisotropic combination of 
the components of the vector M and consequently 
is of relativistic origin. The value of the constant 
y may be taken from magnetostriction measure- 
ments at low temperatures. 

The term quadratic in the derivatives of M 
drops out when the magnetization is uniform and 
therefore does not enter into the ordinary magneto- 
strictive effects. The largest among the constants 
dX are those that are connected with (isotropic) 
exchange interaction. 

On the basis of these remarks, we write the in- 
teraction Hamiltonian in the following form: 


Wb = ioe — aes (1) 


a I . . 
*Summation over repeated indices is understood. 
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where Mt = (2uM,)2a*; M> =(2uM,)'2a, Mz=— para, 
Wms \ M;M gtr do; shee ot Na (t) eT. a(t) = ee rt/k, (6) 
mn 
aM, 0M aM, 0M 
Hex = or. Ox = Ui do i ae ay “Ox; Unedo. (2) k, and €, are the wave vector and energy of the 


The energy Xe, may be considered the result of 
expansion of the exchange interaction energy 

J i ( (8M 1/2x;)(9M]/8x,) dv (cf. reference 1) 
in powers of ujx. Therefore the constants M, 2 
are conveniently written (6;,2/2)(9¢/HMo) a2, 
where fj; 2. are dimensionless constants of order 
unity. 

In the ground state the density of magnetic mo- 
ment is uniform and constant and equal to My. We 
choose the z axis along the vector My. Then near 
the ground state, to terms quadratic in the devia- 
tion of the magnetic moment from Mp), we get 


Heme = 2 Mo \ (Mactlez + Myttye) dv 


= z | {(M"*)? (tx — Upy — 2ittzy) 


(3) 
+ (M7)? (Ux — Uyy + 2ittxy) 
+ 2M*M (xx + Uyy) + 2M)Mu-2} do, 
ay bree), i OoM+ oM- ’ 
hex = Penis \ Bx) 10%, Ujp AV (4) 
Bo @ ,¢ dMtomM- 
an 2 uM a OG OX Und, 
where 
M= == M,+iM,; Ve Ms: (5) 


We remark that Mj; is quadratic in My and 
My. 

The first integral in the expression (3) describes 
the connection between elastic and spin waves in a 
ferromagnetic*** and is not connected with transi- 
tions between stationary states of the system of 
spin waves and phonons. Therefore it is hereafter 
omitted. 

For the study of kinetic processes, the magnetic 
moment density M and the strain tensor uj, are 
to be considered operators. In terms of the second- 
quantization operators a) and ay, the components 
of the moment are expressed as (cf. reference 1):* 


*In formulas (6) we have omitted terms of the third order in 
the operators ay and ay, since they play no part in the proc- 
esses considered below. 


spin wave. 

In the temperature range of interest tous (T > 
2muMy)), we may, in the spectrum, neglect the mag- 
netic interaction and limit ourselves to the Bloch 
dispersion law 


2, = 0; (aky)?. (7) 


In the representation based on occupation numbers 
n, of the spin waves, the nopy ans mne matrix ele- 
ments of the operators a, and ay are respectivel 
equal to 

= Yn +1; (nm! a\t,—1)=Vm. (8) 
The strain tensor component operators Ujk are 
expressed in terms of the creation and annihilation 
operators dys and bra for phonons in the follow- 
ing form: 


(12 | ay jf, + 1) 


Uie = 1/2 (OUs/OXp 4- OUg/OX;); 


(9) 
= Ve V8 2etorsrs (5 xs QE + 635 (eI: 
BAS 
bys (th =e 1 Bas; 
tewital (10) 
(N35 bas| Nos = 1) =) Nags Ws 
(Nixes Doce aes Va 


Here p is the density of matter, pyg is a unit 

vector of polarization of a sound wave, the index 

s identifies the polarization, and f, and ws 

are the wave vector and frequency of a phonon. 
For longitudinal polarization, 


Osa Pa 


(11) 


for transverse polarization, 


One Op — Cie 


(11’) 
cy7 and ct are the longitudinal and transverse 
sound velocities (cj > ct). 

On substituting the expansions (6) and (9) in for- 


mulas (3) and (4) and integrating over the volume, 
we get 


Poe ay i EN 
> / a8 Dire = Ps Tyrael, 
(12) 


TES oe ee a aubys | + complex conjugate, 
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Ulex = = 


ia?Q / h y eye 
Val 26 2UYS Y o,, | 2 WI, zy Pit) kiki 
(13) 
+ Bo (Riki) (f®p®) me 4,b,; +- complex conjugate. 
Here p* = p* + ip, *+if¥. The operator 
ara bys describes ae process of creation of a 
phonon by a spin wave. To this process corre- 
sponds the following law of conservation of mo- 
mentum: 


(14) 


The operator arayDys describes the annihilation 
of two spin waves with formation of a phonon. To 
it corresponds the conservation law 


k, + ky = fy. (15) 


Both conservation laws (14) and (15) are obtained 
naturally upon integration over the volume. 


2. GENERATION AND ABSORPTION OF PHONONS 
BY SPIN WAVES 


Since the dispersion law (7) for spin waves coin- 
cides with the dispersion law for ordinary free par- 
ticles, the generation of phonons by spin waves is 
analogous to the Cerenkov radiation of sound waves 
by particles in motion at supersonic speed. From 
this it follows that the condition for radiation of a 
phonon has the form: for longitudinal phonons 
Vg > cj, for transverse phonons vg > ct, where 

s = 2@¢a*k, /fi is the speed of the spin wave. By 
expressing k, in terms of €,, we may write the 
radiation condition 


€), > 2/40, (16) 


where @,) is the Debye temperature; @ = he; /a 
for longitudinal phonons, and © = he; /a for trans- 
verse phonons. From the condition (16) it is clear 
that the generation of a phonon by a spin wave is 
an activation process. 

As follows from formulas (12) and (13), the 
Hamiltonian that describes this process has the 
form 


i 
He = ie 


ion ae 
== {vM, (pha palh—p7.f2) 
Wea De 


Oy, 


4. qa? (8: (pif + Piaf) RR + DBR REF D) Afaubrs “te. ©. 


On comparing the terms inside the curly brackets 
we find that for T >My the second term is con- 
siderably larger than the first, since @ca dk ~ 
¢€~ T. Therefore 
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[Bt Weal tele Nene 


P= SO, 
e D) Vo ww Dia! 


+ 230k) RIPE pe] a dubs + C. Cc. (17) 
The nonvanishing matrix elements of the Hamilto- 
nian #, correspond to a transition n,, Ny, Nys 
> nr7- 1, ny +1, Nyg +1. and to the reverse 
transition. According to (8) and (10) we have for 
the indicated transitions 

(1, Ny, Nys|%eln, —1, 


Ny +1, Nys + 1) 


= 2) ar. 2epVo,, Ba tBr (Velo Pale ink re at Bok! ki fep*)) 


x V m, (Mu +1) (Ny; +1) exp ele —=,,—ho,s)t te 


Hence the transition probability is 


(tm, Ny, Neer W | nm, — i Ny as [f Nye 8 1) 
rae ; barat 
= Fea, 1 Peal + iF) Riki + 2Bokei kA psy? (18) 


X (ty + 1)(Nys + 1)8 


3, — Sy, — hoys)- 


The 6-function guarantees the energy conserva- 
tion law 


5), = Fy, + hWys - (19) 


We recall that the momentum conservation law for 
the process under study has the form (14). 

We now consider the transfer of energy from 
spin waves to phonons. The energy received by the 
phonon system in unit time is 


= > hoys Nysy 
vs 


where Nyg is the change in the number of phonons 
in unit time resulting from radiation and absorption 
of sound waves by spin waves. According to (18), 


(20) 


3 nO2a' 
Ny. ane S) AX(m(ty +1) (Nos +1) 
Au 
—(nyx+1) tuNys } §(&,—&u—hOys ), (21) 
A; = By [(Pys* Kx) (fy°k,,) + (Pys* k,,) (fy *ky)] + 2B. (kak) (f *Pys ). 


Here and hereafter, the sum extends over those 
values of the wave vectors that satisfy the momen- 
tum conservation law. 

On inserting the value of Nyg into (20), we get 


: nO2ath 
pe op Si A2 (1 (Mu +1) (Nv + 1) 
VUYS (22) 


— (nm + 1) nuNys} 6 (&% — &u — RO; ). 
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Upon replacement of ny and Nyg by the Bose 
equilibrium distribution, Ug naturally vanishes. 
On deviation of the system from the equilibrium 
state, the return to the equilibrium state will pro- 
ceed thus: equilibrium will be established first 
within each subsystem (spin waves and phonons), 
and then — considerably more slowly — between 
the subsystems. The second stage can be described 
as a process of equalization of the temperatures of 
the spin waves and of the phonons. Clearly such a 
view is correct if the time for temperature equali- 
zation is much longer than the relaxation time of 
spin waves.! As will be clear below, this condition 
is satisfied over a wide temperature range. 

Thus we shall consider that the spin waves and 
the phonons are described by Bose equilibrium dis- 
tribution functions with different temperatures, re- 
spectively equal to Tg =T and to Tph = T-AT. 
Hereafter we shall always consider that AT <« T. 

On the basis of these remarks, we get from for- 
mula (22) 
7Q? ath? 


Ue= “GOVT?” 


2 i oer ey tye 
AT a A 5 Pvs a - 1/7 


DS (e 


(23) 
or 


U, =U) 4+U8, (24) 


where us t is the amount of energy transferred 
toa epiacinel (transverse) phonon in one sec~ 
ond. us t is oe by formula (23) with Aa 
bopiered by Aj, ; From expression (21), with Ace 
count taken of the momentum conservation law (14), 
we have: ’ 

Ay = 24357 Ry Cos O55'(Ri COS U5 fs) 


+- BefvR; (Ra — fy cos %y)}, (25) 

At = Sifvk, sin 6; (2k; cos &y — fy) (26) 

(9,p is the angle between the vectors ky, and f,). 
On going over from summation to integration, 


we get after integration over angles 


Sky Ve 49h TE 
Ue = Sr aeyroae i) AT Jet (x1); 
if (27) 
pi ge ae 
: 16 (2n)# eas oie? Jet (%t), 
where 
rs 4 
f d 
Wena) \ y*dy 
pee 4| 
\ e* (Bi (a” -— y?) + 28s [2ax—y (y+ a)]}*dx 
(14a) (yan)? (e®- 24) (es ty (28) 
Jet (a) = e\ YY eT ey + a)/4a] dx 
. e! i (e* 1) (ce 1) ’ 
(1/4) (y--a)? 
a,=O07/0.T, x4 == O#/A-T. (29) 
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We consider the limiting cases of high and low 
temperatures. 


High temperatures (@j, a < DD) eelere 


atntal BY + 2 (Bx + Be)? 


Jet (%) = Ga 5 > Jet (a) = 8C (3) «282. (30) 


On substituting in (22) the asymptotic value of the 
integrals, we find 


a nVh BY + 2 (B1 + Be)? T AT T ss Q2/0 31 

Oe 60ea8 3 Ge ee i hie! 

-t  § (3) BiVRO? /T \3 ee 

<imar alg) a? S10. 2 

On comparison of expressions (31) and (32), we find 
that for T > @7/®@,, always us > 104% (By ~ Be). 

Therefore 
nVa By + 2 (81 + 82)? 7 14 


(5) 47 ) (3) 


f= 62/6. 


Low temperatures (@], at > 1). In this case 
Jes (at) =~ 24-316 (5) ate—a/t (8, + 8,)2, 


Jet (21) 24-31 (5) B2e-*4, 


Hence 
PL: ip val 
Ue ™~ OrFoas (8 #2) (&) exp | 40,7 J AP 
(T € 05/9.), (34) 
yn 6BVA [9 { 0? eee 
Ue= “loa gto? Dea to: 7) AT, (T<@?/0,).(35) 


Since @] > @4 (cf. reference 5), the fundamental 
role in energy transfer at low temperatures is 
played by the process of generation of transverse 
phonons, i.e., 


Ape QO; | 
moas 90? exp} 40, 7 J ANTE. Ch 


< 67/0,). (36) 

As was to be expected, the coefficient of heat 
emission for the activation process of radiation 
and absorption of phonons decreases exponentially 
with temperature. 


3. ANNIHILATION OF TWO SPIN WAVES WITH 
FORMATION OF A PHONON, AND DISSOCIA- 
TION OF A PHONON INTO TWO SPIN WAVES 


The processes indicated in the section title 
occur by virtue of the magnetostrictive part (12) 
of the Hamiltonian. Because of the relativistic 
origin of the magnetostrictive energy, the proba- 
bility of these processes is small. However, as 
will be evident below, the corresponding coeffi- 
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cient of heat transfer does not contain an expo- 
nential dependence on temperature (at low tem- 
peratures). Therefore it becomes necessary to 
make a comparison of the coefficient of heat 
emission resulting from generation and absorption 
of phonons with the corresponding coefficient re- 
sulting from the processes to be investigated. 

By use of the Hamiltonian (12) and of a formula 
analogous to formula (20), we find [with the aid of 
the expressions (8) and (10) for the matrix ele- 
ments of the operators a, and b,] that the en- 
ergy given up by the spin waves to the lattice in 
unit time by virtue of the processes under inves- 
tigation is equal to 


; chy? (uM,)2 . 
he ae >) B (Nys + 1) many 


AULYS 


(37) 


— Nys (1; + 1) (tu + 1)} 8 (&, + 8u — toys), 
where 
Bs =| push |. (38) 
As before, we get from (37) and (38) 
Ua=Us+U;, 


where 


“7 Ni TANI NOR 
UL= saree 5 ‘) Ge AT Ja (a1), 


(63 


(39) 


Ue ae Vi a lhe) AT, Gy 


40rFoa®\ 0, 


here 


ey ea): (40) 


a. a 
and the quantities az and at are determined by 
equations (29). 

On finding the asymptotic expressions for the 
integral (40) for the cases of high and of low tem- 
peratures, we find: 


(T > 9?/8.). 
(41) 


cy 2 2 
(pee LS ame SAT 


90n2 pa \ O 


Cc 


(42) 


By comparison of formulas (G2) and (41), it can 
easily be shown that for T > © 1/@c_ the fundamen- 
tal role is played by the processes ot generation 
and absorption of phonons (i.e., Ua « Ue). 

For T< 05/®¢ two cases are possible, as 1s 
clear from comparison of formulas (36) and (42). 
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For 
82/80, In (9? /u.M,9-) ae < O?/8., 


as for high temperatures, spin-wave annihilation 
processes play no part in the transfer of energy 
to phonons. For 


T << _©?/80, In (0?/uM,0-) 


these processes should be the ones of greatest im- 
portance. However, since the whole treatment is 
valid only down to temperatures of order UM), the 
last statement may prove to be incorrect [in case 
UMy 2 oF /8@_ In (@?/uM)@¢), which usually oc- 
curs |. 

Practically, therefore, for all temperatures 
above uM) the fundamental role, among single- 
phonon processes, is played by the processes of 
generation and absorption of phonons by spin waves. 


4. THE ROLE OF TWO-PHONON PROCESSES 


Two-phonon processes are described by the 
quadratic terms in the expansion of the energy of 
the ferromagnetic in powers of the strain tensor. 
Here, as in the single-phonon processes, there can 
be terms of exchange origin and of relativistic ori- 
gin. It can be shown that the relativistic terms are 
small in comparison with the analogous terms in 
the single-phonon processes by virtue of the small- 
ness of the parameter M?/pc?. 

Therefore it is necessary to compare with the 
single-phonon processes only the exchange terms, 
which have the form 


"aM, OM, 


ik 
H= me “Ox, OR Utmllsdv, (43) 


where the coefficients Tee g are in order of mag- 
nitude equal to @,a?/uMp. 

On going over to a second-quantization represen- 
tation, we get from (38) 


0 ath ee oe 
cing Dy Se el 


He = — 
4Ve V pss" 


(44) 


KAULY 
ss’ 


* * * 
X (AxQ,0us Oys’ — AxAnOusbys + C.C.). 


The coefficients F are of order unity. They are 
complicated functions of the angles; their precise 
form is not important for the estimates carried 
out below. 

As is clear from equation (44), there are two 
types of process: scattering of a phonon by a spin 
wave (or vice versa) and radiation (or abosrp- 
tion) of two phonons by a spin wave. The radiation 
of two phonons, like the radiation of a single phonon, 
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is an activation process. It is less probable (by 
comparison with the radiation of a single phonon), 
as being a higher-order process. On the other 
hand the scattering of a phonon by a spin wave is 

a non-activation process. Therefore at low tem- 
peratures (T < @? /®o; where ©, is the Debye 
temperature) the energy transferred to phonons 
by spin waves by virtue of this process varies with 
temperature in a moderate fashion, and so, it might 
seem, can play a larger part at low temperatures 
than does the activation process of phonon radia- 
tion. A calculation analogous to the preceding one 
gives, apart from a numerical factor, 


ee pan 


i AT (T<,), (45) 


B Sea If 
Us,~ : ( 


53 @2 \O,/ \ Os 
OO; i/ \ 2 


x 


90, 


where 


8, = 05/2; O32 == mc? (m = pa’). 


On comparison of equations (45) and (36), we find 
that two-phonon processes can be important at tem- 
peratures below ©,/[52 In 2+ 16 In(®,/®;)] ~ 
0.1°K, where our treatment, as we have pointed 
out, does not apply. 

Thus, finally, according to formulas (33) and 
(36), 


© > n6C Vienne { ef | 
Py t ‘ Tees 
ee exp AL, 9 (Tech) Bs), 
Toa @3 6? Pa 40,7 f (V< ¢ | c) 
(46) 
mV ARNE B + 2 (Bi ia By)? 


U AT, 


(T <> 07 / 8,). 


~ (oa® \0, 3 


5. THE TIME FOR ESTABLISHMENT OF EQUI- 
LIBRIUM 


By use of the results obtained, we shall calcu- 
late the time for establishment of thermal equilib- 
rium (the relaxation time) between spin waves 
and phonons. 

The heat balance equation clearly has the form 


Ge OTR i, ot = U; Cor? 7 on/ ot ee U, (47) 


where Cg and Cpyh are the specific heats of spin 
waves and of phonons: 


$e 1G) Vert Vk, Aor pee 
Cy = ace > Cop = a (4 » (48) 
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(3/03 = 1/05 - 2/@?), and U is determined by 
formula (46). 

At low temperatures (T < @? /®o ), the phonon 
specific heat is much smaller than the spin (Cpyh 
« Cg). Therefore the temperature of the spin-wave 
gas may be considered constant. 

Then for the temperature difference AT we get 
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the equation 


ce 68° Va 5 { Q? 
OAT Mee gf: 5H 
Congr = — AT, % = Tieae ga ey °P | 40,7 f° 
Hence 
1582 e3 nes 2 ; 
- A = ale es (~ ) exp | ao ch < OF / O.). 
Tinto ar Onmcna Ne: 40, 


(49) 
At high temperatures (T > @}/®.), the tempera- 
ture of the phonons must be considered constant. As 
before we find 


(T > 07/). 


(50) 


% 


sph 2498 (°/2) me? hi 

As was indicated in the introduction, the expres- 
sions obtained here for the relaxation time must be 
compared with the relaxation time within the spin 
system. For the relaxation time Tgg within the 
spin system, there were obtained in reference 1 
the formulas 


1 (OQ, / h) CE / ©).)" tOPe uM (8. /uM,)", 


5  \e@Mo (u2 a? Qe) (T / Ac)? for T<pMy (Qe / Mo)" ?- 
(51) © 

We have omitted in the second formula a log- 
arithmic factor unimportant for our estimate. The 
characteristic temperature for spin-spin relaxation 
UM (Oe /uM,)3/", agrees in order of magnitude with 
the temperature 0? /® ¢: therefore the expression 
(49) must be compared with the second formula (51), 
and the expression (48) with the first. The compari- 
son shows that both for ~My « T « @32 /@, and for 
@}/@, KT K @ , ®g, the relaxation time Tg, is 
much smaller than the time Tgph. This justifies 
the introduction of two temperatures in the treat- 
ment of spin-phonon relaxation. 
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The energy and probability of excitation of y oscillations of the surface of an atomic nucleus 
are computed on the basis of the shell model assuming an anisotropic harmonic oscillator 
potential. It is shown that in order of magnitude the energy of the first excited state of this 
type is close to that of single-nucleon excitations, and that the probability of excitation of 
these states is much smaller than the probability of excitation of rotational states of the 


nucleus. 


INTRODUCTION 


gees an opinion has been expressed in a 
number of papers that some of the excited energy 
levels of even-even nuclei should be interpreted as 
so-called y oscillations (reference 1, V, D, 1). 
However, Davydov and Filippov? have shown that 
these excited states may be regarded as rotational 
energy levels of non-axially-symmetric nuclei. It 
turned out that the sequence of energy levels, the 
values of their spins and the probabilities of elec- 
_ tromagnetic transitions between them depend on 
only one parameter yp, which describes the devi- 
ation of nuclear shape from axial symmetry. The 
value of this parameter may be determined by 
measuring, for example, the ratio of the energies 
of the first two excited states of spin 2. In order 
to obtain agreement between experimental data 
and theory it was sufficient to assume that yo = 
8.1° for Pu28, y, =13.5° for Sm!*, yp = 26.5° 
for me. etc. The hypothesis of a non-axially- 
symmetric equilibrium shape of the nucleus is 
supported by the work of Gurskii,? Geilikman,* 
and Zaikin® who have shown that the minimum 
energy of nucleons moving in an oscillator*** or 
ina rectangular® potential corresponds to a non- 
axially-symmetric nuclear shape, if the number 
of nucleons (of the same type) outside a closed 
shell exceeds 2. 

In this paper we investigate the question of the 
stability of a nucleus with respect to a change in 
the equilibrium value of yo which corresponds to 
the minimum potential energy. By means of a 
simple model of an anisotropic harmonic oscillator 
field for individual nucleons it is shown that the en- 
ergy of the first excited state corresponding to y 
oscillations in order of magnitude is close to the 
energy of single-nucleon excitation. Further it is 
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shown that the reduced probability of electric quad- 
rupole transitions to levels corresponding to y os- 
cillations is smaller by a factor of approximately 
several hundred compared to the probability of 
transition to the first rotational level of an axially- 
symmetric nucleus. It appears to us that these re- 
sults confirm the great stability of nuclear shape 
with respect to y oscillations. 


1. POTENTIAL ENERGY OF SURFACE OSCILLA- 
TIONS OF AN ATOMIC NUCLEUS 


We assume that nucleons of mass m move sub- 
ject to a potential of the form 


53 
V = See / Re), 


hk=1 


(il it) 
where 
= Qn 
Ry = Rexp (&), & = V 5/4 B cos (x eee k y, (1.2) 


B and y determine the shape of the nucleus; here 
R,R,R; = R’, since Dé, = 0. By introducing the 
three frequencies 

op =OR/ReXoOlLL—B+ zH+-— 4, (1.3) 


we easily see that the energy of each nucleon will 
depend on three quantum numbers nx, so that 


3 
Es / ho = Ns + */o aes: » Nskék 
k= 


(1.4) 


ro] = 


4-5 >) (tse + Ye) Ge +, Me = Dl se. 
k=1 k=1 


If, in accordance with the Pauli exclusion principle, 
we fill the lowest energy levels (1.4) using Z pro- 
tons and N neutrons, we obtain their total energy 
as a function of the parameters of the nuclear de- 
formation (8 and vy). By treating this energy as 
the potential energy for surface oscillations about 
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the equilibrium values By) and yj corresponding 
to the minimum energy, we can determine the en- 
ergy of excited states corresponding to B and y 
oscillations. 

It may be easily seen that for each filled shell 


> Nerér = 0, 

sk 
and that the total energy of the nucleons filling 
several shells (magic-number nucleus) may be 
written in the form 


Ex = ho (ey + */.D8"), &) = >) (Me + 3/2),/ 25) 
where D>O and determines the stiffness of the 
nuclear surface with respect to 6 oscillations. 

It follows from (1.5) that for nuclei with filled 
shells the minimum energy corresponds to spher- 
ical shape of the nucleus, i.e., to By = 0. 

We now suppose that outside the filled shells 
the shell with ng =N contains v nucleons of one 
kind, then the total energy of all the nucleons has 


the form 


E(v) = Ex 
1 9 
=F [» (N + 3/5) — >) renee ine + 1/5) e| ho, 
sk ~ sk (1.6) 


where ))Ngk =N; the summation >) here and 


k 
in subsequent equations is taken over all the nucle- 
ons of the shell N. 
If we introduce the notation 


tan yo = V3 >) (M1 — Nse) / > Cae ony, (1.7) 
= V 47/45 >) (31s3 — N)/Dcos yo, (1.8) 
then (1.6) is brought into the form 
E' (v) = Eo (v) + 7/2€ (8 — Bo)? 
o(¥) + "/2C (8 — Bo) (1.9) 
+ CBBo [1 — cos (y — Yo) 
where 
C = 15Dho/8x, Eo (v) = hwleg + v(N 4-3/9) — 1/oC Bi]. 


It follows from (1.9) that when B =f) the poten- 
tial energy regarded as a function of y has the 
form 


Vie E 5 (y) 12 BL COs (aya). (1.10) 
where 
F = (15Dhiw/8x) 8; 
=1/, V5/chw8, is" (Sige \ / cos ss 
! P0 Yai (9s )} [cos 7 (1.11) 


In obtaining (1.11) we have utilized (1.8). 


2. y-OSCILLATIONS OF THE SURFACE OF AN 
ATOMIC NUCLEUS 


According to A. Bohr,® the operator for the 
kinetic energy of the y-oscillations may be written, 
when £ = 8p, in the form 


i 4 fates 


Ce) 
ibe —— Pose es SS area sin OT a ’ 


2.1 
2BB2 sin 3y OY ( ) 


where B is the mass parameter. Taking into ac- 
count the explicit form of the potential energy (1.10), 
we can write the Schrédinger equation, which deter- 
mines the energy of the y oscillations, in the form 


[Ty — F cos (y — to) — (Ey — Eo (¥) + F)] ® (q) = 0. (2.2) 

By making use of (1.7) it is easily seen that the 
transformations yy) ——Y), Yo > Yo + 2m/3 corre- 
spond to an interchange of the axes 1, 2, 3. Since 
the shape of the nucleus, which is defined in terms 
of y by means of (1.2), is also invariant with re- 
spect to the transformations y——-y, y—y+ 27/38, 
it is necessary to seek the solutions of (2.2) in the 
form of periodic even functions of y (of period 
27/3). For these conditions to be fulfilled, it is 
sufficient to set. 


O (7) = 


By introducing the variable £ = 3y, we bring (2.2) 
into the form 


(cos 34). (2.3) 


[T< — M cos (6/3 — Yo) — W] ® (cos €) = (2.4) 
where 
oH UAiiec ted (2.5 
lee Baits 
2BB, tates 
a Ca aT We z Teen gH U(r 3 — N) Bo/cos Yo, 
(2.6) 
W = (2BB, / 94?) (Ey — Eo(v) + F). (2.7) 


To calculate W it is convenient to expand the func- 
tion ® in (2.4), 


los} 


@'(cost)i = >, arb, (6), 


A=0 


(2.8) 
where %(¢) are the eigenfunctions of the opera- 
tor T;, i.e., they satisfy the equation 

[Tz == ( kh +1)] Vda (E (2.9) 


The functions %(¢) normalized to unity may be 
directly expressed in terms of Legendre polyno- 
mials: 


=) (2h) 2 Px(cast)s (2.10) 
On substituting (2.8) into (2.9) we obtain the sys- 
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tem of equations 


PO. se) 


0 


iMe. 


Wi] Siu Ts Vi} ay = 0), (2.11) 


where 


Ve \on (C) cos (+ — ro) % (6) sin Edt. 


0 
It may be easily shown that 
2 © ; : 
fg Mn cos(F— to), if A-pw is even 
2MI,, sin (+ ates pide i seodd 


rs 


4) x 
i = VOR 1) Que) \ P; (cos) cos-* P,, (cos) sin Cdk. 


i) 


We restrict ourselves to four terms in the ex- 
pansion (2.8). Then (2.10) reduces to a system of 
four homogeneous equations in the coefficients aj. 
By setting the determinant of the system equal to 
zero we shall obtain the values for the energies of 
the y oscillations. Numerical results were ob- 
tained for yy =0, 7/12, and 7/6, and M=5, 10, 
and 20. The result of this is that within the range 
of variation of M that was investigated the differ- 
ence between the ground state and the first excited 
y -oscillation level may be approximately repre- 

_ sented in the form 


AE, = (9h? / 2B85) (2+0.11M), for Yo =9, 

Ai hee? + 0.052M), for y==/ 12, 

AE, = (9h? /2B8;) (2 + 0.024M), for y,==/6. 
(2.12) 


From these expressions it may be seen that even 

if the contribution of V =M cos(y—y9) to the 
difference AE,, is not great, nevertheless the first 
excited y level lies at a value one order of magni- 
tude higher than the first rotational level. If 

is small then the rotational levels lie very high and 


the energy of the y oscillations falls into the range 


of single particle excitations. In the case ot large 
By the value of yp differs little from zero. 
ting y) © 0 and on substituting (2.6) into (2.12) we 


obtain 

AE,, = 9h? / BB, + (0.9 / 36) So sl eco is) 
Large values of By can be realized when a cer- 

tain not very small number of nucleons exists out- 


sideaclosed shell. We consider the filling of the shell 
with N= 5. For a number of nucleons exceeding 


four 24(30s3 —N) >40. Consequently, for large fo 


the ion term in (2.13) is of order hale. OL 


On set- 


order of magnitude of single particle excitations. 

The results obtained above are based on the 
assumption that the series (2.8) converges suffi- 
ciently rapidly, starting with the third term of the 
series. Calculations show that for not very large 
values of M this assumption is satisfied. Thus, 
for y)=0 and M=5: 


®, = 0.971 {+ 0.239 dy -/- 0.0022 fo + ~ 10-4ds, 
O20 280 e006) b, -- 0.198 ‘bs +.0.0039 dy. 


For y)=0 and M=10: 


Dy = 0.923 oy +. 0.383 $1 -+ 0.029 $, + 0.0018 ds. 
, = — 0.342 4, +.0.894 41 + 0.290 by + 0.0053 dp. 


3. PROBABILITY OF EXCITATION OF y 
OSCILLATIONS 


The probability given above for the transition 
of a nucleus from the ground siate into the first 
excited y~-oscillation state under the action of an 
electromagnetic field is given by the expression 


B, (E2) = (5e*/16 x) Q3|<@, | cosy|®,>/%, (3-1) 


where Q) is the internal nuclear quadrupole mo- 
ment; @) and 9%, are wave functions of the ground 
and of the first y-oscillation level respectively. 

Calculations show that over a sufficiently wide 
range of variation of M the ratio of (3.1) to the 
reduced probability of electric quadrupole transi- 
tion to the first rotational level of an axially- 
symmetrical nucleus (5e7Q?/167) is very small. 
Thus, for yy =0 and M=0 this ratio is equal to 
0.01, for M=5 and 20 this ratio respectively 
amounts to 0.009 and 0.003. 

Thus, the reduced probability of excitation of 
the first y-oscillation state is by a factor of sev- 
eral hundred smaller than the corresponding prob- 
ability of excitation of the first rotational state of 
the nucleus. 
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An analysis is given of Cerenkov radiation in an isotropic gyrotropic medium, with spatial 
dispersion taken into account. The angular distribution of the Cerenkov radiation and the 
emergence of the radiation at the boundary of the medium are considered. 


1. INTRODUCTION 


Deeecrrics are usually characterized by a 
dielectric constant which depends only on frequency 
w. However, the electric induction can also depend 
on the spatial derivatives of the field intensity. For 
example, if one takes account of the first spatial 
derivatives it is possible to describe the effects 
due to natural optical activity. The terms contain- 
ing derivatives in the expressions which relate the 
electric field intensity and the electric induction 
are, generally speaking, of higher order than the 
electromagnetic field equations. These lead to the 
new solutions and new waves which have been in- 
vestigated by a number of authors.'~3 As has al- 
ready been noted,” one of the possible methods of 
observing effects related to spatial dispersion is 
to examine the Cerenkov radiation. 

It has been shown in reference 4 that the total 
energy loss of an electron which moves in an ar- 
bitrary medium characterized by spatial disper- 
sion is given by the following expression: 


le 
do 2n*c*%v 
: 0,55, Gp|2 — (0,074! Up) (G,0;4'Gp) + (0,0;,10 
x Vay), t°tk Fpl ( = uk ws Ip) ( ik Py) dq, (1.1) 
1 — (q;big Vp) 


where the tensor bj, is expressed in terms of the 
- dielectric permittivity tensor as follows: 


biz == Qroip Set, 


Lie ees (1.2) 


The permittivity tensor ¢€j, depends only on fre- 
quency (w) if spatial dispersion is neglected; 
however, if spatial dispersion is considered ¢€j, 
also depends on the propagation vector q, i.e. 
Diz sip (Ong): G3) 
We first consider an isotropic medium. In this 
case Eq. (1.3) assumes the form 


Ein (@, J) = £1 (0, 9) Oe + 82 (, 9) 9,9, /9"; (1.3a) 


while the expression for the total energy loss be- 
comes:* 


le. =— ig \ (0) dw 
le a (1.4). 


ho 


x | kde 


— @" 
v2 — c € (w,k? + w/v) + (PR + «) & (w, k® -+- w?/v?) 


= b 
2 = (o, k? + w2/v?) {k? + w? [v-? — ce, (w, R? + o?/v?)]} 


where € = €; + €. 

It follows from Eq. (1.4) that Cerenkov radiation 
will be excited at frequency w if the following con- 
dition is satisfied: 


v > c/n: (0), (1.5) 


where the quantity nj(w) satisfies the relation 


n® (wo) = & (, nw? /c’), 


(1.6) 


If spatial dispersion of the medium is neglected 
Kq. (1.6) defines a single function n(w). On the 
other hand, if spatial dispersion is taken into ac- 
count this equation will in general, have several 
solutions nj =nj(w). If & is the angle between 
the direction of motion of the particle and the radi- 
ation direction, since 

cos 9; = c/un;(w), (137) 
we find that the Cerenkov radiation at frequency w 
is distributed over cones with opening angles Jj 
which are determined from Eq. (1.7). It is of in- 
terest to consider the intensity distribution of the 
Cerenkov radiation over these cones. 


2. INTENSITY DISTRIBUTION OF THE CERENKOV 
RADIATION 


Carrying out the integration indicated in Eq.(1.4) 
with appropriate circuits of the poles in the comple: 


*The upper limit of the integration over k and k, is de- 
termined by the range of validity of the macroscopic analysis. 


160 


CERENKOV RADIATION OF AN ELECTRON 161 


plane for k (cf. reference 5), we find that the en- 


ergy loss due to Cerenkov radiation in the frequency 


interval w, w+dw is given by the expression 


e@ 
Ge. (2.1) 


oe d 2 2 —tT 
x 2 (: onto) } 1 dn (a) Sy ( = nj )) | od, 


Eq. (2.1) represents the total intensity of the Ceren- 


kov radiation as a function of frequency; this inten- 
sity is a sum of intensities which are distributed 
over the individual Cerenkov cones defined by 
Eq. (1.7). 

We now examine the different possibilities which 


arise when spatial dispersion of the medium is con- 


sidered. 

At Cerenkov frequencies far from the resonance 
frequencies of the medium the solution of Eq. (1.6) 
can be found through the use of a “direct” disper- 
sion expansion. Limiting ourselves to second spa- 
tial derivatives,’ we have for the transverse waves 


D = (8 (w) — & (w) n?) Ee (0, nw? /c?)E. (2.2) 


Hence, in the frequency regions considered here 
Eq. (1.6) has the single solution 


n? (w) = & (w) /(1 + % (o)), 


and the Cerenkov radiation is distributed over a 
single cone given by Eq. (1.7). In this frequency 
region a@(w) «1; thus spatial dispersion of the 
medium has essentially no effect on the Cerenkov 
radiation of an electron in these cases. Equation 
(2.2), which gives the intensity of the Cerenkov ra- 
diation at frequency w, assumes the form 


(2.3) 


(2.4) 


an 1 — cF (1 + 4 (@))/ 0&9 () 64, : 
c? [i—a(e)| ro in yD 


1— ¢® / vr 
—- odo. 
n* 


dF = 


On the other hand, dispersion becomes impor- 
tant at Cerenkov frequencies close to the resonance 
frequencies of the medium. In this case, it is nec- 
essary to use the “inverse” dispersion expansion 
in solving Eq. (1.6). If, as in the above paragraph, 
we limit ourselves to second spatial derivatives,” 
we have 

E = D/2(o, 2? /c2) = [1/29 + $n] D. (2.5) 
Thus, at these frequencies the dispersion equation 
(1.6) has two roots: 


ney () = — 1/228 + V (2608)? + 1/8. 


Ginzburg has shown? that when 6 > 0, one of 
the roots of Eq. (2.6) is always smaller than unity 
and the Cerenkov condition (1.5) may not be satis- 
fied. In this case the Cerenkov radiation is dis- 
tributed over a single cone. However, when f < 0, 


(2.6) 


the Cerenkov condition can be satisfied for both 
roots of (2.6) and the Cerenkov radiation will be 
distributed over two cones. The total intensity of 
the Cerenkov radiation is then given by the sum 
of two terms — the intensities of radiation over 
these cones: 

1 — c?/v2n? 


dF ==> 


Ty onl ° (227) 


1,2 


In accordance with Eq. (2.7), the ratio of these in- 
tensities is given by the following expression: 


= c ( ce 
Frei age) te Prt [Uae 1 Pe 
It follows from Eqs. (2.6) and (2.7) that when 

ef |B|<«1, nf >n? and 


Jo/1y = 82 (8 (1 — c2/o*n®) <1, (2.9) 
It-follows from the foregoing that if the condition 
«4|8| <1 is satisfied the Cerenkov radiation is 
concentrated almost entirely in the first (ordinary ) 
cone. As Ginzburg has shown, in the optical region 
of the spectrum this condition is satisfied close to 
the center of an absorption line. Hence, for a non- 
gyrotropic medium the new Cerenkov radiation 
could be observed at the center of the absorption 
line (at wavelengths such that AA <5A, when 
e2|B|~ 1). In this case the intensity of the new 
Cerenkov radiation becomes comparable with the 
intensity of the usual Cerenkov radiation. How- 
ever, close to the absorption line one must take 
account of absorption of the radiation in the me- 
dium. Estimates carried out in reference 2 indi- 
cate that in actual materials the observation of 
Cerenkov radiation in the optical region of the 
spectrum would be possible only in sheets which 
are approximately 1074 cm thick. Thus the ex- 
perimental observation of the new Cerenkov radi- 
ation in an isotropic medium would be difficult 
because of absorption in the medium. 

In terms of the model proposed in reference 3, 
the real dielectric constant (at one of the natural 
frequencies of the medium) assumes the follow- 
ing form when spatial dispersion in an isotropic 
non-gyrotropic medium is considered (q = nws/c): 


Sip | oo ee (1 . = 0 8; 
Ue \oo- ip wo” + oF — By —a(w/c)? n* is 
19; p (2.10) 


5 a Tee 
QP= Oy —— Po di(Gd7/C)e re 


The dispersion relation (1.6) now has two solutions, 
ni 2, and the Cerenkov radiation is distributed over 
two cones. The total intensity of the Cerenkov radi- 
ation is again given as the sum of two terms:. 
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1 
wd. 


(2.11) 


dF = a 2 ple ) [ite a (haa 


We now consider Cerenkov radiation in an iso- 
tropic gyrotropic medium characterized by spatial 
dispersion. Since spatial dispersion is important 
in frequency regions close to one of the resonance 
frequencies of the medium we use the “inverse” 
dispersion expansion: 


E; = [(1/ey + Bn?) de + i~meze: 157] De. (2.12) 


Eq. (1.1), which characterizes the total energy loss 
of an electron moving in such a medium, assumes 
the form* 
+00 Re 
F = ail \odok dk 
iad (2.13) 
a+ 7b 


Cc? [o? 


2 DP D 
: PN | eee eat Ss joe 
ae \w ar #2) | Y" o2 (@? + k? 0?) 


xX 


y 2¢,y2 4 
[ vo e 


C2(@ + Rv), 


where we have introduced the notation 


7) 


se vw” i A tela 5 
ee eS ae) 


a=[= +8 (= 


eS (eel. 


Examination of Eq. (2.13) indicates that Ceren- 
kov radiation at frequency w is excited in an iso- 
tropic gyrotropic medium with spatial dispersion 
if Eq. (1.5) is satisfied; the nj(w) in this equation 
are determined from the dispersion equation 


2 


1 1 Q 2)" 2,.9,9 9 w? ar ¢ 
Se IE eG) ais Oe fe le pee 
G £ as | T : C get 


(2.15) 


In general, Eq. (2.15) yields three different values 
of ni (w) so that in the case being considered the 
Cerenkov radiation is distributed over the surfaces 
of three cones with opening angles 3;, which are 
determined from Eq. (1.7). In this case the total 
intensity of Cerenkov radiation at frequency w is 
given by the expression: (2.16) 


a,+ yb. 
w dw : d 


dF =—eé > 


=1,2,3 


*It should be kept in mind that Eq. (2.13) gives the correct 
value of the loss due to Cerenkov radiation only for those 
.frequency regions in which the inverse dispersion relation 
(2.12) is valid (cf. reference 3). 


[2 (8 + mp4) (nz? — 1 /ep— Bn?) ctf? 4+ y2c? | 


In frequency regions in which yweyn <1 and 
Bn€q «1, Eq. (2.15) has two roots which are ap- 
proximately equal 


n= rae Ger yon) (2.17) 
and a third root which is larger 
ne = 1 [nt (720? — 28/n2), (2.18) 


where n} = € ). Consequently, if the radiation in- 
tensities for the cones are to be of the same order 
of magnitude the following condition must be satis- 
fied: 


I (ete 20 an, (2.19) 
In the optical region of the spectrum yw? = 107° 
and 6 + 10°; thus, nj=45. According to refer- 
ence 2, this condition is satisfied at wave lengths 
such that AA & 100A as measured from the cen- 
ter of the absorption line. It is apparent that ab- 
sorption does not play an important role in a gyro- 
tropic medium and that the experimental observa- 


tion of the new Cerenkov waves may be possible. 


3. EMERGENCE OF CERENKOV RADIATION 
THROUGH THE BOUNDARY OF THE MEDIUM 


To determine. the intensity of the Cerenkov radi- 
ation which emerges from a medium it is necessary 
to consider effects at the boundary. The question 
of boundary condition then arises. It is apparent 
that the usual continuity conditions Dey = Dip, 

Hon = Hin, Eot = Ey~ and Hot = Hyt still hold. How- 
ever, new wave solutions are possible when spatial 
dispersion is taken into account and the usual boun- 
dary conditions are found to be inadequate for de- 
termining the amplitudes of these waves. As an 
additional boundary condition Pekar! has introduced 
the condition that the dipole moment per unit vol- 
ume, due to the excitation of exciton waves in the 
medium, must vanish 


4nP =D—s’E= )) (n?—c')E=0, 


i=1,2 
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where the quantity e«’ takes account of the contri- 
bution due to the other resonance frequencies of 
the medium. The boundary conditions in (3.1) can 
be used to estimate the intensity of the radiation 
which emerges from the medium. 

Suppose that at the interface between an iso- 
tropic non-gyrotropic medium and a vacuum, a 
plane wave is incident on the medium at an angle 
dy < 1/2. Two reflected waves arise, corresponding 
to the two refractive indices n,(w) and Ny (w). 
Suppose that the index associated with the incident 
wave is ny(w). From the condition that the phases - 
must be equal it is easy to show that the following 
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relations obtain between the refracted and reflected 
waves: 


%) = 4,, sind, /sin o, 


= 1, () sind / nz (w) sind, = ny, (@), (3.2) 


where # is the angle of refraction and 3, and 3, 
are the angles of reflection. The boundary condi- 
tions (3.1) can be used to determine the amplitudes 
of the refracted and reflected waves. If the elec- 
tric vector of the incident wave is perpendicular 
to the plane of incidence the amplitude of the re- 
fracted wave E is related to the amplitude of the 
incident wave Ep, by the expression 


(3.3) 


E 2ny COS 9p (nN; — n3) 


= : — 
Eo cos > (ny =e n3) + ny, cos 8 (e’ — i) — Nz G08 92 (e’ — nj) 


If the incident wave.is associated with the index 
ny(w), we interchange n, and np in Eqs. (3.2) 
and (3.3). 

The results obtained above can be used to choose 
the most convenient experimental geometry for 
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studying these features of Cerenkov radiation in 
media characterized by spatial dispersion. 

In conclusion the authors wish to express their 
gratitude to V. L. Ginzburg for his interest and for 
a number of valuable discussions. 
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A generalized expression is derived for the dependence of the cross section of photoproduc- 
tion of m mesons in complex nuclei on the number of nucleons. In addition to the ordinary 
reabsorption the reabsorption by nucleon pairs at the instant of meson creation has been taken 
into account. The following two calculations are presented: (1) a calculation for uniform den- 
sity of the nucleons in the nucleus assuming a particular wave function for the nucleon pair, 
and (2) a phenomenological calculation without a wave function but for a Fermi distribution of 


the nucleon density in the nucleus. 


1. INTRODUCTION 


ik is well known that the dependence of the photo- 
production cross section of m mesons in nuclei as 
a function of the atomic number is determined,to a 
considerable extent by the secondary process of 
meson reabsorption. 

The effect of these processes was analyzed by. 
Brueckner, Serber, and Watson.! They gave the 
following expression for the dependence of the 1° 
production cross section as a function of A (or, 
respectively for m* on Z and m™~ on N): 


(Sn) = (Sn*)pyn Any. (1) 
The factor x for the reabsorption has the form 
Vero te kee el eye), i DR hae 


where R — nuclear radius and Ag — the mean 
distance for meson absorption in nuclei; 7 < 1 

is a coefficient due to the replacement of free nu- 
cleons by nucleons bound in the nucleus. 

The secondary meson reabsorption processes 
can be divided in a rough fashion into single-nucleon 
and two-nucleon interactions of the meson. At small 
meson energies the two-nucleon absorption predom- 
inates and plays the essential role. 

However, as has been pointed out by Wilson? and 
Butler,’ in the case of meson photoproduction there 
exists an important specific circumstance which is 
not accounted for by (1). To be absorbed by a two- 
nucleon process on its way through the nucleus there 
have to be present in acertain volume three particles 
— the meson and two nucleons. Now, at the instant 


of the production of the meson two particles — the 
meson and a nucleon — are already contained in 
this volume and for the two-nucleon absorption 
process the presence of only a second particle in 
the same volume is necessary. The circumstance 
that a quantitative treatment of this effect was not 
undertaken is the reason for the confrontation 
“volume production” as described by (1) vs. the 

so called “surface production.” The latter leads 

to the dependence 0,79 ~ A? independently of the 
value of Ag. The necessity of combining these pic- 
tures follows from the experimental data on neutral- 
pion photoproduction in nuclei. In a series of ex- 
periments on neutral-pion photoproduction in com- 
plex nuclei including our measurements‘ it was 
shown that the dependence of o,9 on A for nuclei 
between carbon and lead is close to A??, Further- 
more, the measurements in reference 6 were per- 
formed with two counter telescopes in coincidence 
located 180° apart. They thus counted only 2’ me- 
sons of a limited energy interval (1 to 15 Mev). 
The mean free path of such mesons in nuclear mat- 
ter is on the average A, © 17r9 = 17 X 1.4 x 10° 8 
cm. Nevertheless the dependence of o,0 on A 
turned out to be close to A?/%, This is clearly in 
contradiction with the usual optical model formula 
(1) which for these conditions leads to a dependence 
close to ~A. On the other hand, the results of ref- 
erence 6 differ perceptibly from the dependence 

~ A of “pure surface production.” 

In the present paper the influence of the two- 
nucleon absorption of mesons at the instant of their 
creation on the dependence of o,9 on A is esti- 
mated in the simplest possible manner. 
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2. DEPENDENCE OF o,0 ON A FORA PAR- 
TICULAR WAVE FUNCTION AND DENSITY 
DISTRIBUTION IN THE NUCLEUS 


We follow the method of Wilson,’ which he ap- 
plied to the analysis of the photodisintegration of 
the deuteron. We thus assume that it is necessary 
and sufficient for a meson to be reabsorbed by a 
two-nucleon group at the instant of its creation that 
the nucleons at this time be at a separation r <1 = 
h/wc. We assume for the nucleon pairs the Chew- 
Goldberger wave function 


b(p) = V ak /x (a?h? + p?), (2) 


where h*a?/2m = 18 Mev (m= nucleon mass). In 
the coordinate representation this wave function has 
the form 


o(r) = Vane */r. (3) 


Obviously the probability for the meson not to be 
absorbed by the quasi-deuteron at the time of its 
creation equals 


q 
eee \ | b(r) 2 4ar2dr = e- 22, (4) 


The quantity f) characterizes the probability for 
a meson to be produced in the central parts of ‘the 
nucleus which are further removed from the sur- 
face than the distance J. For the given w%(r) it 
has a value 0.075. In the vicinity of the surface 
this probability increases and equals 


Fe (y) = > (22 RM ee 


__ a(R*— 9’) 
2y 


+ aq (Ul + 2a (R— ye 9 — [1 + Dal} e-*4, 


Et 2a (R—y) [Ei 


2Qal}} (5) 


where y is distance from the center of the nucleus 
[(R-l) <y <=R]. The overall (i.e., averaged over 
the nucleus) probability for the meson not to be re- 
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absorbed in a two-nucleon process at the instant of 
its creation is given by 
Als 


\ 2712 2) de, (6) 


A‘/s—y 


[=f — A + > 


where z=y/l. 

Curve 1 of Fig. 1 shows the function fyA. The 
values are plotted with respect to carbon (A = 12). 
Obviously the curve falls in between the straight 
line ~A andthe curve ~A?/*, It thus denotes a 
mixture of “volume” and “surface” production which 
are characterized respectively by the first and sec- 
ond term of (6). 

The dependence of the contribution of “surface 
production” of mesons on A (i.e., the produc- 
tion in a surface layer of thickness 1) is plotted 
as curve 1 in Fig. 2. 

In addition to the reabsorption of mesons at the 
instant of their creation one obviously has to take 
into account the usual reabsorption in the nucleus. 
The fraction of the “volume-produced” mesons that 
leave the nucleus will be given approximately by 
Eq. (1) multiplied by exp(—J/Ag) for x =2(R-1)/ 
Ag. The fraction of the “surface-produced” mesons 
that leave the nucleus will be given approximately 
by 


ac (7) 


where 
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Curve 2 of Fig. 1 shows the ratio of the photo- 
production cross section of slow mesons in differ- 
ent nuclei to that in carbon for Ag/ry =17 (this 
corresponds, for example, to 7 mesons with an 
energy of approximately 8 Mev). A comparison 
with the experimental points taken from reference 
6 favors the generalized formula as compared with 
the usual expression (1) or with the simple depend- 
ence ~ A?/3, 


3. PHENOMENOLOGICAL CALCULATION OF THE 
DEPENDENCE OF o7o ON A FORA FERMI 
DENSITY DISTRIBUTION OF THE NUCLEONS 
IN THE NUCLEUS 


The above calculation of the two-nucleon reab- 
sorption of a mesons at the instant of their crea- 
tion was performed for the case of uniform nucleon 
density in the nucleus. A consideration of different 
nucleon density distributions results in considerable 
complication ofall computations. We therefore tried 
to account for the density distribution purely phenom- 
enologically without assuming any particular form 
for the two-nucleon wave function. By giving the 
approximate character of the density distribution 
of the nucleons in the nucleus and the approximate 
dependence of the reabsorption probability at the in- 
stant of production on the density, we can obtain the 
dependence of o,9 on A in terms of the parameter 
f) which describes the probability of a meson to be 
created in the center of the nucleus without being 
reabsorbed in a two-nucleon process. Comparing 
the obtained curves with the experimental results 
we can establish which value of f) gives the clos- 
est agreement with the observed A -dependence. 
The calculation was done for a density distribution 
which is in agreement with the electron scattering 
data,® i.e., for the Fermi distribution 


e(r) = 9/[e"—/4 + 1], 


where py approximately equals the density at 
r=0 (since e-°/d <1), ¢ is the radius at which 
the density has one half its central value, d = t/4.4 
where t is the surface thickness (the density 
changes in this layer from 0.99 to 0.1p9). 

The probability of photoproduction of mesons in 
a nucleus without reabsorption actually depends on 
the density p of nuclear matter. The photopro- 
duction probability averaged over the nuclear vol- 
ume is given by 


(8) 


o* 4n ° a 
ja =z) PoE @ar. (9) 
0 
We shall assume that the dependence of f on p 
has the form 
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f(e) = 1— (1 — fo) p/ po. (10) 


Then 
fe, = 4/5 (me? / A) 09 {Fo [1 + 2? (4/0)?] 
+ (t= fo) (3d / Gea (a Leis 


The first term in (11) gives the contribution of 
“volume production” and yields the proportionality 
fgA ~ ¢@?, The second term, the contribution of 
“surface production,” contains a factor 1/e and 
thus yields fqA ~ c*, The magnitude of the second 
term is proportional to the volume of the surface 
layer of the nucleus. | 

The obtained expression still has to be corrected | 
for the usual reabsorption of the mesons, similarly 
as in the case treated in Sec. 2. 

In Fig. 3 the results of the computation are 
plotted for Ag =17rp and for the three values 
fp = 0, 0.1, and 0.2. 

As one sees from a comparison with the experi- 
mental points from reference 6, which are also 
plotted in Fig. 3, the value of f) and the depend- 
ence 0,9 =f(A) agrees with the above obtained 
results. The relative magnitude of the contribution 
of “surface production” to the meson production as 
given by (11) is plotted in Fig. 2 as the dotted 
curves 2 and 3. 

We shall not discuss here different possible 
reasons for changes in the obtained dependence 
o,0(A) (e.g., the influence of the binding energy 
and the momentum distribution of the nucleons, the 
charge exchange scattering of 7‘ mesons etc.). 
We only wish to point out the as yet unfeasible 
direct establishment of the facts of the two-nucleon 
absorption of slow mesons not at the instant of cre- 
ation but on the subsequent passage through the nu- 
cleus. When a fast (~70 Mev) am meson is ab- 
sorbed by a quasideuteron or a fast 7° meson is 
absorbed by a pair of protons two protons are 
emitted with approximately equal energy into 
roughly opposite directions while the emission is 
roughly isotropic with respect to the direction of 
the incoming y-ray beam. 

The cross section for the production of such 
pairs which are due to the reabsorption of 1 
mesons must have the form 


(11) 


3 = (nt), 9Z fo(l —y) (1 — A= 


: At : (12) 
+ l~xs) | aha) dz | 58 hon 
Alemy 


where TI is a factor that describes the two-nu- 
cleon correlation in the nucleus ([ *6), Ag and. 
A, are the meson mean free paths with respect to 
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the total and the two-nucleon absorption respectively, 


and fpp is the probability that both protons leave 
the nucleus (equal, for example 0.6 for carbon, 0.4 
for iron and 0.25 for lead). 

The possibility of actually observing such proc- 
esses is indicated by the work of Rosengren and 
Dudley’ who report the existence of an isotropic © 
component in the angular distribution of photopro- 
tons with an energy close to 70 Mev which is due 


to the absorption of a mesons by pairs of nucleons. 


The authors thank E. M. Leikin for his partici- 
pation in an evaluation of this work. 


1 Brueckner, Serber, and Watson, Phys. Rev. 84, 
258 (1951). 

2R. Wilson, Phys. Rev. 86, 125 (1952). 

35. T. Butler, Phys. Rev. 87, 1117 (1952). 


4 Belousov, Tamm, and Shitov, Dokl. Akad. Nauk 
SSSR 112, 1017 (1957), Soviet Phys. “Doklady” 2, 
90 (1957). Ms 

5 Govorkov, Gol’danskii, Karpukhin, Kutsenko, 
and Pavlovskaya, Dokl. Akad. Nauk SSSR 112, 37 
(1957), Soviet Phys. “Doklady” 2, 4 (1957). 

§ Belousov, Rusakov, and Tamm, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 355 (1958), Soviet 
Phys. JETP 8, 247 (1959). 

TR, Wilson, Phys. Rev. 104, 218 (1956). 

8R. Hofstadter, Revs. Modern Phys. 28, 214 
(1956). 

9J. Rosengren and J. Dudley, Phys. Rev. 89, 
603 (1953). 


Translated by M. Danos 
33 


SOVIET PHYSICS JETP 


VOLUME 36 (9), 


NUMBER 1 JULY 2 ag 


BREAKUP OF A CHARGED LIQUID DROP AND NUCLEAR FISSION 


B. T. GEILIKMAN 
Moscow State Pedagogical Institute 


Submitted to JETP editor July 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 249-252 (January, 1959) 


The disruption of a charged liquid drop is examined. The vibration energies of the parts of 
the drop are computed, as is the energy of their relative motion. The general results thus 


obtained are applied to nuclear fission. 


Lig solving the problem of the breakup of a liquid 
drop into two parts, and in particular the problem 
of nuclear fission, the question arises of determin- 
ing the generalized coordinates and velocities of 
the fragments of the drop after breakup from the 
equation of motion of the drop prior to breakup. 

We shall show below that knowledge of the internal 
coordinates and velocities of the fragments makes 
it possible to estimate the excitation energy of the 
fragments during nuclear fission. 

Assume that the liquid is incompressible, that 
the motion of the liquid prior to and after breakup 
is potential, and that the radius vectors of the sur- 
face of the drop and of its fragments are of the fol- 
lowing form (we confine ourselves to an axially- 
symmetrical case): 


r(3)/R = 1 + La,P, (cos 9); 
ri(9;)/Ri = 1+ 2a) P, (cos 9), i= 1,2. 


In each case the origin is located at the center of 
gravity of the drop. From this condition and from 
the conservation of volume we obtain the coeffi- 
cients Ay A> af), and a(i) in terms of the 
remaining parameters and ol), 

Let us consider the change in speed of any mass 
element of the drop, Amg, during the time of 
breakup of the drop Tp: 

*p 
AVG= \ fat /Aniy2 ie, / Ams. 
We assume that Tp is so small, that Avg « vg 
(this condition is satisfied in the case of nuclear 
fission). Then the velocities prior to and after 


breakup can be considered equal — this corresponds 


to the so-called shake-up method. Consequently, 
grad ¢ (x, Y, 2(z:)) == vi) = grad oF (x, Y, 2) t= U2. (1) 
Here (x, y, z(2;)) is the velocity potential prior 


to breakup of the drop, referred to the origin of the 
coordinates of the i-th part of the drop [i.e., z is 
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assumed to be ¥(z; -a@) i a®) are the distances 

from the center of gravity of the drop to the centers 
of gravity of its parts]; yj (x, y, zi) is the veloc- 

ity potential of the i-th part after breakup; vi) is 

the velocity of the center of gravity of the i-th part 
after breakup: 


fo) 
0 == >) dar? P, (cos 9)/nR"; 9, = dy afr? P, (cos 9,)/nR? 
n=2 


Changing to rectangular coordinates in the ex- 
pressions for g and 9, we obtain from (1): 


ah!) == oy + Yager + Baybeit..., 
af) = — (dy + Bbyi0%4 +...) (Ai A)"; (2) 
a) = (a4 +...) (Ai/ A)” 

(the minus corresponds to i=1, the plus to i= 2); 
the relative velocities of the parts of the drop are 
Oe = Oy = Oe == 2. == [aX (0c1 + ce) — as (be =e bes) 

+ tg (Bevt+ Bes) — RR; ber de /R. 

These values of of) and Z, can be used as 
the initial conditions for the equations of motion of 
the parts of the drop. The initial values of the co- 
ordinates afi) and z. canbe readily calculated 
if the shape of the drop before breakup is known.! 

In the case of nuclear fission, the potential en- 
ergy U and the shape of the nucleus prior to fis- 
sion were calculated for the states corresponding 
to minimum energy, within the framework of the 


Frankel and Metropolis? drop model (see also 
reference 3): 


U (y) = */roet (x, y) A” e/g; 
€(x, y) = 2.178 y? (1 — x) — 4.09 y3. (1 — 0.645 x) 

+ 18.64 y3 (1 — 0.894 x) — 13.33 ys; 

x = Z*/Ae; e==(Z2/A),, = 48+ 50; 
ry = (1.2-+ 1.5)-1073 cm. 

ay = — y?(1.06 + 9.76.10~ f (y)); (3) 

ot, = y (2.3 + 5.42-10-4 f(y); 

dg = y? [1.6 + y (3 + 2.84- 10° f (y))]; 

Og = —2.36-10-5 f(y); og = 2g; f(y) = (0.49 — y)8. 
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The remaining a, = 0. In view of the smallness 
of ag and ag, we first neglect them; y isa gen- 
eral deformation parameter. The fission barrier 
corresponds to y =1-—x. The thickness of the neck 
dy is close to zero (dy/R~ 0.1) when y =y, & 
0.35. If shell effects are taken into account a3 ~0. 


At the experimentally observed value (A;/A, 2 0.7) 


of the fragment-mass ratio. a3 ~ 0.06.4 The ratio 
a3/Q_ at the break of the neck can be estimated in 
the following manner: 


Boole Patan AY as 1a —— Grae) Ate, tt 
a (1 + 2) agp (Gop — Oye) 1 = 0.07 + 0.12. 


(Atg, is the time of descent from the saddle point 
to the break in the neck; Atq, is the time of de- 
scent from the point at which a 3 stops being equal 
to zero to the break in the neck; Atg, /Atq, ~ 1 or 2; 
Qh is the value of a, at the point of the break of 
the neck, dg is the value at the saddle point); ap 
and Q2g were calculated from formula (3) for x = 
0.7 to 0.8. The value of a 3p can thus be neglected 
(this introduces an error of 4 to 7% for a(t) and 
Zq when 3 =0.1d). 

Since the deformation of the nucleus past the 
saddle point is slow, one can assume that the nu- 
cleus passes through the values a, correspond- 
ing to the minimum of the potential energy and 
which are consequently determined by formula (3). 
Then Gy =ydday/dy. In particular, 


Og = oy (dotg/dy)/(da/dy) = 8 (y) 2. 
At the point of breakup, i.e., at y =y, © 0.35, 
we have 6 x 0.8. The kinetic energy of the drops 


after the breakup is of the form T") = >) Oe 


n,m 

i) Nmax (i) 
, ~) Ae 
Since T, . > Tym (2 *~m), we have T 24 on 


In units of e2/ry we have 
T!) = 3A/ 10 [a ]2/2n (2n + 1); 


/ n 
I => 


[Px (u))?/n® + (Pra (¥))?) [re (w)/Ra dp. 


| eae 


a 


Let us estimate the ratio tr) (for A, *A,). 


If 1{) fe 1) (see below), we have Tyo) = 0.02 
) 


2 


to 0.04. One can therefore assume that of Oily, 
follows from (3) that aft) =( when y ~ 0.35.4 We 
can then confine ourselves to Nmax = 3 in the ex- 
pression for rj (7); af) and af!) were found in 


reference 4 for various ratios A,/A,. When A, = 
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Ag we have af) ~ 0.26, af) ~ 0.08, and 2b, ~ 
2.5. For these values of ot) we have 1) ~~ 1.4 
and fi) = 1.9. (The-values of af), bej, and 1) 


of reference 4a have been revised). Let us esti- 
mate the ratio of the kinetic energy TQ) + TO) of 
the internal motion of the fragments to the kinetic 
energy T, = v%/2 of the centers of gravity of the 
fragments (pu is the reduced mass of the frag- 
ments): when A, = Ay, we find from Eq. (2) 

(G4 0.8a,) that (TM) + T))/(To + TM) + TQ)) 
~ 0.45. This estimate is unfortunately not very 
accurate, for if we include the terms with a, and 
@g in thé expressions for afi) and Ze [see 

Eq. (3)], T(t) + T@) turns out to be on the order 
of not 45%, but of 90 to 100% of the total energy. 

In view of the fact that the terms with ag and ag 
in (3) have been determined very approximately,we 
disregard them for the time being. But for further 
calculations it is essential that formulas (2) be re- 
vised. 

We note that to determine the absolute value of 
Te and T(i) it is essential to replace Q, bya 
certain effective value. As is known, the law of 
conservation of energy is not obeyed rigorously 
in the “shake-up” method. Therefore, to satisfy 
the law of conservation of energy it is necessary 
to equate the energy Ta + T(t) + T@), expressed 
with the aid of formulas (2) in terms of @» = 
(Q)eff, to the energy of the nucleus prior to the 
breakup of the neck. If the force of friction for 
the degrees of freedom dy in the descent from 
the saddle point is small, (this corresponds to 
spontaneous and threshold fission, see reference 1), 
the nuclear energy prior to the breakup is equal to 
the difference in the potential energy U(y) at the 
saddle point and at the point of breakup (for thresh- 
old fission), or to the difference in U(y) at the 
ground state (y=0) and the point of breakup 
(for spontaneous fission). 

To determine the excitation energy of the frag- 
ments it is necessary to solve the equations of mo- 
tion (quantum or classical) for the degrees of 
freedom ali) and z_,1 However, an approximate 
estimate of the excitation energy can be obtained 
by considering the sum of the internal kinetic en- 
ergies T(t) + T(2) and the energy of deformation 
of both fragments at the point of breakup of the 
neck: Ey = uv) ie ue) + TM) + (2) = EO) + Ee), 
As shown above, 


TO 4 T? 4 1U (Yo) —U (Ya)]i 
4 > 0.40. 


Bohr and Wheeler® calculated ue) in an approxi- 


Joa =x OF (Yo =; 
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EE Te eee 


U236 Pu2s Cm*42 Cf 252 
ne) iS) c ’ c hi} cd ' 3 5 Ss t 
ara) ery ctl oe) oo ) oud ° ponta- 
Poljaea| 24 \oe4) talaga hit | fission 
Ex ata A SO S| Dye Sea ees 5 
ut? + vu, Mev 18.0 17.9 17.7 18.4 
| 
1 2 =0.45 2021 66 2-10 Bo) A Orla a od 2.0 
TO ETO) Mev, 9 75 | 3.41.0 Geo 8. gop eguesl? Oso 3.4 
=0.45 | 20.0.) 18.0 TRV H7 79111222001 49.640235 20.4 
EgriMews =0.78 Si P4n et800 | 93,8710 17.9. 26.5 | 20.9 | -27ceu pete 
mation that is quadratic in ol!) and wel Cor- ing to numerical calculations given in reference 4, 


rection terms of higher order in Re, were ob- 
tained by Present and Knipp.! The table lists the 
values of Ey calculated for four nuclei with 

A; = A, for spontaneous and threshold fission, 
using new values of rq and ¢€:® ry=1.22 x 107% 
cm and ¢€ = 50.1 (and in the quadratic approxima- 
tion with respect to a(t) for uM). These data 


are also more accurate than those of reference 4a. 
As can be seen from the table, u®) + ue) 


change very little with increasing Z2/A (they de- 
crease slowly). The increase in Ey is thus due 
only to the increase in TQ) + T(2), Se IK fF Pe 
U(yqd). The rapid increase in |U(yq)]| is clearly 
seen in Fig. 3 of reference 3. From the experi- 
mental data on the number of secondary neutrons, 
v, it follows that the increase in the fragment ex- 
citation energy with increasing Z?/A corresponds 
to y~ 1 thanto y=0.45 (see reference 9), but 
y = 0.45 is only the lower estimate for y (see 
above). Furthermore, Ep, is only approximately 
equal to the excitation energy of the fragments. At 
any rate it is clear that the increase in the excita- 
tion energy with increasing Z?/A is due entirely 
to Ti) + T@), ie., to U(yo) — U(yg), and not 
to Ug (if a larger value is assumed for yg 

|U (yq)| will be greater). 

Let us now attempt to estimate, for a specified 
Z*A, the ratio of the excitation energies of two 
fragments, or the ratio E()/E(2), in the same 
approximation, as functions of A;/A,. Numerical 
calculations show that uW/ ul) depends little on 
A,/A, (it diminishes slowly with diminishing 
A;/A, when A;,/A, % 1). But since bg; /bes = 
A,/A, (the distance between the center of gravity 
of the fragment and the common center of gravity 
is greater for a lighter fragment than for a heavy 


one), we have a) > ol?) for A; <A,. Accord- 


at) is also somewhat greater than a). Conse- 


quently, in spite of the fact that A < Ady 3) we 
nevertheless find that T(@) > T(2). Thanks to this, 
E() may turn out to greater than E?) when 

A; 2 A, (this agrees with the experimental data 
of reference 10). E())/ E (2) diminishes with further 
increase in A;/A,, owing to faster decrease in 
u)/u@). 

Consequently in this case, too, the main reason 
for the principal effect ( E() > E?) when A, < A.) 
is TM) and not U@. We remark that allowance 
for G4, and d, would increase the ratio E™)/E() 
substantially, since @, and dg contain high powers 
of be; and be». 

In conclusion, I express my gratitude to I. G. 
Kruitikova for doing the numerical calculations. 
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The article treats a method of calculating multiple-scattering curves with allowance for the 
finite dimensions of the nucleus. In the calculation use is made of the experimental results 


on the scattering of fast electrons by nuclei. 


Ler us denote by f (0x, Oy, t) the angular distri- 
bution function of charged particles at a depth t 
(g/cm?). The scattering angles of the particle 
are assumed small and be presented in the form 
of a vector 6 in the plane perpendicular to the 
direction of motion; 6x and Oy are the projec- 
tions of the scattering angle on two mutually per- 
pendicular planes through the initial direction of 
motion. The distribution function, for the case of 
small scattering angles, obeys the following kinetic 
equation 

df (0 ,0,t) 


oc N Fert ‘ : 
ev = — f (80,2) \\ 6 (6,0,) dii,d0, 


—co 
co 


ne \\ 7 5 (6,8,) f (Ov — 955 8, —9;)d8,d0,. (1) 
Here N is Avogadro’s number, A the atomic 
weight, o(@x, Oy) is the transverse scattering 
cross section. The boundary condition is chosen 
in the following form 


Ff (Gx Oy; 0) = 26 (5x) 6 (6y). (2) 


We shall be interested henceforth in the distri- 
bution function for one angle only, either 0x, or 
Oy. This is caused by the fact that it is much eas- 
ier to measure in a cloud chamber the projection 
of the scattering angle, than the three-dimensional 
scattering angle. We must therefore integrate the 


solution of Eq. (1) over one of the projection angles. 


The final result can be represented in the following 
form 


co 
\ pikxOx 


co 


° d0, 
f (8x, t) dbx = — 


xexp {ME | ef 6 (6, 84) d6xd8, ——- 2 (0, O)} dee, (8) 


where 


f (8x, t) = \ f (8x, 8,, ¢) d8, (4) 


00) 


co 
with the normalization condition f£(6x, t)d@éx=1. 
0 


The solution (3) is valid for any scattering law, pro- 
vided the scattering angles are small. 

We are interested so far only in pure Coulomb 
scattering from a stationary nucleus. This means 
that o (6x, Oy) is the Rutherford scattering cross 
section with account for both the atomic and nuclear 
form factors: 


(NE / A) o (Bx, 8y) = 2y2q2F* / (0% -+ 63)?; (5) 


we employ the quantity universally used in the 
theory of multiple scattering 


x2 = (4nNt/ A) Z(Z + 1) 2°%e* / p?0?, (6) 


where Z is the charge of the scattering nucleus, 

z the charge of the scattered quantity (henceforth 

taken as unity); p and v are the momentum and 

velocity of the scattered particles, q the atomic 

form factor, and F the nuclear form factor. 
Moliere!»* has shown how to obtain an exact for- 

mula that takes into account the screening of the 

Coulomb center. This reduces to replacing 

q’/(0% + 6%)? with (0% + 6% + (%y)~2 ~where 


Om = (k/0.885R,Z_”) V1.13 + 3.7622; (7) 


Here x is the wavelength of the incident particle, 
Ry is the radius of the hydrogen atom, while a= 
zZe*/hiv. 

The nuclear form factor was measured by Hof- 
stadter® for a number of elements. For electrons 
with energies on the order of several hundred Mev, 
the quantity F? in (5) can be approximated by the 
following expression:* 


FY = {1 + ka” (62 + 95)} (8) 


The values of a characterize the scattering nu- 

cleus. For example, a= 2.36 x 107'3 em for lead. 
It must be noted that the choice of the analytic form 
(8) for the form factor is dictated exclusively by its 
suitability for further calculations. From the phys- 


i hea 
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ical point of view, this analytical form is not accept- 
able since it leads to an exponential distribution of 
the nuclear density. We should consider expression 
(8) only as an interpolation of the experimental re- 
sults in the region of electron momenta on the order 
of 100 Mev/c. It is natural to assume that expres- 
sion (8) remains valid also for scattering of par- 
ticles of a different kind in the same range of mo- 
mentum variation. 

Using (5), (7), and (8) we can integrate the ex- 
ponential function (3) with respect to Oy. We obtain 

f (8x) do, = + d6, \ cos Rel. 


0 


2 ot By TOs 
x exp {— +25 (1 —coskx) B (6%) dB, (9) 
0) 


where 
B (Ox) = 3/2(gm + 05)" —12/ giue( + 9m) 
+ 159 mhe /16 (02 + gue) + 9¢rue /4 (Ok + Fiue)” 


BQ Gee Caie i, osl 2) @eus (ie Tea auc) toe 6 CLO) 


We denote here @yyc = 1/ka. It is easy to see that 
the probability of a single scattering in the interval 
of the planar angle 0x—6x+A@x while traversing 
the thickness t is 4/4 xB (0x) dOx. 
The integral in the exponential of expression (9) 
is also found analytically; we obtain finally 
f (0x) d9, = = db, \ d? cos 9,2 


0 


er 4 Om \ 
Xexp je | 5 0677 — In 
Ne X 
= a 0.577 -£ Inge! mK, (EPaue) 


nuc 


230 nuc re 


2 ; 
sis oe HOG (Sionuc) aa yA Ky (EQnuc )} D 


We have incidentally expanded Ky (EPpy) and 
Ko (£9) in a series, since the important region 
E~m K 1. When @nuc > Xe we arrive at the ex- 
pression obtained by Moliere! for the distribution 
function on a screened point Coulomb center. 
Expression (11) can be reduced to a form ame- 
nable to numerical computations. We introduce 
the variables. 


(11) 


1/9 =6, bo =y, (12) 


i.e., we measure the scattering angles in units of 
the nuclear angle. 


M: LY, TER=MIRAw YAN 


{cos OY 


0 


xexp { hae 0.577 In 


240. 
HE el =e 


+ 8(— 0.577 + In = —K,(y)) 
+80 yk, —— YK — ZK) }ay. (13) 


The results of the integration will depend on the 
two parameters 


Pel Ue = (wh | aZe?) (4nNE | A)”, (14) 


Pm Pus= (1 L4mec Za | 137h) (1.13 + 3,76 (Ze? / hv)?]"*. (15) 


It is seen from these expressions that both param- 
eters depend only on the velocity of the particle v. 
This makes it possible to use identical curves for 
different particles of the same velocity for speci- 
fied values of t, A, and Z. 

Formula (13) was used to calculate the curves 
for scattering in lead plates 4.5 and 8.5 g/cm? 
thick for velocities of 0.61 c (muon momentum 
80 Mev/c), 0.73c¢ (p=110 Mev/c), 0.78¢ (p= 
130 Mev/c), and 0.85c (p=170 Mev/c), used in 
references 5 and 6 to process the experimental re- 
sults on the scattering of pions and muons, and also 
protons. It must be noted that it is customary to 
express the angles in units of the characteristic 
multiple-scattering angle,! gy = 6x/xeVB. We, 
however, have obtained curves [ Eq. (13)] in which 
the angles are expressed in units of the “nuclear” 
angle, 0% = 4x/@nuc- If we rewrite (13) in the 
following form 


f (0x) d6. = f, (6) db, = 2 (9) dg, 


it becomes clear that it is easy to change to the 
variables ¢. It is important to know that the use 
of the scale (f,*%gVB/@pyc), which must be per- 
formed, depends only on the velocity of the particle 
(but not on its mass), since D is a function of the 
velocity only. This is why even the recalculated 
curves can be applied to different particles of the 
same velocity. The graphs thus obtained were 
numerically integrated to find the mean values 

of the scattering angles and their mean squares. 
For the sake of illustration we list in the table 
several numbers (lead plate 8.5 g/cm? thick). 
Some boxes contain two values. The upper values 
are computed for a distribution curve that is cut 
off at m = 2.4, and the lower ones for p= 2. 


The values of @ and g fora point nucleus have ~ | 


been calculated from the Moliere distribution curve 
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while @ was calculated from the following Moliere 
formula 


p= $5 —E fia ge oun 

(here # is the mean value of the absolute magni- 
tude of the three-dimensional scattering angle). 

In the calculation of 2 for a point nucleus, the 
same procedure was used as in our case, but the 
cut-off was at y =4. The fourth line yields xgVB 
for muons. This quantity must be used to multiply 
the numbers in the table to obtain the results in 
degrees. 


Point 
o/c 0,64 | 0.78 | 0.85 | nu- 
cleus 
0.53 | 0.54 | 0.56 
® 0.52 | 0.537| 0.54 | 9-60 
ae 0.66 | 0.69 | 0.74 é 
(2) 0.65 | 0.67 | 0.66 | 9-77 
x.VB | 84°.6 |20°.2 | 15°.5 
A 532 | 550 | 561 | 644 
B 672 | 694 | 741 | 776 


The theory developed above can be used to de- 
termine the mass from the scattering angle and 
range, measured in the cloud chamber. We intro- 
duce, after Olbert,' the quantity 


Us an 


where R is the range and @ is the scattering 
angle in radians, while a is determined from the 
following empirical relation between the range and 
the quantity II = pv: 


(16) 


Rice A, (1. | mel; (17) 


m is the mass of the particle, and Az is a con- 
stant which equals in our case 0.32 g/cm? Mev. 
This relation is valid for the interval 0.05 <= I/mce? 
<2. It is easy to see that the distribution function 
for the quantity 7» differs from the distribution 
function for the scattering angles ¢g only in scale. 
The values of 7 and 72 are connected with those 


of @ and @? as follows 


i= (eV B peer) Asm)” 
ee (18) 
(t= @" (4 VB Per) (Ameer (Fe) 
mee (seein (19) 


Here me is the electron mass. These formulas 
can be used to determine the mass of the unknown 
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particle m, since the dependence on pv drops out. 

The table lists the values of the coefficients 
[factor in front of (me/m)!~%], calculated for our 
case. The coefficients are given for a cut-off at 
gy =2.4. The values of A and B for a different 
cut-off parameter can be found if the correspond- 
ing values of @ and ©? are known for a suitable 
cut-off (the values given in the table correspond 
to a cut-off at max = 2.4 and max = 2). Itis 
seen from the above that the results do not depend 
greatly on the cut-off parameter. Details on the 
determination of the mass can be found in refer- 
ence 7. As to the theory of multiple scattering 
with allowance for the finite dimensions of the 
nucleus, developed in the same reference, it is a 
poor approximation to the actual state of affairs. 

In conclusion we make several remarks regard- 
ing the limits of applicability of the formulas ob- 
tained. 

We consider first the scattering of particles 
with nuclear interaction in addition to Coulomb 
interaction (pions, protons, etc.). In this case 
one must replace o(6, Oy) and o(0, 0) of 
Eq. (3) by a particle-scattering cross section that 
accounts for the nuclear interaction, too. It should 
be noted that the nuclear scattering has a diffrac- 
tion character and the cross section for nuclear 
scattering may amount to a considerable fraction 
of the total differential cross section (we note that 
at small angles the cross sections for diffraction 
scattering may be considerably greater than the 
geometric cross section). 

The plotting of the multiple-scattering curve for 
the exact differential scattering cross section is 
made difficult by the lack of sufficient experimen- 
tal and theoretical data on the single differential 
cross section. However, certain conclusions with 
respect to the multiple scattering of nuclear-active 
charged particles can be made.° 

Many estimates have been on the scattering of 
muons. Consideration was given to inelastic inter- 
actions that lead to the excitation of the nucleus 
and that imitate elastic scattering; the possibility 
of the muon having an anomalous magnetic moment 
was investigated; estimates were also made of the 
approximations made in the kinetic equation (for 
example, the small-angle approximation, of the 
momentum losses in the plate, and of other cor- 
rections. We shall not cite these estimates, in 
view of the many recent special papers devoted to 
these problems (for example, references 8 and 9). 

I wish to thank F. I. Strizhevskaya who calcu- 
lated many of the multiple-scattering curves. I 
am grateful to A. I. Alikhanyan, F. I. Arutyunyan, 
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and also V. G. Kirillov-Ugryumov and M. I. DaYon 
for discussions that have stimulated the perfor- 
mance of this work. 
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Formulae are obtained for the polarization of neutrons emitted in the absorption of polarized 


~ mesons by nuclei. Estimates are given for 


lis references 1 and 2, the angular distribution of 
neutrons produced in the capture of polarized p7 
mesons by nuclei through the reaction 


uw +P +»N+y (1) 


was calculated. From measurement of the coeffi- 
cient of anisotropy, it would be possible to obtain 
definite information about the type of interaction 
between uw mesons and nucleons. Measurement 
of the polarization of the emitted neutrons provides 
another means of establishing the type of interac- 
tion. In this article, the polarization of neutrons 
produced through reaction (1) in the absorption of 
polarized w~ mesons in complex nuclei is calcu- 
lated. Formulae for the polarization of neutrons 
produced in the capture of ~~ mesons by free 
protons are also presented. 


1. NEUTRON POLARIZATION 


The neutron polarization vector Py is defined 
as the mean value of the neutron spin operator o: 


(2) 
where p is the density matrix, the diagonal ele- 


ments of which determine the probability of neutron 


emission. 
From general considerations, Py can be rep- 


resented as 


Py = Sp (oe) /Spp, 


(3) 


where P,, is the polarization vector of the ~~ me- 
son and ky is the neutron momentum. It is clear 
that the coefficients b and c are different from 
zero only if spatial parity is not conserved in the 
process (1). For unpolarized y~ mesons (Puy = 
|P,,| = 0), the neutron polarization is directed 
along its momentum. 

It should be noted that at low energies (~1 Mev) 
it is experimentally difficult to separate neutrons 


Py = aP,, + bkw + cky,.xPy, 


o' and Ca??, 


emitted in the direct process from those arising in 
the decay of the compound nucleus. Therefore, the 
conclusion reached in reference 1 about the neces- 
sity of selecting in the measurements neutrons of 
energy En & 3 Mev applies here. 

The Hamiltonian for the interaction of mesons 
with nucleons, taking into account nonconservation 
of parity, was taken as 


Mes >) (Piven) (Fy [gn — gaits] Onn) + Herm. conj. 
k 
(4) 


in the calculations, where k=s, v, p, t, a denotes 
the scalar, vector, pseudoscalar, tensor and pseudo- 
vector variants of the interaction, respectively. The 
explicit forms of the operators O, are given in 
reference 1. 

Calculation of the neutron polarization was car- 
ried out under the same assumptions as the calcu- 
lation of the angular distribution in reference 1. 

The final formulae are, strictly speaking, only ap- 
plicable to nuclei having completely filled proton 
subshells. Two cases were considered. In the first 
case, the spin-orbit interaction of the neutrons with 
the nucleus was neglected; in the second case, this 
interaction was taken into account. The wave func- 
tions for the proton in the nucleus Wp, neutron Wy 
#-~ meson W, and neutrino WY, were given in ref- 
erences 1 and 2. 

We choose the coordinate axes in the following 
way: 


Ky 


=a Pe xky] <e 
Sale 


kyx [Px ky] 
ny = ? ny ra Y 
[PL xky | 


ee i) 
[Ky x{P..xky/J} 


(5) 


Then the polarization of neutrons of energy En, 

emitted at angle @ to the direction of 7” -meson 
polarization, with neglect of the spin-orbit inter- 
action of the neutron with the nucleus, is given by 
the following formulae:* 


*The notation used in the following formulae is explained 
in the appendix. 


175 


176 L.. -D.: -BUOK ET NGS Gey: 


Py (En, sD) — P 1255 (En) Im (Ast ++ Ned + hot + ita) 


— 2B, (Ey) Im (Apt + Apa) + Go (Ew) [C/2) (Rss + 2Re sv + Mov) 


— (3/5) (Ait + 2Re Aya + Maa) + Re (Ast + Asa Avot -- Mva)] 
++ 2G, (En) Re (Apt + Apa) 
— (3/5) Gy (Ey) App} sin 9 / W (Ey, 9); (6a) 
P% (En, 9) = Py {2 ((fte + 2Re fa + faa) 
+ Re (fst + fsx + fot + foa)] Ap (En) 
— (7/3) Re (fps + fw) [Ai (En) — A (En)] 
— (?/s) Re (fpt + fpa) [2A (Ew) + H (En)] 
+ Im (fps + Fpv — fot — fra) I (Ew)} sin 8 /W (Ew, 6); (6b) 
Px (En, 9) = ({2 [fie + 2Re fia + haa) 
— Re (Ast + Asa + ot + hva)] By (Ew) 
+ 2Re (hps + pv) B (En) 
+ 21m (Ast -+ Asa + Mot + Ava) Gy (En) 
+ 21m (Aps + Apu) G; (Ew)} + Pu {[(fet + 2Re fta + faa) 
+ Re (fst + fsa ++ fot + foa)] Ao (Ew) — (?/s) Re (fos + Foe) 
x [A; (Ew) + 2H (Ey)] 
— (*/s) Re (Fpt + fra) [Ai (Ew) — H (En)] 
— 21m (fps + fow — Ft — fa) I (Ew)} cos 8) /W (Ew, 8) (6¢) 


W (En, 9) = tU(fss + 2Re fso + foo) 
+ 3 (fie + 2Re fra + faa)] Ay (Ew) — 2Re (fot + Fpa) Ar (Ew) 
+ FopAs(En)} + Pu {I— (Ass + 2Re hsv + how) 
+ (hit + 2Re Ata + Aaa)| Bo (Ew) + 2Re (Apt + Apa) By (Ew) 
— hppBo (En) + 21m (hst + Asa -- het + hoa) Go (En) 


+ 21m (Ap: + Apa) G, (En)} cos 9. (6d) 
Formulae for the neutron polarization, taking into 
account the spin-orbit interaction, are much more 
lengthy and will not be given here. 
In the case of capture of a w~ meson by a free 


proton, without taking account of the hyperfine struc- 


ture of the » -mesic hydrogen,* calculation with 
relativistic wave functions leads to the following 
result f 


*Gershtein has shown3 that the hyperfine structure and the 
effect of the y~ meson jumping from one hydrogen atom to 
another lead, under the assumption of a longitudinal neutrino, 
to neutrons, emitted in the decay of p-mesic hydrogen, which 
are completely polarized longitudinally. 

tThis formula was given for the special case of a longitu- 
dinal neutrino by Wolfenstein.4 


phf _ Pi (Cue + dpett,) Sin © + (Rpg + Py Ung C08 9) 1, (7) 
ie Ang t Pi bp_ecos 8 


It should be noted that the influence of the spin- 
orbit coupling on the polarization of the emitted 
particle is, in our case, apparently not as impor- 
tant as in scattering. The spin-orbit interaction 
here doés not produce the polarization, although it 
can change it. Estimates carried out for several 
special cases show that taking into account the 
spin-orbit coupling changes the results obtained 
from Eqs. (6) only little (~10 to 15%). Although 
this result cannot be considered conclusive for the 
general case, none the less, in view of the complex- 
ity of the formulae which take into account the spin- 
orbit coupling for the neutron, the following con- 
siderations and numerical calculations will be based 
on Eqs. (6), i.e., with neglect of the spin-orbit inter- 
action between neutron and nucleus. Here it might be 
expected that the spin-orbit coupling would affect the 
transverse components of polarization PN and PY 
more strongly than the longitudinal component Py. 


Equations (6) make it possible to draw the fol- 
lowing conclusions: 

(1) As can be seen from Eq. (7), in the case of 
~ capture in mesic hydrogen, Py is not zero 
only when the Hamiltonian (4) is not invariant not 
only with respect to reflection of the spatial axes, 
but also with respect to time reflection. In the 
case of uw~ capture in nuclei, the interaction of the 
neutron with the nucleus leads to additional terms 
in the expression for P%, which do not go to zero 
even in the case in which temporal parity is con- 
served. 

(2) The presence of a second transverse compo- 
nent ise of polarization is not connected with the 
degree of nonconservation of spatial parity in the 
Hamiltonian (4). 

(3) In contradistinction to Py and PX, which 
are proportional to the degree of the w= -meson 
polarization Py, the longitudinal polarization of 
the neutron PR does not go to zero for unpolar- 
ized w~ mesons. This fact is valuable, in that — 
as demonstrated by experiments® — the longitudi- 
nally-polarized ~~ mesons produced in the decay 
of m mesons are strongly depolarized in slowing 
down in matter and with formation of mesic atoms; 
the degree of their polarization in the K orbit is 
of order? ~0.15 to 0.20. Therefore, PX, can at- 
tain larger values than ee and Bee 

We consider several simplifications which can 
be made in Eqs. (6). Firstly, one can neglect the 
pseudoscalar interaction, if the pseudoscalar coup- 
ling constant Sp is not too large in comparison 
with other constants. Further, it should be noted 
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that, as estimates show, Gy (Ey) is much smaller 
than Ay(Ey). and By(Ey). For nuclei with filled 
proton shells G, (Ey) = 0, if the dependence of 
the binding energy of the proton in the nucleus on 
the total angular momentum j is neglected. Finally, 
it is interesting to look at the special case, impor- 
tant in practice, of a longitudinal neutrino,® which 
corresponds to g, = —gk in Eq. (4). 

In the first approximation, leaving out the pseu- 
doscalar interaction and neglecting terms propor- 
tional to Gp)(Ey), we obtain for the longitudinal 
neutrino: * 


Ke P.21m(g.g») Bo (Ex) sin ® 
PV ERS OY = es : 
WEN) = TS las) —P,llal tes) Po Ey cos 
(8a) 
: P,,2 [| go |? + Re (gig2)] sin 0 
PE) 
NEN”) = (eg F = 3] ea) —P, (ail®— | eal) Bo (Ey) cos 
(8b) 
Px (Ex, 9) 
Ee illee eRe (83) Bo( Ey) + P,, (ge — (@382)] ¢08 8 (8c) 


(| gi |? + 3] ge |?) —P, (| gi |? —| ge |?) 
Here the quantities g; =g, + gy sind So = Sf ea, 
corresponding to the constants of Fermi and Gamow- 
Teller couplings, have been introduced. 

From Eq. (8) it can be seen that measurement of 
only the longitudinal component PR of polarization 
makes it possible to determine the ratios of the 
moduli of the Fermi and Gamow-Teller constants 
and their relative phase (to within a sign). Analo- 
gous information can be obtained from measurement 
of Pes The sign of the phase can be determined 
from PX: If the interaction of » mesons with nu- 
cleons is described by the theory of Gell-Mann and 
Feynman’ (gy=+48a, 8s =8p=8t=0) then, as 
noted in reference 1, the asymmetry in the angular 
distribution of the neutrons vanishes. As to the neu- 
tron polarization, it follows from Eq. (8) that at least 
its longitudinal component is not zero. 

Equations (6) and (8) relate to a neutron with a 
definite energy Ey. If integration over the neutron 
energy Ey is carried out, then we obtain formulae 
which differ from Eqs. (6) and (8) only in that func- 
tions of the energy A, (EN), By (En) penne Z(EN), 
By(En) are replaced by constants Ax, Bxy..., 

Z, Bo- 


(Ey,) cos 9 


2. NUMERICAL EVALUATION FOR ,0!* AND Ca"? 


Since, with neglect of the pseudoscalar interaction, 


the same coefficients Aj, By and Gp enter into the 


*For gy =— Zk we obtain from Eq. (4) that the neutrino is 
polarized along its direction of motion. If the neutrino produced 
in po capture is polarized antiparallel to its direction of mo- 
tion, one should change in Eq. (8) the sign in front of terms 


containing B,(En). 


abrare 


expressions for the polarization of the neutron as for 
the angular distribution, we can use the quantities in 
reference 1, obtained in the calculation of the angu- 
lar distribution of neutrons from ,0'° and 4)Ca* 
nuclei. The assumptions under which the calcula- 
tion was carried out are described in detail in ref- 
erence 1. 

The neutron polarization, averaged over the spec- 
trum, under the assumption of a longitudinal neu- 
trino, is determined by Eqs. (8) with Bo in place of 
By (EN). For 20% and )Ca*? and two different val- 
ues of the imaginary part of the potential, describing 
the interaction of the neutron with the potential, Bo 
takes on the following values 


20! : 8, = 0.034 for C= 0: 
AGO? 


3, = 0.476 for €¢ = —0.15; 
8, = 0.145 for ¢ = 0; i, 0.528 for € = — 015. 


It is easy to show that | PX (8) | and | Pye 
maximal for values of near to +7/2. Then 


)| are 


2 [| go? + Re (g,82)] 
| gi? +3] ge)? 


PR( + =e Sie 
Thus, the dependence P (+7/2) on the ratio of 
Fermi and Gamow-Teller coupling constants turns 
out to be the same for all nuclei. PY (+7/2) varies 
from zero for gy =—g,_ to Py for oe go. For 
pure Gamow-Teller coupling By, (+ 1/2) =+7,Py & 
+0.12. The longitudinal cornponons | PN (@)| attains 
a maximum for @=0, if |g,|* > Re(gfg,) and for 
6=7 if |g.|* < Re(gjg,). For pure Gamow- Teller 
coupling and Pas 0020 sand = Co -=-10.To, tor sO 
and 9)Ca‘? nuclei, P{(0) =0.45 and PS, (41/2) 
*/,8) = 0.33 (for a free ees without account of 
hyperfine structure, Py (47/2) = %). 

Consequently, the degree of polarization of the 
neutron, especially the longitudinal component, can 
become quite large. 

In conclusion, I would like to sincerely thank 
I. S. Shapiro for his interest in the work and dis- 
cussion of the results. 


APPENDIX 


Here we explain the notation employed in the 
article: 


lip = ge >R suet g; "By? hi, = ae ai 2; 8, (A.1) 
ma 2) a ay - njl /2 
= OD get es” foe) 


njl 
eh Pawel - N2E =e 1) (2A 1) Oke 


FINE ING 
x Chit AGRE Oran CE aS, 2/) 


* Re (bLAnit (Ew) br x'njl (En)) Pnjl (En); (A.2) 
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I (Ey) = C Dy (2/ V5) (2) +1) 


njl 


x (—1)'W (Lj; ef) (EW! / 2Mc?) 


Se SUE ted eee aT ani ee) 
PAL A’ 


* (2A =f 1)(2A’ + NOR CR oS rouse rons 


x X(AQA LL’; LL) Im (brant (Ew) Ox:atazt (En)) Onit (En); 
(A.3) 


dine = (ER + M) fics + (EX — M) fpp 
42 (2EM — Mm — BB) f,, +2 (2EN + M + Es’) faa 
OSE BOE \ i742 (En eM + En) Re} 
SOE Ref = 2 (Ey — Mere, | Re fap 
Se OE Rafe 4hy Reyes 


— 6 (ER — M + EB) Re fur + 6 (ER + M + EO‘) Re far; (A.4) 


tag = (EM + M) hiss + (El — M) Myo + 2(M + EP) how 
SOM ESE hie 2 (Ee Oks he 
+2 (EM + M + Ef) Reheo 
OE Reh 2 (Mee M + EX) Re hap — 2E™ Re hi, 
+ 4E™ Re hog + 2 (EM — M + Eb) Re hut 


—2(EM + M + EB) Re Aart; (A.5) 


cut = 2{E™ Im Ay, — (EN + M) Im Aga 
— (EN + M + Et) Imhe 
— (Ef — M) Im hyp + ED! Im Apa + (ER — M + EM) Im Apt 
— 2 (BN + ES) Im hoa — (EX + M + 3Ey") Im hye 


— (EM — M + 3ED) Im fat}; (A.6) 


dye = 2{— (EM — M + ES) few + (EN + M+ ES) faa 
+ 2Mfin— Eb‘ Re foo +4 (En + M) Re fsa 
+ (EN + M + Es") Re fee -+(En — M) Re fpv — Eo Re fipa 
— (EX — M+ E®) Ref +2MRe fra 
+ (BER — M + EM) Re for 


+ (BEN + M+ Ey) Re fas}; (A.7) 
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Ring = 2 (— (ER — M) ov — (ER + M) Aaa 
— EM + 3B) yy — EM Re hep + (EM + M + ES) Rehsa 
4 (ER 4 M) Reha — (EN — M + Ey’) Re fps 
+ (ERM — M) Re hy: + 2 (EW + 2E") Re hea. 
+ (BER — M + 3EP4) Re hus 


— (3EM + M + 3Ebf) Re hat}; (A.8) 


Ing = 2 (ER — M) foo + (EN + M) faa 
4. (ER + BM) fy, — BM Re foo + (EN + M + Ey) Re fsa 
+ (EX + M) Ref — (EM— M + Ey") Re fpo 
+ (EB — M) Re fpr + 2EM Re fea — (EX — 3M + Ev") Re for 


(Bp OMine cea Reda (A.9) 


Ei = 4.47 Mev and E/, = 99.1 Mev, are the ener- 
gies of the neutron and neutrino, respectively, pro- 
duced in the decay of »-mesic hydrogen. The re- 
maining notation encountered in the text of the 
article and in the appendix is given in references 1 
and 2. 
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The extended Lorentz group, including the complete Lorentz group and charge conjugation, 
is considered. It is shown that the use of irreducible projective representations of this ex- 
tended group requires the existence of charge multiplets. Charge symmetry and associated 
production of strange particles follow from the invariance under reflections and charge con- 
jugation and from the conservation laws for the electric and baryonic charges. The Pauli- 


Glirsey transformation holds for free nucleons. 


The extension of the condition of invariance 


under this transformation to the case of interactions leads to isobaric invariance for strong 


interactions of all particles. 


1. INTRODUCTION 


Ir is known that the strongly interacting particles 
form charge multiplets (p, n, a, 7°, 17, Kt, K®, 
etc.). Particles belonging to the same multiplet 
have almost identical masses and identical spins, 
but differ in their electric charges. In agreement 
with experiment one adopts the hypothesis of charge 
symmetry and the stronger hypothesis of charge in- 
dependence. In the conventional theory this is ex- 
pressed by the invariance under rotations in a cer- 
tain formal isobaric space. The particles of a 
given multiplet are considered as states of the 
same particle with different projections of the iso- 
baric spin. For example, the proton and the neu- 
tron form the nucleon. The description of the nu- 
cleon makes use of a reducible eight-component 
representation of the full Lorentz group. We have 
a similar situation (reducibility of the representa- 
tion of the full Lorentz group) for the other strongly 
interacting particles. 

Now the question arises: if it is required that 
the elementary particles be described only by ir- 
reducible representations, would it then be pos- 
sible to extend the Lorentz group and to find irre- 
ducible representations of this extended group which 
automatically lead to the existence of charge mul- 
tiplets and charge symmetries? The solution of 
this question is the subject of the present paper. 

We extend the Lorentz group in the following 
fashion. 

The wave functions of quantum theory are com- 
plex functions. The operation of charge conjuga- 
tion C, which takes a particle into its antiparticle, 
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is always represented by the product of a linear 
operator (matrix) and the antilinear operator of 
complex conjugation: 


C: be a= Cod", (1) 
where Cy is determined such that %, transforms 
according to the same irreducible representation 
of the proper Lorentz group as ¥. 

Besides the proper Lorentz group L, the spa- 
tial reflections I, and the time reversal T, we 
also include the charge conjugation C in the ex- 


tended group. Together with the conventional ir- 


reducible representations of the extended group, 
we also consider its irreducible projective repre- 
sentations.* 

The importance of using the projective repre- 
sentations of the full Lorentz group was pointed 
out by Gel’fand and Tsetlin! in connection with the 
theory of parity doublets of Lee and Yang. The 
possibility of using projective representations is 
connected with the indeterminacy of the phase fac- 
tor of the quantum theoretical wave function. Subse- 
quent to Gel’fand and Tsetlin, the projective repre- 
sentations of the full Lorentz group were discussed 


*We are given a projective representation of the group G, 
if an operator R(g) is given for each element g of the group 
G such that the operator R(g,g,) = «(g,, g,) R(g,) R(g,) corre- 
sponds to the product of group elements g,g,. If a(g,, 2,)=1L 
the projective representation reduces to the conventional one. 
In general, a(g,, g,) can also be equal to — 1. Anticommuting 
operators of the projective representation may thus correspond 
to commuting elements of the group. In particular, the conven- 
tional spinor representation is a projective representation (the 
operations I= y, and T =y,y,; anticommute, whereas the 
spatial and time reflections commute). 
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by Taylor and McLennan.” Taylor notes the con- 


nection between these representations and the iso- 
baric invariance. As only the full Lorentz group 

is considered, protons and neutrons, and m and 
n mesons, differ with respect to their spatial 
parities. Salam and Pais, at the Seventh Rochester 
Conference, also discussed the need for a new defi- 
nition of the operations of space-time reflections 
from which the charge symmetries would follow. 

In this paper we do not consider all irreducible 
projective representations of the extended group. 
We restrict ourselves to those necessary for the 
description of the strongly interacting particles. 
We shall show that multiplets, charge symmetries, 
and associated production of strange particles are 
immediate consequences of the standard conserva- 
tion laws for the number of baryons and electric 
charge, and of the invariance with respect to the 
full Lorentz group and charge conjugation, if the 
nucleons, = particles, and K mesons are de- 
scribed by the new projective representations of 
the extended group, while the remaining particles 
are described in the usual fashion. 

In our theory the Pauli-Giirsey transformation 
holds for free nucleons. This transformation is 
connected with the isobaric invariance in a natural 
way. If the requirement of invariance under this 
transformation is extended to the interaction La- 
grangian for the nucleons, the isobaric invariance 
for strong interactions follows for all particles. 

In this theory the Lagrangian for the interaction 
with electromagnetic fields can be easily written 
down with the help of the charge operator. It ap- 
pears that the electromagnetic interactions are in- 
variant only under Wigner time reversal, but not 
under Schwinger time reversal. 

The case of weak interactions, which do not con- 
serve spatial parity, is more complicated and will 
not be discussed in the present paper. 

To be definite, we shall assume that the relative 
parities of all baryons are identical and that the re- 
flection of the conventional spinors is performed 
with the help of the operator y,. Ali bosons are 
considered as pseudoscalars. We start with the 
discussion of the nucleons. 


2. THE FREE NUCLEON FIELD 
It is easily shown that the requirement 
P=aT?=C=1, (2) 


leads, for the case of four-component spinors, to 
the following expressions for the operators I, T 
and C: 


> 


CHARGE SYMMETRY PROPERTIES 


a)als b= yah, 
ap oe p' = iyarsh, (3) 
c) C: be = ix2h", 


where T is the Schwinger time reversal for spin- 
ors,® and the matrices yi are expressed in the 
Pauli representation. 

The following commutation relations hold be- 
tween the operators I, T, and C: 


a) IF=—TI, b) i€=—Ch, ce) TC=— Crem) 


We retain relations (2), but we require that, in 
contrast to the conventional theory, the sign in re- 
lation (4a) is changed for nucleons, i.e., we demand 
that 


ay IP Sey pyc Sere TC eer (4’) 


The commutation relations (2) and (4’) can only 
be satisfied by 8x8 matrices: 


a) I: p= 7% X Yah, 
bars db) = Dead; (5) 
Oe be = Oo ss 


where T are the Pauli matrices. These operators, 
together with the operators of the proper Lorentz 
group (in which Vy should everywhere be replaced 
by 1x Yu ), form the irreducible projective repre- 
sentation of the extended Lorentz group. The spinors 


y= ( if ) have eight components. 
2 


In this representation the Lagrangian for the 
free field is uniquely determined:* 


L=O(1 X (udu it. X Ys), (6) 
where y= yt (1 x4). The field equations have 
the form 

IX yOu = ity Sigrid: (7) 


The Lagrangian (6) as well as Eq. (7) are invari- 
ant with respect to the two one-parameter groups of 
transformations 


p’ = exp (id) ¢, (8) 
b' == exp [it << EN] d, (9) 


and with respect to the three-parameter group 


Y = ap + bts X she, 

where |a|?+|b|?=1, » 
The transformations (9) and (10) are the analogs 

of the Pauli transformations‘ for the neutrino. They 


are different only in that ys; is replaced by 1 x y5 
and T3;X ys, respectively. 


(10) 


*According to Schwinger L > La where the superscript T 
signifies transposition of the operators of the Hilbert space.3 . 


CHARGE SYMMETRY PROPERTIES 


We introduce the new four-component spinors 


bp = (f1 ++ she) / V2, p= (der + sca) / V2, 


Vne = (— Ishi “++ $2) Hiv, 2 bn = (Yshe1— hee) / V 2, ue 
they satisfy the ordinary Dirac equation 
{u0up = — mg, (12) 
Under the transformation (9) we obtain 
Yo = exp (id) bp, bn = exp (id) dn, 
(13) 


Doo = EXP(— Ad) dpe, Yao = exp (— 7d) Vpo. 


Transformation (9) may thus be viewed as a 
gauge transformation connected with the conserva- 
tion law for the number of baryons. Yo, Yn, Ype;, 
and %nc refer to the proton, neutron, antiproton, 
and antineutron fields respectively. 

The following transformation should be related 
to the conservation law for the electric charge: 


Ex py’ Sexp[(i/2) dk 1 eX 75) X) 9. (14) 
Indeed, under this transformation: 
E: dp EXD (ih) Pp, Poe = exp — ih) Does 
(15) 


, 
Dae == Dice 


The three-parameter trnnsformation (10) is iso- 
morphic to a rotation in the isobaric space. Indeed, 
if we form the conventional eight-component nucleon 


, 
1. = 
i Dns 


field Jy = ay we have, under the transformation 
n 
(10), 


by = exp [i (t2)] by, (16) 


where A is a vector with real components A;, 2, 
X33 T are the usual 2x2 Pauli matrices, and 


sin || 
[A] 


a=cos}h| + 754 sin |i! 


= b= Ce aly) 
An analogous isomorphism arising from a purely 
formal doubling of the number of components was 


pointed out by Giirsey.° 


3. INTERACTION OF NUCLEONS WITH ORDINARY 
BOSONS 
We first consider the interaction of nucleons with 
a neutral pseudoscalar field ¢ with positive “time- 
parity:” 


I: mg 0 
r: eee, (18) 
Cc: Loe = Fo: 


The requirement of invariance with respect to 
I, T, C, transformation (9), and E leadtoa 
unique interaction Lagrangian (in the following we 
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only consider interaction Lagrangians without de- 
rivatives ): 


Ly = igohts X YshPo = (Lo (PYsP — NYsM) Po = iSobnts sno, 
(19) 

the meson field @) couples te the protons and neu- 
trons with a different sign, and ~) may be identi- 
fied with the neutral 7° meson. 

If the neutral meson 4 were a spatial pseudo- 
scalar, but had negative time-parity, we would 
uniquely obtain the interaction Lagrangian 


Ly = gots X 1b = igo (PIs? + NY5N) oo, (20) 


(~y may be related to the hypothetical py meson. 

For the Lagrangian describing the interaction 
of nucleons with a charged pseudoscalar boson 
field 9: 


I os 
Te gy =, 
C G= 


we Similarly obtain the unique expression 


L = ig (dbep* — dehy) = 2ig (prsng’ + NYsPx). (21) 
We may thus assume that y(v*) describes 
nm (m') mesons. 

The charge symmetry (i.e., the possibility of 
the simultaneous interchange p==n, mt =7, 
ee T°) of the interactions (19) and (20) is ob- 
vious. The general form of the Lagrangian for 
interactions with mt mesons is 
Len = iy (P{sP — Nysn) m+ Zig (pysnn* + nyspe). (22) 

If we now require that not only the free nucleon 
Lagrangian, but also the interaction Lagrangian be 
invariant under transformations of the three-param- 
eter group, then g=g)/V2 = g,/V2 , and 


Ln = ignby (4) Oy. (23) 


Under the transformation (10) the meson fields 
transform according to 


(s-7)' = exp [7 (4-A)] (+m) exp[— i (°4)], (24) 


aie 0 


where the masses of the 7", m, and m mesons 
must be identical. 

We have thus arrived at the conventional iso- 
baric-invariant theory of the interaction between 


j@ mesons and nucleons. 


4, FREE K MESONS 


The conventional representation of the extended 
Lorentz group for bosons is exhausted by the 7 
mesons. We shall describe the K mesons by the 
projective representation in which 
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(25) 


Lil a) Cet ein eee ee 


The simplest irreducible representation con- 
sistent with these commutation relations is two- 


dimensional, 9g = ne The operators I, T, 
2 


and C have the form 


LO xia 0; 
T: gf sine, (26) 
G =e. 


We identify the Kt meson with 9, the K? 
meson with gg, the K~ meson with gf, and the 
K° meson with gi. The conservation law for the 
electric charge is then connected with the trans- 
formation 


f 1 
Baa = exp|= (1 +1) d}. (27) 
Indeed, with this transformation, 
K*’ =exp(ik)Kts K’ =exp(—id)K’, 
eae ae (28) 
KS Ko KOS KS 


The conservation law for the hypercharge corre- 
sponds to the transformation 9’ = exp (iT3A) 9, 
so that 


Ke = exp ile, 
ima exXp (=I) 


Ke ssexp (in) Ke; 


Ke’ == exp (—ih) K®. eo 


5. INTERACTION OF K MESONS WITH NUCLE- 
ONS. A AND Z PARTICLES 


We now turn to the investigation of the interac- 
tion of K mesons with nucleons. Since both the K 
mesons and the nucleons transform according to the 
projective representation of the extended Lorentz 
group, and since the baryonic charge is conserved, 
an additional baryon must necessarily participate 
in the interaction. This requirement inevitably 
leads to the law of associated production of strange 
particles. We first consider the case of a neutral 
baryon. We already said earlier that the relative 
spatial parities of all baryons are, for definiteness, 
assumed to be identical: 


I: Vn =r: (30) 


For the nucleon transformation T there are two 
possibilities for the unknown baryon: 


Y= — Y4a5Y oe, (31) 
T: 


x ; = 4sY oe- (32) 


We have to introduce the antibaryon Yo into 
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equations (31) and (32), since the transformation 
T for the nucleons anticommutes with the trans- 
formation’ related to the conservation of the bary- 
onic charge. 

If we choose (31) for T, then the only form of 
the Lagrangian invariant under the transformations 
of the extended Lorentz group and the transforma- 
tions (9) and E is 


L=igihh(xy—uxl(Ixl+uxl)exYo | 
— O(1 Xs +X 1) (1x1 — 13x 1) o* x Y,] + Herm. conj. 
(33) 


In going from ~ and ¢ to the operators of the 
nucleon and K meson fields, we obtain the usual 
form for the Lagrangian for the interaction of nu- 
cleons with Ay particles: 


L = igs (pysAoK* + ny;AoK°) + Herm. conj. (34) 


The transformation law (32) for T leads toa 
Lagrangian that differs from expression (33) only 
by a plus sign between the two terms of expression 
(33). It corresponds to the 2» particle: 


L = igs, (p{5UoK* — ny5 UK) + Herm. conj. (35) 


We thus arrive at the conclusion that the trans- 
formation laws for Aj and 2X» corresponding to 
the transformation T for the nucleons, differ by 
their signs. We now consider the interaction of 
nucleons with charged baryons. We can find a La- 
grangian which is invariant under charge conjuga- 
tion, space inversion, and time reversal, and which 
is consistent with the conservation laws for the 
electric and baryonic charges, only if we require 
that, under T, 


T: Dt——ryy, he, 0 >— a's Ses (36) 


This implies that the masses of the 2* and D7 


particles are equal. The Lagrangian has the form 


L = —ig ((1x1—= x45) (LX 1 — 5X1) * x Bt 


+ o(1xX1 +445) (1x1 +%3x 1) 9x] 4+ Herm. conj. 
(37) 


In conventional notation this can be written in the 
form 


L =igzs (pysS+K® + nys;3-K+) + Herm. conj. 
The charge symmetry is obvious. 
If we now require that the interaction Lagrangian 


also be invariant under the Pauli-Giirsey type trans- 
formation (10), we obtain 


srt = V2 gn = V2 os; (39) 


The masses of Z*, XZ, and =? must be equal. 


(38) 
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We arrive at the usual isobaric-invariant Lagrang- 
ian 


L = igs[(pys%oK* — nyZoK°) 


V2 Bye RO Sy Ke Herm. conj. (40) 


6. & PARTICLES 


Still another possibility remains within the 
framework of these representations. In the projec- 
tive representation (5), we can change the sign be- 
tween the terms 1X1 and 7, X ys in the transfor- 
mation (14) connected with the conservation law for 
the electric charge: 


lee ye exp | -y- (1 Spl eatin YA Xs) n| p. (41) 


At the same time we retain the transformation (9) 
connected with the conservation law for the bary- 
onic charge. In all formulas we then simply have 
to replace p by =, n by =, Kt by K®, and 
K? by K~. We again have charge symmetry. If 
we require invariance under the Pauli transforma- 
tion even in the case of interaction, we obtain the 
usual isobaric-invariant Lagrangians. 


7. CONCLUSION 


We carried out the program which we set our- 
selves in the beginning of this paper. We introduced 


the new irreducible projective representation of the 
extended Lorentz group. We showed that the exist- 
ence of charge multiplets, charge symmetry, and 
associated production of strange particles are con- 
sequences of the standard conservation laws. The 
isobaric invariance follows from the invariance 
under the Pauli-Giirsey type transformation for 
free nucleons. This transformation is applicable, 
since the number of components of wave functions 
transforming according to projective representa- 
tions necessarily .had to be increased. 

We did not discuss the weak interactions from 
this point of view. This task is much more diffi- 
cult and less unambiguous due to the violation of 
the parity conservation laws. 

The authors express their sincere gratitude to 
Prof. Gel’fand for. valuable comments. 
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Expressions are obtained for the cyclic motion of charged particles in an electric guide field. 
This field can be produced by a system of appropriate lenses (weak-focusing or strong-focus- 
ing). Resonance acceleration is considered; in particular, we consider phase stability (phase 
focusing). This is analogous to the usual phase focusing in magnetic fields. An investigation 
is made of the effect of electromagnetic radiation (including quantum fluctuations) on the mo- 
tion of electrons in the electric field. The case in which part of the particle trajectory is in an 
electric field and part in a magnetic field is also treated. 


ie cyclic motion of charged particles in various 
magnetic-field configurations has been considered 
at great length in the literature. This work per- 
tains chiefly to accelerators, microwave generators, 
isotope separation, and so on. However, up to now 
no investigations have been made of the cyclic mo- 
tion of charged particles in electric fields, although 
this motion is characterized by a number of inter- 
esting features. We may note that various systems 
of electric lenses can be used and, indeed, have 
been used (cf. reference 1) in analog models of 
large magnetic accelerators.* Problems associ- 
ated with the radiation of relativistic electrons 
moving in magnetic fields have been considered in 
a number of papers. From the theoretical point of 
view it is of interest to compare these results with 
those obtained when radiation effects are taken into 
account in analyzing the motion of electrons in an 
electric guide field. It is also of interest to extend 
the analysis of phase focusing to the case of cyclic 
motion in electric fields; phase focusing has, so 
far, been considered only in connection with the 
motion of particles in magnetic fields. 


1. MOTION OF PARTICLES IN AN AXIALLY 
SYMMETRIC ELECTRIC FIELD, NEGLECT- 
ING RADIATION EFFECTS 


We consider a circle of radius rg in an axially 
symmetric electric field characterized by the plane 


*The practical application of electric guide fields in accel- 
erators is hindered by the fact that the force exerted on a par- 
ticle by an electric field (expressed in v/cm) is 300 B times 
smaller than the force exerted by a magnetic field (measured 
in oersteds). Yet electric fields are used widely in the auxil- 
iary ion and electron optical systems for injection and extrac- 
tion of particles in large accelerators. Electric fields can be 
in electron models of proton accelerators. 


of symmetry, z=0. In the first approximation the 
components of this field, which satisfy the condi- 
tions for vanishing divergence, can be written in 
the form 


8, (r) = Go (rs) (1 — nex/rs), 


(1.1) 
82 (z) = — Gy (rs) (1 — ne) 2/rs, X =f —Ts. 


The parameter ne = —(rg/ 8))98/dr, which 
is introduced in analogy with the customary mag- 
netic field index, n, can be called the electric 
field index. In a cyclindrical coordinate system, 
the equations of motion of a charged particle in a 
field described by (1.1) and an auxiliary accelerat- 
ing field 6), are of the form 


‘L . ‘2 - 

a (mr) = mr 6? — e€, (1 — Ne ey , (1.2) 

d See 
—qy (mr? B)=eV 9 , (1.3) 

d : A 

ie (mz) = eé, (1 —n,) =. (1.4) 

For resonance acceleration 

V r 

Vem 4% cos [ \ wo,dt — 90] ; (1.5) 


where q =w,)/w is the frequency multiplication 
factor and wy and Vp» are the frequency and am- 
plitude of the voltage. In an induction accelerator 


Vo = (1/2nc) O/at, (1.6) 


where © is the magnetic flux through the orbit. 
The following relations hold in the equilibrium 
orbit 


y = CO pale ioe 218% ‘| 1—82 F, 
Eg LE Ay” NeOor ies 92 ieee a 


s 


where E is the total energy of the particle and 
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(1.7) 
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the subscript s denotes equilibrium quantities. 
The motion is analyzed in the manner usually 
employed in an axially symmetric magnetic accel- 
erator. In particular, it is possible to introduce 
the notion of betatron (fast) oscillations (radial 
and vertical) and synchrotron (slow) oscillations. 
There is, however, an important qualitative differ- 
ence between the two cases; this distinction can be 
understood if one assumes that both guide fields 
remain constant in time. In the magnetic case the 
force that acts on the particle is perpendicular to 
the velocity and the particle energy is not changed. 
In the case of motion in an electric field the force 
which acts on a particle which executes oscilla- 
tions is not always perpendicular to the direction 
of motion. Hence, although the time average of 
the particle energy remains constant, the energy 
itself varies with time. We can expand all quanti- 
ties about the equilibrium orbit. Considering first- 
order terms [we first consider the case of reso- 
nance acceleration, Eq. (1.5)] and introducing the 


relations 
7 . 
AE = Bs + 2] 
~Es 1-881, qo’ 


(where ¢g is the particle phase with respect to 
the accelerating field), we have from Eqs. (1.2) 
to (1.4), in the linear approximation, 


(1.8) 


f+ pator(linjx=-S 2-69, (1.9) 
AE Kime CEM AE 
ele eas tee 
—a(G +3) 2-8 RE sinete 
eho —1) 70. (EU) 


The change of energy in the electric guide field is 
given by the term —%x/rg in Eq. (1.10). The 
radial betatron and synchrotron oscillations are 
given by the equations 


E 
A+ x +0 G27, 3x —0, (1.12) 
: V eV 
a (ic 2) — = cos ¢ = — _ COSs, (1.13) 
©. iti 7 Tw 
where 
0: pee( 1.14) 
V 2zr 65 1-+n,(1—B;) 
Gi s = Ser sa = eee eT OCS % 
éV 9 COS o(1-+E2/E2) 1 (3—n,—B2)3 


The betatron oscillations in the vertical and 
radial directions are characterized by the follow- 
ing frequencies respectively: 


o,=0oVn— 1, Drea) sree. (1.15) 
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For stability the following condition must be satis- 
fied: 


3—P>ne> 1. (1.16) 


The width of the ne stability region depends on 
the particle velocity: when 6 =0 this regionisa 
maximum, when B=1 itis a minimum. In this 
respect the conditions in (1.16) differ essentially 
from the well-known stability requirement on mo- 
tion in a magnetic field, 0<n< 1; the particle 
velocity does not enter in the magnetic case. 

We may note that the relativistic effect in the 
dependence of wy z /w on B can cause a signifi- 
cant change in the focusing properties of electro- 
static lenses. For example, in electron optics it 
is generally assumed that in a cylindrical conden- 
ser (Me =1) the image is at an azimuthal angle 
of 127° with respect to the source (cf. for example 
reference 2). However, examination of Eq. (1.15) 
indicates that this relation is valid only in the non- 
relativistic case, i.e. when B=0. The angle indi- 
cated above changes at relatively small electron 
energies, becoming 180° when 6 = 1. 

We now consider the synchrotron oscillations 
in an electric field; in some respects these also 
differ from the synchrotron oscillations in an ax- 
ially symmetric magnetic field. In the expression 
for the frequency of synchroton oscillations, 


QQ? = qweV, sin ¢sK, / 2nEs (21%) 


the quantity K, for the magnetic accelerator cor- 
responds to the parameter K defined by the re- 
lations 
Aw /o = — KAE/Es, 
Ar jr; =aNp/ ps, K = 1— (l= 4)/85, 

where p is the particle momentum. 

In the present case we have in place of the re- 
lation K, =K 


K,=K/(1+a), «= (2—B:)/(1— 7). 


We may note that in contrast with the magnetic 
case, where a =1/(1—ny), the quantity @ de- 
pends on the particle velocity. It is apparent at 
“critical” energies (i.e., energies such that E = 
Eer =V—NneE) ) K=0 and phase focusing no 
longer obtains [cf. Eq. (1.19)]. When ne > 0 
(i.e., when the electric field falls off radially ) 
there is no critical energy. 


(1.18) 


(1.19) 


2. MOTION OF PARTICLES IN AN AXIALLY 
SYMMETRIC FIELD WITH RADIATION 
EFFECTS TAKEN INTO ACCOUNT 


In analyzing the motion of a relativistic electron 
in an electric field it is necessary to take account 
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of radiation effects. We start with the procedure 
used in reference 3, analyzing the radiation effects 
within the framework of classical electrodynamics 
and assuming that in the equilibrium orbit the radi- 
ation losses are compensated by the electric accel- 
erating field. In the right side of Eqs. (12) to (14) 
we add terms to take account of the radiation (the 
small parameter is 1/y where y=1/v1 ~ BS... 
After some simple transformations we obtain the 
radial equation 


* + (2E,/Es + 3Ws/ Es —2Q/Q)x + w? (2—n,) x 
Bere [() — 11.) (E/E 2 2 | QO) 1 (O— An) Ws Eel x (2a) 
+ w?Q? (2 — n,) x = 0, 


and the equation charcterizing the vertical oscilla- 
tions 


z+(E./E;+W/Es)z+o?(ne—1)z=0, (2.2) 
where Wg is the radiated power 
Wi == (2e"C/3B4) Eseo; (2.3) 


and 2 is given by Eq. (1.18). 

In the first approximation we find that the radi- 
ation leads to damping of the oscillations (assum- 
ing compensation of the radiation losses); this 
damping is described by the expressions 


t 
yp { 3+, WV, 
Gig. (i) AE *exp[—-a"| za], (2.4) 
OF Ss 
ET? OY 4 3—4n, ¢ s 
Ag, (t) ~ EF; hexp| Sa \ de | (2.5) 
e 0 Ss 
e/a 1 rW, 
CyeBs exp[—-|\ 2 ae], (2.6) 
0 S$ 


where afy and agy are respectively the ampli- 
tudes of the fast (betatron) and slow (synchro- 
tron) oscillations. 

These expressions are analogous to those ob- 
tained for motion in a magnetic field by Kolomenskii 
and Lebedev.’ As in the magnetic case, the damping 
term, a,(t), is independent of n; this follows 
from the assumption of the existence of a plane of 
symmetry, z=0. In order for the motion along r 
and z to be stable in the absence of radiation ef- 
fects, the quantity ne (for B=1) must satisfy 
the condition 


Sips (21) 


On the other hand, it is apparent from Eqs. (2.4) 
and (2.5) that to have damping of the radial fast 
and slow oscillations the following condition must 


be satisfied when radiation is taken into account: 
them ia (2.8) 


Obviously (2.7) and (2.8) cannot be satisfied simul- 
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taneously. Thus, the motion of an electron in an 
axially symmetric electric field is found to be un- 
stable (if the radiation losses are compensated). 
Under certain conditions, however, stable motion 


can be achieved, for example, by means of an auxil- 


iary axially symmetric magnetic field. If a mag- 


m 


n 
netic field Hz = Hz9(rg/r) acts on the electron 


n 
in addition to the electric field @y = Sy)(rs/V) se 
relativistic equilibrium is given by the relation: 


Ail sans, = les, eS ofs = (1—k) Es, 0<k<l, (2.9) 


where k characterizes the relative effect of the 


magnetic field on the circular motion of the particle. 


When k= 0, the field is entirely electric; when 
k=1, the fieid is entirely magnetic. 


We introduce the effective index 
Nett = Mmk + ne(1 —R), (2.10) 


where by nm and ne we denote respectively the 


‘ 


magnetic and electric field indices. It can be shown © 


that if (2.9) is satisfied the equations of motion be- 
come 


re E Q Ws J 
xa (22-25 +352)¥ +o Rk — Nese) X 


E Q Wine 
+ a*[(2—k —nesr) (~2—2 5) + (8—4neet) g*|% 
(2.11a) 
+ w?Q?(2 — k — nete) x=0 


(ee 


s 


W 
g*) 2+ 0? (nett —1+k)z=0, (Zeta) 


where 
Q? = qw*eVo sin gs / 2nE; (2 — k — nese). 


The damping associated with compensated radiation 
is characterized by 


t 
N 4 3—83R-+2 of Vv, 
Cf (t) ~ exp[— 5 ea (2.11b) 
0 
t 
1 3 —4nere (Ws 
Gor (F) 08D] — gate |e ey (a 
0 
icv, 


Since the frequency of the radial betatron oscilla- 
tions is given by wV2-—k—neff , the stability con- 
ditions (2.7) and (2.8) become 

| hetiee ae Fe (2.15) 


Neff So Tae 


(2.16) 
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The inequalities in (2.15) and (2.16) yield 
Nhe tere Javier 1. (2.17) 


In the nm-ne plane the region of stability lies be- 


tween two parallel lines, one of which passes through 


the point (0, 1) and the other through the point 
(7,2). The width of the stability region is 


a= +608 ¢(1— 5 tang), 


where 
-{1—k 


¢ = tan 


is the slope of the lines with respect to the z axis. 
The maximum and minimum values of d are: 
dmax = 4% (k=1) and dmin=0 (k= 4). 

It is also possible to compute the effect of quan- 
tum radiation fluctuations on the motion of an elec- 
tron in axially symmetric electric and magnetic 
fields. If the condition E « Ey = myc” [rmyc/h]'/” 
is satisfied this calculation can be carried out by 
the classical method used in reference 3. Carry- 
ing out these computations, we find the mean-square 
amplitude of the oscillations: 


2) = 55 PROEs ie 
<r 24V3 (2—k—Na 5) E, 
(2.18) 
i t 4 
Neppiqge 3 —38e CW. Es 
x (ex = ( sal Oi 
F P| Bont aylistiny 5 "| Bs 
55 bAwE PV? 
a) = — Te (2.19) 
sr 24V3 (2—k—1 PES? 


t t 
13 bAwE, W, 
2) — ~ a co = 
<a 24V3 NE, al he 
where A is the Compton wave length and b= 


e?/myc? is the classical radius of the electron. We 
may note that the mean-square vertical oscillations 


E} 
alae dx, (2.20) 
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are given by an expression which formally is the 
same as that for motion in a magnetic field (with- 
out an electric field). This complete similarity 
does not exist for the radial oscillations, although 
the corresponding formulas are similar in many 
respects. 

As in systems with magnetic guide fields, it is 
possible to use strong-focusing in electric guide 
fields; in this case ne is a periodic (generally 
speaking, of alternating sign) function of azimuth 
Ne (J + 3)) =Nne(#). Generally there is a differ- 
ence from the motion in a magnetic field character- 
ized by nm =Nm (¥%); this difference lies in the 
fact that the parameter px,z, which describes the 
frequency of the betatron oscillations (cf. refer- 
ence 4), depends on the particle velocity. If, how- 
ever, |ng| > 2, these oscillations will be de- 
scribed in the same way as the betatron oscilla- 
tions in magnetic strong-focusing systems. In 
particular, all results obtained for such systems 
when radiation effects are taken into account (cf. 
references 3, 5 and 6) can be carried over to the 
electric strong-focusing system. 
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A method is developed for calculating the depolarization of w~~-mesons in mesic-atom cas- | 
cade transitions. An estimate of the expected « -meson depolarization is given, which is in 
good agreement with available experimental data. 


As noted by Gol’dman,! a w~-meson is not sub- 
stantially depolarized in Coulomb collisions. The 
spin-orbit interaction in mesic atom transitions? 

is mainly responsible for the depolarization.* This 
results from the fact that for a mesic atom level 
with fine-structure splitting v and level width 2y, 
the ratio always satisfies the inequality 


(v/2y)? 1, (1) 


i.e., the period of precession is much less than the 
lifetime of the level. 

Because of its large mass, in comparison with 
that of the electron, a slow uw meson is captured 
into a highly-excited quantum state of the atom. 
The principal quantum number n of such a state 
can be determined? from the approximate equality 
of Bohr radii of the meson and electron, giving 
neoVu ~ 15, 

As noted by Bohr,* for a given quantum number 
n, the meson will be captured in a circular orbit 
(1 =n-1) with greatest probability, because of 
the large statistical weight of this orbit. The com- 
parison with experimental data carried out by 
Stearns® and the subsequent remarks of Day and 
Morrison® indicate that both 77 and JZ mesons 
are mainly captured in orbits with high l, 

Following this, as a result of subsequent Auger 
transitions and radiative transitions, the ~~ meson 
loses energy and drops to the 1s level, from 
which it either is captured by the atom or decays, 
depending on Z. 

Burbidge and De Borde*’ calculated the proba- 
bility of mesic-atom transitions. According to 


*], M. Shmushekvich called my attention to this. 


their calculations, the picture is the following. 
For large n, dipole Auger transitions with An = 
Al = —-1 take place. Following this, for smaller n 
(if Z is not very small), the electric-dipole radi- 
ative transitions are essential, in which the circu- 
lar orbits become even more probable because of 
the maximum probability of a radiative transition 
to a level with smallest possible n. Thus, in both 
Auger and radiative transitions, electric-dipole 
transitions are essential, in which the orbital quan- 
tum number decreases by unity (Al=-1). 
Starting from the above, we consider the de- 
polarization of a ~~ meson in electric dipole tran- 
sitions. Let the ~~ meson go from a level ly to 
a level J; by successive dipole emission of either 
y -rays or Auger electrons; that is, a cascade down 
IN (1) 2N-1 (1) UN-2 (1)...2; (1) takes place. To ob- 
tain the corresponding density matrix, it is neces- 
sary to solve the equations by means of the per- 
turbation theory given by Wigner and Weisskopf,® 
which takes into account the finite width of the level. 
However, as Abragam and Pound? have shown for 
the case of a single level, one can obtain the final 
result from the following simple considerations. 
The interaction can be included in the expres- 
sion for the transition probability by means of the 
operator u=exp (—iKt/fh) which operates on the 
wave functions of the meson in the given level 
(K here is the spin-orbit interaction energy oper- 
ator). It is then necessary to consider the possi- 
bility of radiation in the interval t,-t+dt, with 
probability exp (—2yt) 2ydt. Integrating such a 
“supplemented” transition probability over t from 
0 to ~, we obtain the factor [1 + (v5jr/2v)? 
for each level, leading to the following density 
matrix 
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CZ >» a (iva pattie | yy iy lt ew) Give ova owl vali ovPeney) 
‘ oN T+ (v, * 21) 


Niy 


NG Civ !ntvOn—il Hy lina by_Py—18v—a Min ly? vOn—alt lina nana) 


1+ (y. 


me 2 
iNet TV ) 


1 


(2) 


y (jolep2o1 | He | jrliyrcy) (ig oto, | H, | i LY, » 
: 1+ (y,,;,/271)" 
x CGativas | Ws | jlus) (7,119 | A, | ilus)*: 


The summation here is over all unobserved 
properties of the radiation and mesic atom, and 
also over the two values of total angular momen- 
tum jj, ina over the projections of the total angu- 
lar momentum Li» Ui and spin projections 9;, of 
of the w~ meson for each of the i levels (i=1,.. 
-,N); ag is the probability of the value oy for 
the spin projection on the symmetry axis before 
the cascade. The levels Jy+; and J are intro- 
duced formally in order to describe the formation 
and annihilation of the mesic atom (the decay of 
the meson or its capture by the atom). 

Because of the inequality (1), all interference 
terms drop out of the Eq. (2) for the density matrix, 
and for each transition Jj+,(1)1j, one can write® 


Cietalep teri | eps | pelts) lepaleqav;s 9; | Weta | idaro;)° 
Boe iia Semel yet era "ets 


X (Qhita + 1) (244 + 1) (2fe + 1) 


x Ke Ya Iisa i l liga 


fpty Sf —fPhipa/ \IG Misty — M41 


Ly tf, i as "Me jita 
"s pes; Bay) INT ee ay 


l; J Livy if: "Me hi 5 Hens ‘ 
x m, Mis1 a TA) Mm, o. UR VEL wp ty Vpn 


L 2 


(3) 


The round brackets denote Wigner 3j symbols. 
The (lj+,|x|2,) denote factors which depend on 
the properties of the radiation and of the levels 
1j+,1;, but not on the magnetic quantum numbers. 
In the transition Jy}; —~ Jn, carrying out summa- 
tion in Eq. (3) over. UN+1, MN+1 and jN+i, we 
obtain an expression proportional to (2jn + 1) x 
fi 2 JN ) analogously, the transition 

MN ON _—HN 2 
J OSES | ) 
l,— 1 gives the factor (2j, +1) (ie a se) 
In the remaining cases, ‘using the Racah relation- 


ship 


a (nn ( eal 


mm, o TA Se By 
eas 


+1’ ¢ 


lL; E pi iE 
x( aa Reb: ] Listy (4) 


Mita Se — Petal \M: Miz, — Mit, 
Si eee le Me hi |( (ea, Miices 
Lita ] Jiaa Ac Mi41 om ey ‘ 
where the curly brackets denote the Wigner 6j 


symbol, we obtain 


Dy (je--abeqatr4 1% | Ai44 | jel2z97) (feqrlipate+19, | Aij+4 | jiltr3;) 
fy oy 


= (liga | % | 4)? (2liga +I) Zia + Ii +1) (5) 


ie eee ie ] Jinn ) 
x , ; 
lita 1 jeg) \e Mog — pet 


The mean value of the projection of the ww spin 
after the cascade of mesic-atom transitions, is de- 
termined by 


<s) a Day p3/ Nae p. (6) 


We note that in Eq. (6) the factors corresponding 
to formation and annihilation of the mesic atom 
cancel, making it possible for us to formally intro- 
duce the levels Ily+,;, 1 (see above). 

Expressing o in terms of the Wigner 3j symbol 


a= (—1)) 4"? Vile ‘ es (7) 


/ 


and then applying the Racah relationship, we have 


OS ae al eG ad 


ae My [hy G 
(8) 
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- bah pee a Mf, 1 fi} \tr 9 — ta 


Employing Eq. (8) for each of the i levels (i=1,. 
N= hh), “we obtain 


ie) 
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PAP o)ayy ty-A,-+0 
tn \(P/P) ty ty—t,... 0 | ae: 
0 1 9| 0.192 
n 0.407 10 | 0.188 
2 0.304 44) 0485 
3 0.257 12] 0.183 
4 0.234 13.| 0.184 
5 0.219 14.| 0.179 
6 0.209 vee 
7 | 0.202 | co 0.156 
8 0.197 


ji Me l; : 
Ola + 1) ion + Qi 4," pa 1)" 


l; 1 eSie 
ue) Ji+1 pay 
v fu ] Jit ) u Lo 
be Mita — peta] \ve 0 — (9) 
a | tte a 
= (= 1) Clan + ia + DAE Pt 
i+1 jen) 


ear ee Pet 
x ; : * 
je 1 jepa) \Yep 0 — Beta 

Finally 


Qiy+1) > ayy (2 Ye iv ee 1 jx 
my, Ly My on —Un] \tw 0 —pyn 


(10) 
1/, I Me */e 
= (—1)'N PN (Qjy + me . " ise 0 <4) 


From the unitarity of the matrices of the Wigner 
3j symbols, it is easy to show 


Xe = [laale14) 2 (2ly + 1). (11) 


Thus, substituting Eqs. (2), (5), and (8) to (11) 
into Eq. (6) and using Eq. (7) for on, we obtain 


ae) yee Gas: ug awanir ey area) 


3=(8) 
Cx WO LANE Seals eae . 
< ND O/!N> (N—1 TaN: IN—yr hh 


fig bs /n\ (2Eer 


fh ‘fe ete | ia\ 
Tae an | + 1) (2j2 + 1) (24 + 1) 


Ve I is) tm ioJ 
x (2l, + 1) (2js + 1) (2j2 + 1) 


ye Sie If, 5) \* fis j2\ 
as 1 jaf lis le 


fin—a “/e ae fin | jn— i 
% re ; 2] 1 
‘ Ne aealae Waal Vette ye J ind) 


(12) 


- + (2), + 1)(2jy_, +1) 
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We denote by Py) and P the degree of polarization 
of the »~ meson immediately before and after the 
cascade considered. Equation (12) gives the final 
polarization from which it is possible to find the 
depolarization, equal to (1—P/P)) x 100%. In the 
future, we will, for simplicity, call P/P) the de- 


polarization instead of (1—P/P)). We calculate 
P/P, for the cascade down = 4 +i-1 (i=1,. 
aN 
Rewriting the sum in Eq. (12) in the form 


(4 ) => (=) 
Po/ty, (Nps 4 = Po 2 Ne EN bh if 


where the + under J; correspond to terms with 

ji= 44%, it is easy to see that the only terms re- 

maining in Eq. (13) are those in which all pluses 

stand to the right of the minuses. (Dipole transi- 

tions are possible only in this case. ) 
On the other hand, substituting in values for the | 

Wigner 6j-symbols, we see that addition of pluses | 

to the right of minuses to the left does not change | 

the form of the corresponding term, so that there 

are terms of three types, which are easy to find: 


(13) 


(+) (Aly + 3) (ly + 1). 
Po) I Nye Raiioe ra 3(iy + D2, 
ee 3) ig eee a 
Py ENE Re nih 3 (422 —1)2 ? (14) 
(F) _ 2 —1)h 
Po In cL; lj_y ts ~ 3 (24 + 1)2- 
Thus 
(B,) 
bnz, ENA, ees Qo 
O/’N» “N (15) 
t 
1 [Oty +8) (ly +4) y ips) ACh De 
3 (2ly + 1)? ome Cea: + Qh +4) 


Setting 7; =0, we obtain the depolarization for 
various ly from Eq. (15) (see table). As one 
would expect, the main contribution comes from 
low J. For example (P/Po)14,13,...,2 = 0-237. 

Analogously, we can introduce the depolariza- 
tion for other cascades: 


(F) eae l (ina +3). +9 
Pu in gain Sl Nati \ (Qiys, ky? 


: (2ly_, + 1)? (2ly_y — 8) (ly_y — 1) —44K_, + 5 


a (2ly—y — 1)8%ly_y (18) 
eats 
ss y al? =) que Oe 
|e Cw : 
we (42 —1)? 1 (n+ 1 


From Eq. (16) it can be seen that the transition 
with Al=+1 leaves the depolarization practically 
unchanged. 

Thus for /N-; 25, with an accuracy to the third 
decimal place, 


yreey 


DEPOLARIZATION OF THE NEGATIVE MUON 


If the transition with Al =+1 takes place at the 
end of the cascade (1; =, 1,=1,+1), then 


(=) fete jomaee (2l, — 1)? (2lz + 3) (lo + 1) 
ON NMEN Tees Clete, 3 \(2h + 1) hk (Ql, + 1)? 


(415 — 5) (2lz — 8) (le -- 1) 
(2lz — 1)8 ly 


(412 — 5)? 
(GP 227)? Ci ye 


ly 
2 (2ly + 3) (ly + 1) y 4l? — 5 
: (2ly + 4)? CS Ns 


l=lyH1 
4 2le + 1) 2h = 3) (b=1) [2h — 1) 4i3—5 1) 
(24+ 1) (42 — 412 


(17) 


(2h, — 1)3le 


In particular 


(P/Po)en, Un ieeend Os 10 0.407 (P/Po)in, EN—1).++ 03 


(18) 


(P/Po) TPE byl oe 0,745 Cahn 


Engr EN—Ls eons EN ls ees 0 


Substituting 7 = 12, we obtain 
(P/Po)s, TS Ose SO) 0.074, 


(P/Po)12, 11,10)... 
respectively. 

Calculation shows that if a quadrupole transition 
takes place for large 1, the result does not differ 
from that given by Eq. (15). 

Thus, the depolarization depends only weakly on 
the orbital moment of the initial level of the cascade 
and on the type of transition taking place for large 
l. This is understandable, in so far as in this case 

the deflection of 1 (and correspondingly of s) 
which, roughly speaking, is proportional to the mo- 
ment of force trying to turn lI to J, is less for 
large l. 

From the above, we can estimate the expected 
depolarization: 


oO = 0.118. 


Dai (P/P%) Ves Da= == |l, 


where (P/P));j is fe Aeholeeie tion in the i-th 
cascade and aj is the probability of this cascade. 
In Eq. (19) the sum is taken over all possible cas~ 
cades. As already noted, the value of (19) is de- 
termined by the contribution of cascades beginning 
with large values of ly. 

In capture into a level n=15, ly = 14, a cas- 
cade with An = Al = —1 proceeds, and the corre- 
sponding depolarization is, according to kq. (15), 
equal to 0.179. 

For n=15, Jy = 18, Auger transitions with 
An = Al = —-1 will take place down to n~-6; fol- 
lowing this, in the first radiative transitions, a 
transition into a circular orbit with An =-2, 

Al = -—1, will be most probable.? 

Thus, in this case the depolarization will also 
be described by Eq. (15) in practice, and will be 
equal to 0.181. Ten times less probable is the 


jel hepa (19) 


Lot 


cascade with An = Al=-—-1 downto the 2s state, 
then’? an Auger transition to the 2p state, followed 


by a radiative transition to the 1s state. In this 
cascade (P/P)); = 0.074, i.e., in capture from the 
level n=15, 1=13, <P/P)> = 18%. 


For n=15, ly =12, and also for smaller val- 
ues of J, the cascade with Al =-—1 is again most 
important because of the probable transition to a 
circular orbit in the first radiative transitions. 

As follows from Eq. (16), the possible transi- 
tions with Al=+1 do not change matters at all, 
except for very small J. For small 1, accord- 
ing to the Table, the value (P/Po In, EN-1, +430 


increases somewhat. However, the probability of 
transitions with Al=+1 grows for small J, so 
that this increase will be compensated for. Thus, 
the expected value of the expression (18) should be 
P/P) ~ 18%. This value agrees well with available 
experimental data! for carbon. 

As seen from Eqs. (15) to (17), the sign of the 
polarization does not change in mesic atom transi- 
tions; these can thus be used to determine the de- 
cay scheme of the 7 meson.” 

The influence of the electron shells in mesic 
atom transitions can be neglected, since within the 
lifetime of the levels of the mesic atom, the p~ 
meson is not depolarized in this field. This is not 
true of the final 1s level, the lifetime of which is 
determined by the decay or capture of the uw” me- 
son. Taking into account this additional depolari- 
zation in the field of the electron shell of total 
angular momentum je, gives a factor F = 
(4j4 + 4je + 3)/3(2je +1)? in the right-hand sides 
of Eqs. (15) to (17). For example, in the case of 
carbon, the electron shells will be the configuration 
1s22s*2p with je =%3, F=%3, which gives P/Py ~ 
9%. However, in condensed material the influence 
of the neighboring atoms and electrons probably 
leads to a compensation of the magnetic field of the 
electron shells, i.e., to je =90 and, consequently, to 
F=1. 

- Equation (12) is applicable to a nucleus with 
zero spin. Taking into account the hyperfine struc- 
ture leads to larger depolarization of the u~ meson. 

The author would like to express his deep grati- 
tude to K. A. Ter-Martirosian for his continued in- 
terest in the work, and to A. I. Alikhanyan, M. L. 
Ter-Mikaelian and I. I. Gol’dman for discussion of 
the results. 


17, I. Gol’dman, J. Exptl. Theoret. Phys. 


(U.S.S.R.) 34, 1017 (1958), Soviet Phys. JETP 7, 


702 (1958). 
2v, A. Dzhrbashyan, J. Exptl. Theoret. Phys. 


192 Vi. AD DZ FEB Ao ey aN 


(U.S.S.R.) 35, 307 (1958), Soviet Phys. JETP 8, 
aba (L959). 

3A. de Borde, Proc. Phys. Soc. A67, 57 (1954). 

4N, Bohr, quoted by B. Bruno, Arkiv. Mat. 
Astron. Fys. A386, Paper No. 8, 1948. 

°M. B. Stearns and M. Stearns, Phys. Rev. 105, 
1573 (1957). 

Dos Day and P. Morrison, Phys. Rev. 107, 912 
(1957). 

Le. Burbridge and A. de Borde, Phys. Rev. 89, 
189 (1953). 


84. Abragam and R. V. Pound, Phys. Rev. 92, 
943 (1953). 

9M. Rose, Multipole Fields (Russ. Transl.) IIL, 
Moscow 1957. 

108, L. Ioffe and I. Ya. Pomeranchuk, J. Exptl. 
Theoret. Phys. 23, 123 (1952). 

1t Garwin, Lederman, and Weinrich, Phys. Rev. 
105, 1415 (1957). 


Translated by G. E. Brown 
3) 


SOVIET PHYSICS JETP 


VOLUME 36(9), NUMBER 1 


JULY, 1959 


ESTIMATE OF THE CONTRIBUTION OF NUCLEON-ANTINUCLEON INTERACTION IN THE 
DISPERSION RELATION FOR NUCLEON-NUCLEON SCATTERING 


L. I. LAPIDUS 
Joint Institute for Nuclear Research 


Submitted to JETP editor July 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 283-289 (January, 1959) 


The relation between the scattering lengths and effective radii in the s and p states, as 
predicted by the dispersion relations for N-N scattering, are discussed. Estimates are 
derived for the contribution of the N-N interaction to the dispersion relation for N-N 
scattering from the experimental data on n-p and p-p scattering at low energies. The 
N-N interaction contribution has been found to be small. Its magnitude depends pro- 
nouncedly on the sign of the scattering path in the s_ states. 


1. INTRODUCTION 


Ayn analysis of dispersion relations for N-N 
scattering and their use for the processing of ex- 
perimental data is made quite difficult by the pres- 
ence of contribution of the antinucleon-nucleon 
interaction. This pertains both to the energy de- 
pendence of the total cross sections of the N-N 
interaction and, in particular, to the observable 
region that remains even in the case of forward 
scattering. 

There is reason for believing that the influence 
of the nucleon-antinucleon interaction is slight in 
the region of low energies. Using this assumption, 
an attempt can be made!» to obtain dispersion re- 
lations for N-N scattering containing no unobserv- 
able region. 

A clarification of the role of the nucleon-anti- 
nucleon interaction in nucleon-nucleon scattering is 
of interest both from the point of view of obtaining 
approximate relations and from the general point 
of view. 

In this paper we attempt an estimate of the con- 
tribution of the N-N interaction to the scattering 
_of nucleons by nucleons at low energies. For this 
purpose we use the approach used previously® in 
the analysis of the dispersion relations for 7-N 
scattering, based on the “theory of the effective 
radius.”* 

For 7-N scattering we obtain? relations be- 
tween the scattering paths and the effective radii 
in different states, and these admitted of direct 
verification, since the final relations contained 
quantities that could be determined directly by 
experiment. It has been shown that the result of 
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the analysis depends strongly on the small scat- 
tering phases in the p state. 

The analogous relations for N-N scattering con- 
tain unknown quantities that characterize the nucleon- 
antinucleon interactions. The use of data on N-N 
scattering at low energies (and of the energy de- 
pendences of the total cross sections) makes it 
possible to estimate the contribution of the nucleon- 
antinucleon interaction to the dispersion relation 
for the N-N scattering. 

Let us consider the dispersion relation for for- 
ward N-N scattering. We write the N-N scatter- 
ing amplitude in the form 


M = F(a +8 (an) (s2¢m) + iy (a + o2)en 


++ 8(o,+m) (92 +m) + ¢ (9°!) (¢2°1)}, (1) 


where 2, m, and n are unit vectors in the direc- 
tions k, +k) and k, x kp, while w, = Vv m2 + kf, 
is the energy of one particle in the c.m. system. 
We confine ourselves to the dispersion relations 
for the quantity 


% (@) = (@»/4m) Sp M (0°). 


The dispersion relations for N-N scattering were 
considered by various authors.°-° They were 
treated most fully and in greatest detail by Gold- 
berger, Nambu, and Oehme.® Many interesting 
ideas are due to loffe.® 


2. SCATTERING OF NEUTRONS BY PROTONS 


The forward dispersion relation for the dyp 
is represented in the form 
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1s w/1M) Lnp (m) Fs 


2 1 
= (w? — m?*) [ as = F 
\e 2 (0, + ©) (@, — m) 


Re [np (o) = (1 i) — «/m) 2,5 (m) 


oi q+ my'/2 { 
+ T (0)( 2m ) 


foo} ms = SPN 
1 Pp - da’ [onp (o’) » Sap oD) 
T 8r2 NSS, BOIS 
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@(2u) 


where w is the total energy of the nucleon in the 
laboratory system, m and wp are the masses of 
the nucleon and of the pion, B= «?/m is the bind- 
ing energy of the deuteron, and 


Og = m— 2B + B?/2m, 
Oy = p?/2m — m, I’, (0) = 3 (x/m)/(1 — xrot). 
The effective radius rot is given by Eq. (4.40) of 
reference 8, the notation of which is used in this 
article. 
_ The contribution of the nucleon-antinucleon in- 
teraction to (2) will be taken to mean the term pro- 
portional to the integral from w(2u) to m (un- 
observable region) as well as the terms containing 
Qnp(m) and dnp (w’). 
Since we are interested in the values of 
Re Q@py(w) for small Tb = (ky /m )?, we write 
the dependence of the scattering phases on the 
energy in the following form‘ 


1 1 2 
ie cot (Gea ba )= | Ne nb Qi = —— A (F oe J)s 


Gee aa 
(3) 


where aj,=a (+11, 5) is the scattering length 

(for »—0) ina state with momentum J, parity 
(-—1)L, and spin s; kp = 7pm is the momentum 
of the nucleon in the center-of-mass system, with 


R/ke = 9)" = (2 + Qu/m)”? = 2. (4) 


The scattering lengths in the aS} and 1S) states 
are sometimes denoted at = a(°S,) and ag = 
a ( ‘Sa: In accordance with definition (3) we have 
at <0 and ag >0. The symbol b denotes quanti- 
ties in the center-of-mass system. 

Using the expression for app in terms of the 
scattering phases, we readily obtain 


ere wl 


OM. Sip on 
np (WO) = = aD (27 + lye sin 8, 
J==0 
on fh Op 1 OS 
coe »Y (2J + lye sin 8,, (5) 
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where 63 denotes the scattering phases in states 
with total momentum J [the mixing coefficients 
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drop out from (5)]. Since 


8r 


V wo? — me 


4m tm 
Sana Im ) (wp) = 
np 
ky Op 


Im a&np (), (6) 


np (w) is expressed in the laboratory system in 
terms of ab (wp) by the following relation (Ag = 
fi/mc = 2.1 x 107!4 em): 


Re ita Ub) 
Onp (0) = 35-5 Ano (6) 


=($ +52) 23 es + ye sing, (7) 
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From (3) and (7) we have 


Re dnp (mM) == Dap (m) = “= (Bar +s), (8) 
and the expression 
Diz, (m) = “*. (3anp (°S1) exp — 28, °S,)] 
+ a5 (*So) exp [—2B,5 (So) I} (9) 


takes into account the inelastic process — annihila” 
tion — with the aid of PB, BC Si) and Ban So), the 
imaginary parts of the pases in the corresponding 
states of np system. 
Using a procedure analogous to that of refer- 

ence 3, we consider the relation obtained from 
Eq. (2) when the latter is differentiated with respect 
to 1? and n’ is then set equal to zero. Taking 
into account the available experimental data, we 
confine ourselves to a single differentiation. De- 
ee the derivative of Dnp (w) with respect to 
a by Dhp (w), denoting its value at w=m by 

Dp (m), and considering that all the lengths are 
expressed in terms of Ag, we get 


Dnp(m) + eal [D,=(m) — Dnp (m)] 


np 


(10) 


The contribution of the deuteron state to (2) is cal- 
culated with accuracy to terms on the order of 
B/m, and therefore the terms of order B/m are 
discarded in the second term of Eq. (10). Terms 
of the order (u/2m)* have been omitted from the 
term proportional to f*. 

From Eqs. (3) and (7) we obtain for Dip (m) 


CONTRIBUTION OF NUCLEON-ANTINUCLEON INTERACTION 


Dp (itt) = 1/¢Dnp (m) — ¥/y5 {a2 (2S,) [a Sp) 
+ Yor (AS,)1 + 3a? (°S,) fa Sr) + Yfar (88) 


—a(*P,)—3[a(*P;) +.4(°Py)]—5a(*P2)}. (11) 


According to the experimental data?»!° 
a (?S;) = — (0.537 +0.004)-10-%em = —- (25.6 +.0.19) d, 
a(!S,) = (2.373 + 0.007)-107%em = (113 +. 0.33) de, 
rCS)) ==fos = 2.7- 10° em = 19:84), 


r (?S,)=re = 1.7-1073 em = 8.1),, (12) 
hence 
Dnp (m) = (0.190 + 0.0025). 1072 em= 9.05%, 
Dap(m) = — 9.20-1042.. (12’) 


In calculating Dhp (m), the principal contribution 
is that of the 'S) state. The triplet s scattering 
gives a contribution not exceeding 5% of the singlet 
contribution, while the inaccuracy in the value of 
ag leads to an inaccuracy of approximately 1% in 
the value of Dhp (m). Smaller still is the contri- 
bution of scattering in p states. We note that if, 
for a rough estimate, we use the values yielded by 
the potential of Gammel, Christian and Thaler,!! 
the contribution of the p states do not exceed a 
value determined by the inaccuracy in the calcula- 
tion of the deuteron term and comparable with 

Dnp (m). An estimate based on the potential of 
Signell and Marshak,’ yields 


GCP.) = = 1464, aGP,) = 57.2), 


AC) == 46.5, OC Ps) = 27. 8h. 
Estimates of various terms in (10) show that 
numerically the deuteron state is considerably 
more important than the single-meson term, which 
played an important role in 7-N scattering. In the 
low-energy region considered here, the presence of 
Dnp(m) in Eq. (10), as can be seen from Eqs. (11) 


and (12), is hardly significant in practice. The value 


of Dnp (m) does not exceed the error in the calcu- 
lation of the contribution of the deuteron state. The 
smallness of this term confirms the suggested un- 
importance of the role of “subtraction” in the non- 
relativistic region. Furthermore, this gives 
grounds for assuming that the contribution of 

Dnp (™), which so far cannot be estimated directly, 
is small. 

The contribution of the deuteron state amounts 
to +(5450 +13) (when B= 2.2 Mev, we have in 
the right half 1—xrot = 0.608). The contribution 
of the single-meson state is 162 when f?/4 = 0.08 
and —184 when f?/4 = 0.09. 

The essential difference between (11), (12), and 
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the analogous formulas of reference 3 lies naturally 
in the entirely different role of the s and p states 
in the np and pN scattering. The presence of a 
“resonance” pN interaction in the p state causes 
Dn (w) to be an increasing function at low ener- 
gies, while the “resonance” interaction of nucleons 
in the s state makes Dyy(w) diminish at low 
energies. The sign of a (189) becomes significant 
here. 

The calculation of the dispersion integral 


A des’o,9(") F p(t) 


Jnp(m) = oq P ——— = 13 
: oa Vi 1 (w’ — 1) Bri oo) 
leads to a value 

Jnp (m) = — LE = — 9,65. 108. (14) 


The integral Fpp(m) is understood to mean the 
limit 


Fup(m) = lim a 


ori Y @’ — Oo) (co/2—1) 2 


OR: (w’S doy’ 


= Fs () + 3F 1 (@)). 
(15) 


The entire interval of integration is broken up into 
sections, on each of which the function opp (w’) 

is approximated by a simple expression. For the 
region of kinetic energies up to 20 Mev, the for- 
mula of Smorodinskii!? is used 


fs 3 
Snp (Eo) = 1.3-10°™ \iE —0.06E,)? + E,/2 
t 2 
* (0.27 + 0.0 E,)? EBs Oe us) 


(E,) is the laboratory-system kinetic energy of the 
neutron in Mev). In other regions, a rough approx- 
imation is used. The roughness of the approxima- 
tion of Snp (w) at high energies introduces no no- 
ticeable error whatever, since the principal role in 
the calculation of (15) is played, naturally, by the 
region w’ ~ wo. The contribution of this principal 
region, when the energy dependence of Onp is 
given by Eq. (16), is easy to calculate 

Fy (m) = lim Fy (@,) = lim {3F yt (@9) + Fas (@o)}, 


Oo>1 @>1 


where, for example, 


1437/2 d ( 
; R o’ o6(0’) 
Fis () = P \ “an! @’ — 


1 


Be eke \ 08 x ee a AN ria 2 
+ (228) 2 eo — (BYE) 2a} an 
1s “1s 


2 2 DT, 
Ris — Fos Ris Ros Ros Ros 


7 
@ — Wo 


and an analogous expression for the contribution of 
the triplet state. In Eq. (17) k?g and kes are the 
roots of the equation 
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Using (17) and (15) we obtain directly 


9 hoy tan? (/kop) Roy tan™* (e/h1) 
- Ee at hs it Pea ot it 
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(18) 


In Eq. (18) “ and k#} are the roots of the equa- 
tion 


2\2 2 
ees 06Vm gpl 
m 4 
The contribution of the entire energy region above 
20 Mev is not more than 0.3% of the value given by 
Eq. (18). In the subsidiary region itself, the energy 
section above 100 Mev yields approximately 12% of 
the contribution of this region. 

Gathering the results and transferring all the 
known factors in Eq. (10) to one side, we obtain for 
the contribution of the nucleon-antinucleon inter- 
action , 

ori NOS The 
ge ramp rat ai lia 
@ (2p. 


z D,5 (m) = (— 9.2 + 9.1) 10* = 


Ima —(o’) 
np 


(a’ +1)(o@?—1 


—1000. (19) 


A direct comparison of the dispersion relations 
with the experimental data on the n-p scattering 
at low energies shows therefore that the contribu- 
tion of the nucleon-antinucleon interaction to the 
scattering of the nucleons is small in this energy 
region. It follows hence, in particular, that for 
this energy region the exact dispersion relation 
(2) can be replaced, without excessive error, by 
the approximation 


Dap (®) — Dap (Mm) = 


f Ye ie: 
(w? — m?) fi ass *) . a, (0) 
(@g — m) 


\\ 2m (a, — m?*) 
4 dar’ Fnp(") 
8x? p{ 7’ | (20) 


Equation (76) of reference 8 may be useful to obtain 
information on the contribution of the unobservable 
region at various energies. 


3. SCATTERING OF PROTONS BY PROTONS 


The amplitude a), can be expressed in terms 
of the amplitude of N-N scattering in states with 
definite values of the isotopic spin a» and ay, 


using the relation 
2enp XO $f Oy = ho te App- 


(21) 


As a result we obtain for p-p scattering, in lieu 
of Eq. (10), a relation with a different numerical 
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containing no contribution 
In the unobservable region, 


factor in front of f, 
of the deuteron state. 


naturally, there enter also states of several mesons — 


with T=1. 
In lieu of (8) and (11) we obtain 
Dpp (m) = 4 a('Sp) = 56.5he, 
r 1 
Dp) = 5 {as <= ie (as +> ros) 


+ a(°P,) + 3a (°P;) + 5a (°P2)} = —19.00-10%. (22) 


Making use of the isotopic invariance and calculat- 
ing for the corresponding integral only the contri- 


bution up to 20 Mev, we obtain with the Smorodinskif 


formula 
ae { 4 tan7}(*/hys) 
dhs (m) a= — on le ete) 18.75- 10+. (23) 
Equation (19) is replaced by 
!h deo’ np ( o’) 
Sr? yo +14 
4 ; Im a> (w’) 1 
if pp = bs 
tae \ de Sa ier — 7 Donn) = — 2500, 
(2p) (24) 


indicating that the corresponding values in p-p 
and n-p scattering are of the same scale. Analy- 
sis shows that this is caused by the fact that the 
singlet scattering plays the important role in (19) 
and (23). We can thus use for p-p scattering also 
an approximate dispersion relation similar to (20) 
in which Tq (0) = 0. 


4. SCATTERING OF NUCLEONS IN STATE WITH 
T=0 


Using (21), it is possible to obtain a dispersion 
relation for N-N scattering in states with T= 0. 
The relation will be similar to (2), except that the 
right hand will not contain the contribution of the 
single-meson state, while the deuteron contribution 
is double. Relation (10) is correspondingly trans- 


formed: 
Dh, (m) = a (?S,) = — 38.4%. (25) 


Instead of (11) we get 
DSi (m) = — DS (m) 


3 {ay a 1 
eat anaes * —a('P,)} = 5160%.. (26) 


Here the relative role of the p states is naturally 
greater than in the cases previously considered, 

but the role of D(m), 
If, in calculating the dispersion integral 


as before, is insignificant. - | 


CONTRIBUTION OF NUCLEON-ANTINUCLEON INTERACTION 


oo 
(0) us 
dw’ Syy(’) 


(0 
INN = -— 
n oa’ —1 


io) 
ale 
w 
U 
tel Se eat) 


we again confine ourselves to the contribution of 
the kinetic-energy region below 20 Mev, we get 
3 @ {i 


a Re tan™ (%/Roy) 
Dg \ x 


In (i) = = 


ee 2 
Pop (Rye — ho) 


a tan (*/I4) \ 
hig (Rip — Bp) J 


=— 8.35 aj=—5450. 


The contribution of the deuteron state now amounts 
to 10900, so that, in analogy with (19) and (24), 


1 - deo’ OWN (o’) 
Sr? \ ae ex Seal 
roe Im a) (a’) Se 
+= \ a eaaiiageg oe Dy = 000. (27) 
@ (2p. 


The approximate dispersion relation differs from 
(20) in the numerical factor in front of ia Oye 


5. DISCUSSIONS 


The net result of this article is the derivation 
of estimates like (19), (24), and (27) and the justi- 
fication of approximate relations like (20). The 
estimate (27) is the least reliable; nevertheless, 
all three relationships show the magnitude of the 
_ contribution of the nucleon-antinucleon interaction 

to the dispersion equation for N-N scattering. 

The approximate relations (20) may be useful in 
the analysis of experimental data on N-N scatter- 
ing at low energies, particularly after more detailed 


data are obtained on N-N scattering in the p states. 


An approximate dispersion relation for nucleon- 
nucleon scattering was first postulated by Blank 
and Isaev.! In the present paper it is corroborated 
by direct comparison with experimental data. The 
principal result of this paper — relations of type 
(10) — can be used to obtain information on the con- 
tribution of the unobservable region in the future, 
when data on the interaction between antinucleons 
and nucleons become available for a wide range of 
energies. 

It is interesting to note that the deduction that 
the nucleon-nucleon interaction contributes little 
is connected with the signs of ag and ap. 

The dispersion relations for the pion-nucleon 
scattering was used in its time by many investi- 
gators to establish that D7+p and Q33 are posi- 
tive below resonance. 

In the calculations presented here, the signs of 
ag and at were assumed to be those that follow 
from data on the scattering of neutrons in para- 
hydrogen and ortho-hydrogen (see, for example, 
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reference 10). 

Since Dpp (m) is determined essentially by 
the singlet S scattering, while Dhp (m) is es- 
sentially determined by this scattering, a change 
in the sign of a ('S)) would lead to the conclusion 
that nucleon-antinucleon interaction plays a large 
role at low energies. It is interesting to call at- 
tention to the fact that, from the point of view of 
dispersion relations, the positive sign of a Csa 
is determined both by the presence of a real deu- 
teron state and by the fact that follows, from a 
somewhat different point of view, from the “effec- 
tive radius theory” (see, for example, reference 
14). 

The analysis performed can be of interest in 
the evaluation of data on interactions between nu- 
cleons and low-energy antinucleons. The disper- 
sion relation for N-N scattering is obtained from 
(2) by formally making the substitution w — —w 
and replacing Gp by @pp in the proper places. 
The role of single-meson and deuteron states is 
greatly reduced, but the role of the unobservable 
region increases noticeably instead. In the pres- 
ence of necessary data, a relation of type (10) can 
be obtained to estimate the contribution of the un- 
observable region in this case. 

The author is grateful to the late V. Z. Blank 
and also to P. S. Isaev for many useful discussions ~ 
and to Ya. A. Smorodinskii for useful remarks. 
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It is suggested that the K-meson parity can be determined by investigation of the left-right 
asymmetry in ™(K) +p—Y+K(m) reactions with a polarized proton target. 


I the weak interactions responsible for K-meson 


and hyperon decays parity is not conserved. There- 


fore the intrinsic parity of strange particles can be 
studied only in their strong interactions. 

In this note it is pointed out that the intrinsic 
parity of K mesons and hyperons can be deter- 
mined from the reactions 


a+ p—+>A()+K, K+p7A(2) + (1) 


with a polarized proton target. We assume spin 3 
for the hyperons and spin 0 for the K mesons in 
agreement with experimental data. The density 
matrix for a reaction of type (1) then has the form 


M=a+tb-c (2) 


and is a scalar if the total intrinsic parity in the 
reaction does not change, a pseudoscalar otherwise 
(a and b are functions of the relative momenta in 
the initial and final states). Using (2) it is easy to 
obtain by standard! methods the following expres- 
sion for the differential scattering cross section:? 


3 (6, ¢) = 59 (8) (1 4: Po*Py). (3) 


Here oy is the cross section for an unpolarized 


target, Py is the initial polarization of the protons, 


Py is the hyperon polarization in a reaction with 
unpolarized proton targets (the vector Py is per- 
pendicular to the reaction plane). 

The plus sign in formula (3) is to be used if 
IyIx =Ip!7, the minus sign if Iylk = —Iplq 
(I stands for intrinsic parity of the particle). 

If the y axis is taken in the direction of the 
initial polarization Py), we can rewrite (3) as 
follows 


a (9, ~) = 9)(1 + PoP ycos ¢). (4) 
Therefore the asymmetry is given by 


(0, 0) ene (0, T) 


ie 5 
(6,0) +¢(0, =) + PoP. (9) 


e (9) = — 


199 


Since the initial polarization P») is known, the 
asymmetry measures directly the hyperon polari- 
zation for reactions with unpolarized targets. Most 
important, the sign of the asymmetry makes it pos- 
sible to determine the product of the intrinsic pari- 
ties IyIKIp. To this end an independent measure- 
ment is needed of the sign of the hyperon polariza- 
tion from reactions with unpolarized targets. A 
ready-made analyzer is provided by the subsequent 
decay of the polarized hyperon. As is well known,?® 
a measurement of the asymmetry of the decay 7 
mesons permits the determination of the product 
aPy (qa stands for the asymmetry coefficient). 
The coefficient a may be obtained by measuring 
the polarization of the protons from the decay of 
the hyperon. At the Geneva Conference (1958) 
such a measurement of the coefficient a for the 
A hyperon was reported (a = +0.8529-43).5 

In this manner, utilizing the data on the sign of 
the polarization obtained from a study of the decay 
of polarized hyperons, it is possible to deduce 
uniquely the value of the product IyIKIp from ex- 
periments with a polarized proton target. We would 
like to emphasize that the basic formula (3) is a 
rigorous one; the only assumptions in its derivation 
are that (1) parity is conserved in strong interac- 
tions involving K mesons and hyperons, (2) the 
hyperon spin is 3 and the K-meson spin is 0. 

In conclusion we note that the study of various 
reactions of type (1) with a polarized proton target 
would permit the determination of relative parities 
of hyperons. For example, from the reactions 


x t+p—>A°+K?, n*+p—>h*+ Kt 


one finds I,IKIp and IpIKlp respectively. To- 
gether they determine IpyI,. 

Finally let us note that all that was said above 
applies equally well to reactions with polarized spin 
1 nuclei where a hypernucleus of spin § is formed 
in the final state. 
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The conditions for the appearance of a superfluid state in the atomic nucleus are obtained 
with the aid of a variational principle proposed by N. N. Bogolyubov. The superfluidity con- 
ditions reduce to the requirement that attractive forces predominate in the interactions of 
protons located on the same shell at the energy of the Fermi surface. If the nucleus is in 
the superfluid state at zero temperature, a transition from the superfluid into the normal 
phase will take place as the temperature is increased. The critical temperature for this 


phase transition is found. 


IF; a preceding paper! the author, starting with a 
shell model for a heavy nucleus, considered the 
weak interactions of protons (or neutrons) situ- 
ated on the same shell, and showed that the inter- 
actions of protons having equal and opposite pro- 
jections of their momenta upon the nuclear axis of 
symmetry lead to the appearance of a superfluid 
state of the nucleus. In the present paper, using 
variational principle proposed by Bogolyubov? and 
representing his extension of the statistical varia- 
tional principle,? we shall derive the conditions for 
the appearance of the superfluid state of the atomic 
nucleus, as well as the temperature of the phase 
transition from the superfluid to the normal state. 

On the basis of the variational principle we find 
that the energy of the normal state will not be mini- 
mal (and, consequently, that a superfluid state will 
appear ) in the case for which the equation 


2\ E (So, mt) — Er | ¥m (So) 
(1) 


+ Ae DI (S| mt, ') Pine (89) = Edn (50) 
has solutions with negative eigenvalues E<0 (the 
symbols used are the same as in reference 1). With 
the object of determining the limits imposed upon 
J (So |m, m’), we investigate the asymptotic solu- 
tions of Eq. (1) as J tends toward zero while E 
also tends to zero and remains negative. As a re- 
sult of these calculations we find that, as for the 
Fermi system of a metal! or of nuclear matter,” 
the superfluidity conditions reduce to the require- 
ment that attractive forces predominate at the en- 
ergy of the Fermi surface. We thus obtain the con- 
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ditions for superfluidity of the nucleus in the follow- 
ing form: 

J (So | Mo, Hig) <a 0, (2) 
i.e., attractive forces must predominate between 
protons situated on an inner shell. On the basis of 
the statistical variational principle we find that for 
atemperature © different from zero the super- 
fluid state of the atomic nucleus exists in the case 
for which the equation 
| E (So, m) — Er | 


2|E (s,m) — Epj coth To * Pm (So) 


ty (3) 
+ a x J (Sy| m, m’) dn’ (So) = Ebm (80) 


has solutions with negative eigenvalues E < 0. 

It is readily seen that for © =0 Kq. (3) reduces 
to (2). Let the superfluid state exist for © =0; as 
the temperature ® increases E will also increase. 
At the transition from the superfluid into the nor- 
mal phase, at the critical temperature @), the 
eigenvalue E must become zero. Taking into ac- 
count the fact that |E(s),m)—Ep| is relatively 
small, and going from the summation to the inte- 
gral, we obtain the following approximate expres- 
sion for determination of the critical temperature: 


I1)o 


7 1 / , ’ 
‘Vm (Sg) eae Gm oy (a yd (Syl it, 1) Vin (So) 0. 
my (4) 


Here py(m’) is the level density. In order for (4) 
to have a non-zero solution, it is necessary that 
the determinant D be zero. From the equation 

D =0, in view of the weakness of the interaction, 
we obtain the following expression for the temper- 
ature of the phase transition: 
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My 
L(t 
= \ din'@, (1') J (Sq | m’, m’), (5) 
my 


or 
O)=— oJ /4. (5’) 
In conclusion, I express my deep gratitude to 
Academician N. N. Bogolyubov for his constant 


interest in this work and his always valuable com- 
ments. 
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The problem of the determination of the moment of inertia is considered. The formula ob- 
tained has as the simplest consequence that, even in the case of a spherically symmetric 
system, the moment of inertia is different from zero, and is not even very small as com- 


pared to the moment of inertia of a rigid body. 


die problem of the determination of the moment 
of inertia has been considered in a number of 
papers!~8 (a more detailed bibliography is given 
in a paper by Bohr and Mottelson,® which is soon 
to appear). However, as far as we know, a suffi- 
ciently general expression for the operator of the 
moment of inertia has so far not been given. One 
of the aims of the present paper is to fill this gap 
to some extent by investigating the problem of the 
determination of the moment of inertia of a system 
rotating about a fixed axis. : 

We also discuss some estimates for the lower 
limit of the possible values of the moment of iner- 
tia. One of these estimates leads to the result that 
the moment of inertia of a spherically symmetric 
system (we mainly have in mind the spherically 
symmetric nucleus ) is not only different from zero, 
as is frequently assumed, but is not even very small 
as compared to the momentum of inertia of a rigid 
body. 


1. THE COLLECTIVE ANGLE VARIABLE ¢ 


We shall attempt to develop the theory in a form 
which is independent of the specific method of sep- 
aration of the collective angular variable. The sep- 
aration itself is, however, a necessary feature of 
the theory. It may be achieved in the following 
manner. 

Suppose we have a system of N particles with, 
in general, different masses. The Hamiitonian of 
the system is equal to 

Pe 
H = 5} (A°/2m) (02/Ox? + d2/dy2 + P/dz)+U. (1) 
The summation in (1) goes over all particles; the 
particle indices are omitted. 

We assume that the potential U is independent 
of the velocity and commutes with the operator cor- 
responding to the projection of the total angular 


momentum on the axis of rotation, which we choose 
as the z axis. We use the notation M, =M, 
where 


N 

Vi » — ih (x0/dy — yd/dx). (2) 
Then 

[H, M) =0. (3) 


We introduce a certain operator @~, which de- 
pends only on the coordinates x and y and satis- 
fies the condition 


[M, o] = — in. (4) 


With the help of the equations 


(i/n) (H, ] = —V + M/h, —n 1H, o1, 9) = 1h, (5) 


we also introduce the operators V and Ips Writ- 
ten more explicitly, these operators have the form 


(eee ines. MAES 
tio De (i a | ; 


Seal el 0 0 
V = Yih lela, aa) 


d*e\ 


It follows from equations (3) and (4) that the oper- 
ators I) and V commute with y and M. The 
same obviously holds for the operator H’ defined 


by 


(6) 


1 (3 a) 


09 . 00 0 GS 
m \Ox Ox 


dy dy) 2m Nome 


H = H' —VM + M?/2/). (7) 


The quantity gy can always be regarded as a 
new independent variable, by choosing the remain- 


ing 3N-1 variables & such that 
[M, ] = 0 (8) 


for all ¢. The operator M then has the form 
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M = ihd/d¢, 


and the operators H’, lige and V are functions of 
& and 0/dé only. 

The new variable @~ can be interpreted as the 
angle of rotation of the system as a whole (for 
more detail, cf. Sec. 3). Correspondingly, the vari- 
ables & have the meaning of internal coordinates. 
The operator H’ represents the energy of internal 
motion. The operator VM represents the energy 
of interaction of the internal motion with the rota- 
tion. 


2. MOMENT OF INERTIA 


We introduce the complete system of eigenfunc- 
tions of the operators H and M: 


gle Grew Eyre ere ME = Mele (9) 


The functions belonging to the eigenvalue My = 0 
will be denoted by py. 

We consider an initial state W) with eigenvalues 
Ey and My. We may write 


(10) 
where W’) is a function depending only on the in- 
ternal variables €. By operating on Wp) with the 
Hamiltonian (7) we obtain 


(H’ —VMy + Mi/2i,) ¥o = E,W, with MY, = 0. 


(11) 
Equation (11) is initially obtained for integral 
values of My / Tis Vt remains, however, meaningful 
for arbitrary values of M)/h. It then determines 
E) as a function of some continuous parameter My. 
We assume that, for not too large Mp), this func- 

tion can be expanded in powers of Mp: 


Eel Mop Le (Oy ey ol 


One easily sees that the absence of the odd 
powers of My in expansion (12) is connected with 
the equivalence of the right and left handed systems 
of coordinates. 

The expansion (12) can be terminated after the 
quadratic term in Mp). In this case we talk about 
a purely rotational spectrum. In the presence of 
higher terms in the expansion, the rotational spec- 
trum will be more or less modified. Nevertheless, 
in both cases, the quantity I should obviously be 


(12) 


interpreted as a moment of inertia. The reciprocal . 


quantity 


B=1/I (13) 


is naturally called the inverse moment of inertia. 
It follows from (12) that 


B = (@°E, /0Mo)m,=0- (14) 


K. KHOR LOY. 


We note that the expansion (12) is formally just the 
usual perturbation series for the case that My is 
a small parameter. The coefficients of this series 
are well known. In particular, we obtain the coeffi- 
cient (14) by applying the operator iW lip once and 
the operator V twice. As a result, we obtain 


il : 
= = (OF % > —2 B F< Pa VOo>!. (15) 


I Za Oe 


This is the required expression for the moment of 
intertia for the case of rotation about a fixed axis Z. 
In operator form we have 


oy pee 
Io H’— Eo 


~| — 


V, (16) 


where P denotes the principal value. The oper- 
ator 1/1 may be written in a more convenient form 
by assuming the existence of an operator A satis- 
fying the condition 

V Spy aa (17) 
where 
Von <> (—i/h) (En — Eo) Mons Vno a (i/h) (E, — Ey) Nie 


In this case we may write 


Ve ole i i 
oS eV he 


neo n 
and therefore 


1/f = 1/fy—(i/n) [V, A}. (18) 


As an example we consider the problem of two 
interacting two-dimensional rigid rotators, each 
of which is characterized by its constant moment 
Ofinertia 4 (iiSa eee ND 

The Hamiltonian of this system is 

r 
H = dy (—h7/2p,) 2/O¢? + Uz 


é=1 


(19) 


yj is the angular coordinate of the i-th rotator. 
It is entirely obvious that, by choosing the col- 
lective angular variable yg in the form 
N 


N 
=>) perl Dd) vas 
70 


t=1 


(20) 


we achieve a complete separation of the internal 
and external motions (V=0!). The moment of 
inertia is equal to 


N 
O ees > is 


v=] 


(21) 


We are, however, interested in the case when @~ 
is chosen such that the operator V is different 
from zero. We then have to use the general for- 
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mulas (15) or (18) for the determination of the mo- 
ment of inertia. In particular, we assume that 
~ = ~4; then 


N 
= = » wi (i — 9). (22) 


1=2 v fo 


Substituting the operators (22) in formula (18) we 
again obtain the correct value (20) for the moment 
of inertia. In the given special case it is thus pos- 
sible to verify explicitly the independence of the 
moment of inertia of the choice of ~. This inde- 
pendence corresponds to the fact that the moment 
of inertia is determined by observable quantities 
(the energy and the projection of the angular mo- 
mentum on the axis of rotation), which are, of 
course, invariant under arbitrary coordinate 
transformations. 


3. ANGULAR VELOCITY OF THE SYSTEM ASA 
WHOLE 


The inverse moment of inertia can also be de- 
termined as the derivative of the angular velocity 
with respect to the projection of the angular mo- 
mentum on the axis of rotation z. The meaning 
of the angular velocity of the system is, however, 
not completely obvious. In this connection it is of 
interest to investigate the reverse problem: the 
determination of the angular velocity as that quan- 
tity which, upon differentiation with respect to Mo, 
gives the correct expression for the inverse mo- 
ment of inertia. It is easily seen that the following 
quantity has this property: 


Q = <¥y,eF o>, (23) 


where the dot above the operator denotes the com- 
mutator with the Hamiltonian multiplied by i/h. 
Indeed, we have, according to formula (11), 
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This is exactly formula (15). 


We can easily determine the angular accelera- 
tion by expanding expression (23) for the angular 
velocity of the system. It may also be used for 
the determination of the moment of inertia. We 
again obtain, of course, the same result (15) as 
before. 


4. ESTIMATE OF THE LOWER LIMIT OF THE 
MOMENT OF INERTIA 


Expression (15) for the inverse moment of in- 
ertia consists of two structurally different terms. 
The first term, 


4 “ 
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defines some “bare” moment I), which plays the 
role of a generalized “bare” mass corresponding 

to the generalized coordinate gy. The second term 
represents a correction to the “bare” moment due 
to the coupling between the separate particles of 
the system during the rotation. It is immediately 
clear from formula (15) that, at least for the ground 
state of the system, the “bare” moment of inertia 
is always smaller than the true moment: 


POE 


The “bare” moment therefore represents a lower 
limit for the possible values of the total moment. 

In this connection it is very desirable to find that 

gy for which the “bare” moment has the largest 
value. The case mostly considered in the litera- 
ture so far is that in which gy represents the angle 
of rotation of the principal axes of the system (see, 
e.g., reference 2). In this case the operator 1; 
represents the so-called hydrodynamic moment 

of inertia 


(28) 
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It is an interesting fact that, after averaging over 
a spherically symmetrical distribution, this quan- 
tity takes on a nonvanishing, if small, value. 
By choosing ¢g in the form 
| N 


N 
9 = Dy migig: | D\ meer . 
f=] 


If mean 


(29) 


where pj and ¢j are the cylindrical coordinates 
of the i-th particle, and p; = (xF + yi yi a we may 
convince ourselves that even in the completely 
symmetrical case the moment of inertia is not only 
different from zero, but is not even very small in 
comparison to the moment of inertia of a rigid 
body. Indeed, we then obtain the following expres- 
sion for I): 
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ea 
The quantity (¢gj- @ )? may be replaced by its 
average value 
(gp — 9) = 2/3 
and can then be taken outside the summation sign. 
This yields 
N 
4n i K: 
ass mip? [i a ae = 7 >» mip? (31) 


ch C= 


The moment of inertia of the ground state can 
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therefore not be smaller than 14, of the moment 
of inertia of a rigid body. 

The author is grateful to Prof. A. S. Davydov 
for a discussion of the results of the present paper. 
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Modern meson theory can describe in an adequate phenomenological way the peripheral in- 
teractions of strongly interacting particles. We propose to isolate the contribution of periph- 
eral interactions, by deriving from experimental data the amplitudes for various processes 


which require large orbital angular momentum. 


Large orbital angular momentum corre- 


sponds to a large impact parameter. By comparing these amplitudes, derived from experi- 
ment, with theoretical calculations, we may obtain many important quantities characterizing 
the strong interactions of elementary particles, for example, the renormalized coupling- 
constant of the pion with nucleons and hyperons, the renormalized coupling-constant of two 


pions or of a pion witha K particle, etc. 
1. INTRODUCTION 


Tae study of existing meson theories has shown 
that a “naive” extension of these theories to very 
small regions of space (r « 107!2 cm) runs into 
serious contradictions.! The resolution of these 
contradictions will possibly require a change in 
the foundations of quantum mechanics and perhaps 
also of relativity. There is still every reason to 
believe that the present theoretical description is 
adequate for physical processes taking place at 
large distances. This paper is concerned with the 
analysis of strong interactions occurring at large 
distances (r > 1078 cm). 

Suppose that two particles, for example two 
nucleons, are separated by a distance r > 1/y, 
where wu is the mass of a pion. We use units such 
that h=c=1. The interaction between the two 
particles depends on the properties of the meson 
clouds which surround them, and hardly at all on 
the properties of the inner regions inside the clouds. 
The nucleons touch each other with their surface 
regions. A large number of theoretical physicists? 
have understood that existing meson theory can de- 
scribe this peripheral interaction phenomenologic- 
ally. But to make use of this fact, one must know 


how to isolate the effect of the peripheral interaction. 


The experimental data obtained up till now on the 
interactions of elementary particles are very rarely 
suitable for determining peripheral interactions. 
The processes which have been studied hitherto de- 
pend essentially on the nature of the interaction at 
small distances, where we do not yet know how to 
make calculations. 

A number of authors (Chew, Moravezik, Taylor, 
Uretskii, Tsifra and others)’ have proposed a 
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method for isolating the contribution arising from 
the exchange of one virtual meson. The method of 
Chew is essentially based on the fact that the func- 
tion which describes the angular distribution of a 
process can be extrapolated into the non-physical 
region |cos @| >1. It can be proved (and will be 
seen in the following argument), that for a particu- 
lar value of |cos @| >1 the extrapolated angular 
distribution defines a one-meson amplitude propor- | 
tional to a, where g is the renormalized pion- 
nucleon coupling constant. By comparing the values 
obtained by extrapolation, from the experimental 
data on N-P scattering and on photoproduction of 
pions, with the corresponding theoretical quantities, 
Chew and others could determine the value of g. 

We here propose a second method which also 
allows us to isolate the contributions of peripheral 
interactions by an analysis of experimental data. 
Our method is based on the well-known fact that 
two particles, with a large relative orbital angular 
momentum 1, effectively interact at a distance 
~ Ix, where x is the particle wavelength. Pene- 
tration to smaller distances is hindered by the cen- 
trifugal barrier. It follows that, to study peripheral 
interactions, we need to separate from the experi- 
mental data that part which determines the ampli- 
tude of a process occurring with sufficiently large 
values of J. 

The possibility of isolating and describing theo- 
retically a peripheral interaction is based on the 
fact that two particles or systems of particles sep- 
arated by a large distance exchange between them 
the smallest possible number of mesons. Thus 
pion-nucleon scattering at large distances is de- 
scribed by an exchange of two pions, nucleon- 
nucleon scattering is described by the exchange 
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of one pion, etc. This allows us for example to 
describe nucleon-nucleon scattering for large / 
within the frame of a one-meson approximation, 
neglecting the exchange of two, three or more 
pions, and also the contributions of other mesons 
and baryon pairs, all such effects being included 

in the renormalized coupling-constant. We em- 
phasize that in this case we may consider only the 
one-meson term, even though the coupling-constant 
is considerably larger than one (g?/4n ~ 15). The 
expansion parameter, as we shall see below, is pro- 
portional to (g2/4m)e-HAl, which for sufficiently 
large J is much smaller than one. In a certain 
very academic sense, the one-meson approxima- 
tion for large 7 is more accurate than the one- 
photon approximation in electrodynamics, since 
e*/47 = const, but (g2/4m7)e”A2— 0, as lo. 

Our method of analysis by orbital angular mo- 
mentum allows us not only to determine the value 
of the constant g and other similar constants, but 
to find relations between various physical quanti- 
ties, for example scattering phases, describing 
various processes. 

In Sec. 2 we set up a Simple model to justify our 
method. Sections 3 —6 contain a study of experi- 
ments in which peripheral interactions of elemen- 
tary particles might be observed. In Sec. 3 we con- 
sider pion-nucleon experiments, in Sec. 4 strange- 
particle experiments. In Sec. 5 we study interactions 
between photons and strongly interacting particles. 
In Sec. 6 we consider briefly experiments involving 
leptons. In Sec. 7 we discuss the correlation of the 
information which could be obtained from the vari- 
ous experiments. 


2. STUDY OF A MODEL 


To explain our method we consider the interac- 
tion of two scalar particles, exchanging neutral 
scalar mesons with each other. We ignore the 
symmetry of the amplitudes arising from the iden- 
tity of the particles. This very unrealistic model 
allows us to forget the complications of the depend- 
ence of the amplitudes on spin and isotopic spin. 

We shall compare the behavior for large 1 of 
the one-meson and two-meson approximations. We 
shall also examine to what extent the dependence 
of the vertex part and the meson Green’s function 
on q? influences the one-meson approximation. 

The amplitude arising from the exchange of one 
meson (Fig. 1) is 
d (9°) a* (9°) 


(1) — yy fl) (p2 
a 


Here k is the momentum of one of the colliding 
particles in the center-of-mass system; q? = 
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—|q|? =—2k2(1-—cos @), @ is the scattering 
angle, y is the mass of the virtual meson. The 
dimensionless function f(t) proportional to the 
square of the renormalized coupling-constant, de- 
pends on k? and not on q. 

While we allow only one virtual meson to be ex- 
changed between the two particles, we include all | 
the virtual processes which contribute to the meson | 
Green’s function and to both the vertex parts. These 
effects appear in the expression for a!) as the 
factors d(q?) and a (q?) respectively. By defi- 
nition a(y2) =d(u?) =1. In Fig. 1 and the other | 
diagrams, blocks containing all possible virtual | 
processes are represented by circles. Henceforth | 
we shall call these block vertices. 

The contribution of the one-meson diagram 1 to 
the scattering amplitude in a state with orbital an- 
gular momentum 7 can easily be obtained from 
the Legendre polynomial expansion: 


1) “Pz (cos 9), 


7) == exp (218) — 1, 


7 
This gives 
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where Q7 is the Legendre polynomial of the sec- 
ond kind. Analytic expressions‘ and tables? for Q) 
exist. When 1 >k/y > 1, 


Qi (1 + u2/2k?) ~ V zk/2Qul e- dik 


When k/u «1, the exponential behavior changes 
to a power law: 


I! 9l+1 k 2/+2 
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We now estimate the contributions for large l 
from the two-meson amplitude corresponding to 
diagram 2. For large 7 the important effects come 
from the singularities in the meson Green’s func- 
tions, and we therefore neglect the dependence of 
the remaining factors on p and q, and take these 
factors outside the integrals. We find then 


t 


uy A) dp 


q{2) \ : : 
(fe — 9/2)*— vl [(p + 9/2)? — p] * 


where f() is a dimensionless function of k?. Com- 
bining the denominators and changing the variable of 
integration, we obtain 


q2) = (ale) \ax( 
me 0 


We next rotate the integration with respect to p! 
onto the imaginary axis.®»’ The denominator then 


PERIPHERAL INTERACTIONS BETWEEN BEEEMENTARY PARTICLES 


becomes positive, and we find 


loo) 
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se 
f2 (Rk) 0° dx m) Saal, ieee 
Spek | a om Qi {1 + SeG—ayx) Pat’, 
with t? = |p|? + p?. 
When / >k/yw > 1, we use the asymptotic form 
of the function Qj), and carry out the integration to 
obtain 


A = —(ahf) (k) / Al?) eee, 


We thus see that for large 1 the two-meson ampli- 
tude is exponentially small compared with the one- 
meson amplitude. We will publish later a detailed 
analysis of the two-meson amplitude for large 1. 
Here we wish only to remark that, in calculating 
the contribution for large 1, convergence of the 
momentum integrals is always guaranteed by the 
presence of the factor P7(cos @) in the integrand. 
Thus in the integrals which we considered above 
teep ~ wk/I. 

The contribution of the three-meson amplitude 
for large 1 (1 >k/u >1) must obviously de- 
crease like exp (—3ul/k). When k/u <1 the 
exponential decrease is replaced by a decrease 
of the form 272/-2 for the two-meson amplitude 
and 372/-2 for the three-meson amplitude. 

We now go back to the one-meson amplitude. 

In deriving the formula for the one-meson ampli- 
tude we assumed a(q?)=1 and d(q?)=1, sup- 
posing that the important values of g? in the in- 
tegral were around u*. We now verify the correct- 
ness of this approximation. The spectral represen- 
tations of the Green’s functions® and the vertex 
parts? give 

Pe oe at Sig?) (1 4+ Sag, 
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where 


Keeping only terms linear in S;, we obtain 


inp (k)? - pe 
4D Bx ae {@: (1 + Sa) 
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The quantity m is the smallest sum of masses 
of particles into which a meson can be transformed. 
For example, for the pion m = 3m,, and for the K 
particle m = 2m, +m. For a scalar meson we 
would have m = 2u. When 7 >k/yp > 1, the cor- 
rection terms proportional to 7 2l/ k are phenctore 
exponentially small compared with Q7(1 + 2/2k*) 
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~ e-Hl/K, The contribution which comes from the 
factors a*(q?) and d (q2) is seen to be of the 
same order as the contribution from exchange of 
two or more mesons. In the case of virtual pions, 
this contribution is of the same order as that arising 
from three-pion exchange. It is easy to verify that 
the terms of second and third order in S; would not 
change this conclusion. 

Effects of spin and isotopic spin, while essential 
in the discussion of actual processes, modify but do 
not qualitatively change our results. 


3. PION-NUCLEON INTERACTION 


Nucleon-nucleon scattering. A detailed study of 
this problem will be published elsewhere.* We 
therefore discuss here only the essential points. 

It is clear from the preceding argument that the 
peripheral interaction between nucleons is described 
by the one-meson amplitude 
a (q*) d (q°) 


M = Ang? \(urystatts) (Wet s%atls) es 


— (Up stalls) (Ur Ystalls) ey ; 

as depicted in Fig. 3. Here g is the renormalized 
pion-nucleon coupling constant, q=k-—k’, p=k+k’, 
and k and k’ are the momentum four-vectors of 
one of the particles before and after scattering. The 
factors q@ and d represent the departure of the 
values of the vertex part and the meson Green’s 
function at q?<0 and p*<0 from their values at 
q? =p? =p’. 

From the above expression for M we can calcu- 
late the scattering amplitudes with given values of 
the total angular momentum, just as we did for 
sealar particles. Estimates made from various 
models show that at energies of a few tens of Mev 
the F-wave nucleon-nucleon phase shifts will be 
accurately obtained from such a calculation. 

In the non-relativistic approximation, the 
nucleon-nucleon scattering amplitude can be written 
in the form 

a + B (o, + oy) + ¥ (3,-M) (s,m) + 8 (¢,-m) (s,-m) 

+ €(cy°1) (cy), 

Here a,...,¢€ are scalar functions of the scatter- 
ing angles, and n, JZ, m are axes along the direc- 
tions of kxk’, k—k’, k+k’. The amplitude M 
contains all the terms of this expression except the 
second; in the one-meson approximation 6 =0. This 
means that spin-orbit interaction is not contained in 
the one-meson approximation, and must appear in 
the effective nucleon-nucleon potential!” with a dis- 


*Otsuki et al.?° have calculated nucleon-nucleon scatter- 
ing phase shifts with the one-meson potential. 
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tance-dependence at least as strong as exp(-2ur). 

If we can separate from the experimental data 
a term proportional to 8, and measure its contri- 
bution to an amplitude with large 1, this allows us 
to determine the magnitude of the two-meson dia- 
gram 4. In the one-meson approximation, the spin- 
dependence of the nucleon-nucleon scattering am- 
plitude is more complicated than nucleon-antinu- 
cleon or nucleon-hyperon scattering. In the latter 
processes there are no exchange forces and the 
corresponding antisymmetrization of the amplitude 
is absent. 

Nucleon-nucleon scattering allows us to deter- 
mine the quantity g. Since we may calculate sev- 
eral phases and compare them with different ex- 
periments, we can test the consistency of the 
method. Our procedure thus contains a criterion 
for estimating the accuracy of the result in each 
case, without any further theoretical estimates. 

Nucleon-antinucleon scattering. Although nu- 
cleon-antinucleon scattering differs from nucleon- 
nucleon scattering in the size of the cross-section 
and in the character of the interaction, still for 
large 7 the nucleon-antinucleon scattering phases 
are represented by the one-meson diagram 5. More- 
over, the phases for p+n—p+t+n and n+p— 
n+p must be equal and opposite to the phases for 
p+p-—-ptp, in those states in which the latter 
process can occur. The phases for p+p and 
n+n must be equal and opposite to those for p+n 
scattering, where however we must remember that 
the two-nucleon system possesses a symmetry which 
is absent in the nucleon-antinucleon system. The 
one-meson amplitude for antinucleon scattering has 


only one term, and this is of the form 1,72 (04/)(0,!). 


Therefore the amplitudes with T=0 and T=1 are 
for large 1 related according to 


Apay = — 347 -1- 


The diffraction scattering caused by inelastic 
nucleon-antinucleon interactions may greatly com- 
plicate the isolation of the one-meson contribution. 

Pion-nucleon scattering. Pion-nucleon scattering 
with large 7 is described by the two-meson dia- 
gram 6. The corresponding one-meson diagram is 
forbidden, since the pion is pseudoscalar and the 
transition t— 27 is impossible. 

Lee and Yang! proved that a transition in the 
vacuum from any even number to any odd number 
of pions is forbidden, by virtue of the invariance of 
the strong interactions under the combined opera- 
tion of charge-conjugation and a rotation in isotopic 
spin space. Therefore in pion-nucleon scattering 
there are contributions only from diagrams repre- 
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senting the exchange of an even number of pions. 

Diagram 6 shows that for large J the pion- 
nucleon phases are determined by factors arising 
from two vertices, a pion-pion vertex, and a pion- 
nucleon vertex in which both pions are virtual. 

Pion production in pion-nucleon and nucleon- 
nucleon collisions. In the production of mesons by 
mesons (1+N—N + 2m), the pion-pion vertex 
which was mentioned above appears in the one- 
meson diagram 7. In this case the angular-momen- 
tum analysis is more complicated, since there are 
three particles in the final state. For a given an- 
gular momentum jy of the colliding pion and nu- 
cleon, we may choose a variety of angular momenta 
jj and jo, referring respectively to the relative 
motion of the pions and to the motion of the nucleon 
in the final state. Diagram 7 describes a process 
occurring with a large value of j,. An experimental 
determination of these amplitudes would.allow us to 
measure pion-pion scattering. Further, by studying 
the dependence of the amplitude on j,, the relative 
angular momentum of the two pions, one could find 
out in which orbital states the pions interact most 
strongly with each other. To carry out this pro- 
gram, a large number of experimental points would 
be needed. Possibly the simplest case to analyze 
would be the dependence on j, of scattering events 
in which the two pions emerge with almost equal 
velocities. Depending on which value of j, pre- 
ponderates, the outgoing pions will be in a state of 
isotopic spin T=1 if j, is odd, or T =0, 2 if 
j, is even. The two-meson diagram 8 gives for 
large 7 a contribution small compared with that 
from diagram 7 but large compared with the other 
diagrams. For this diagram 8, the large angular 
momentum by which one should analyze the proc- 
ess is the angular momentum of one pion with re- 
spect to the center of mass of the second pion and 
the nucieon. 

Processes of production of larger numbers of 
pions can be analyzed in the same way. For ex- 
ample, the process 7+N—47+N, (diagram 9), 
may give information about the vertex with six 
external meson lines. 

The production amplitude in a nucleon-nucleon 
collision N+N—N+N+7, when the two nu- 
cleons in the final state have large relative angular 
momentum, is described by the one-meson diagram 
10. This contains, besides the pion-nucleon scat- 
tering vertex, also the NNz vertex. 

When any inelastic process is being analyzed 
into angular momentum states, one must work suf- 
ficiently far from the threshold for the process, 
since near to the threshold the angular momentum 
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carried away by the nucleon cannot be small. 


4, INTERACTION OF STRANGE PARTICLES WITH 
PIONS AND NUCLEONS 


We now turn to processes involving strange par- 
ticles. We must emphasize that our analysis is 
much more difficult for processes in which K par- 
ticles are exchanged. The reason is that the K 
particle mass is more than three times greater 
than the pion mass. This makes it hard to separate 
the contribution of K particles from the contribu- 
tion of diagrams in which one or two pion lines run 
parallel to a virtual K-particle line. We therefore 
consider in what follows only those processes in 
which the amplitudes for large 2 are produced by 
the exchange of pions. 

Hyperon-nucleon scattering. Diagrams 11 and 
12 represent the scattering of = and = hyperons 
respectively by nucleons. Diagram 13 describes 
the process 2 +N—-A+N, and diagram 14 de- 
scribes A-nucleon scattering. In the last case the 
one-meson diagram is forbidden, since the AAmt 
vertex is not isotopically invariant. For all these 
processes the analysis is similar to that which we 
gave for nucleon-antinucleon scattering. The anti- 
hyperon-nucleon scattering for large 7 is simply 
related to the hyperon scattering amplitudes. The 
form of the 2 +N--—A+N amplitude depends on 
the relative parity of the 2 and A hyperons. 

K -particle-nucleon scattering. In K-particle 
scattering, as in pion scattering, the one-meson 
diagram is forbidden because the pion is pseudo- 
scalar. At large angular momenta the process is 
described by the two-meson diagram 15. This dia- 
gram is similar to diagram 6 and differs from it 
only by the replacement of a pion-pion scattering 
vertex by a K-particle-pion scattering vertex. It 
is therefore of great interest to compare directly 
the phases of the processes 7+N—-a+N and 
K+N—K+N for large 7. For large 1 the scat- 
tering of K particles by nucleons (diagram 16) is 
also determined by a m7KK vertex. 

Production of K particles and pions by K par- 
ticles. The interaction vertex mmKK, which oc- 
curred in the K-particle-nucleon scattering, 
appears also in many other diagrams. In particular 
it appears in diagram 17, describing the process 
m+N—K+K+#N, although the momenta of the 
incoming particles are now different. This last 
process must be analyzed in the same way as the 
process 7+N--7+m7+N, considering the rela- 
tive motion of the K particles on the one hand and 
the motion of their center of mass relative to the 
nucleon on the other. When the latter angular mo- 
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mentum is large, this process is described by dia- 
gram 17. The same vertex mmKK appears in the 
one-meson diagrams 18 and 19, describing the pro- 
duction of pions by K particles and by K particles: 
K+N—~K+7+N and K+N—~K+7+N. The 
corresponding two-meson diagrams 20 and 21 are 
similar to diagram 5, and differ from it in having 
mrKK instead of mmm at the upper vertex. The 
creation of K particles in nucleon-nucleon colli- 
sions, N+N—-N+A(Z)+K, is described for 
large 1 by diagram 22, which is similar to dia- 
gram 10 describing the creation of pions. 


5. INTERACTION OF PHOTONS WITH MESONS 
AND BARYONS 


Scattering of photons by nucleons. For large 1 
the phases for the Compton scattering y + N— 
y+N are represented by diagram 23. The rele- 
vance of this diagram was noticed already by Low.! 
The vertex myy, which appears in this diagram, 
describes the decay of a neutrol pion into two pho- 
tons. Thus a measurement of the Compton scat- 
tering of photons by nucleons for large 7 would 
be equivalent to a measurement of the lifetime of 
the neutral pion. The scattering phases defined 
by diagram 23 are equal and opposite for proton 
and neutron. 

Photoproduction of pions. Peripheral production 
of charged pions is described by diagram 24. There 
is a generalized Ward’s theorem for the interaction 
of bosons with real photons.® This has the conse- 
quence that diagrams 24 and 25 give identical ef- 
fects, provided that the vertex yma and the Green’s 
function of the virtual meson are not renormalized. 
Thus a measurement of the amplitude for the proc- 
ess y+N-—~a7+N for large 1 gives a clean de- 
termination of the vertex mNN. 

The contributions of diagram 25 for the proton 
and neutron differ only in sign. The process in- 
verse to photoproduction, the radiative capture of 
a pion by a nucleon, is also described by diagram 
25, reading the diagram from right to left. 

Diagram 26, containing the vertex ymr7, de- 
scribes the photoproduction of a pair of pions 
(y+N-—22+N) when the angular momentum of 
the pair relative to the nucleon is large. Diagram 
27 will give a contribution to the same process, 
when the angular momentum of one meson relative 
to the center of mass of the other meson and the 
nucleon is large. The vertex yarm, which appears 
in diagram 26, appears again in the one-meson dia- 
gram 28, which describes the bremsstrahlung of a 
pion scattered by a nucleon. The bremsstrahlung | 
at large impact parameters (large 1) comes 
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mainly from diagram 28. Because the pion is 
pseudoscalar, the ordinary classical bremsstrahl- 
ung is given by the two-meson diagram 29, and be- 
comes negligible at large J. Bremsstrahlung can 


also accompany charge-exchange scattering of pions. 


Photoproduction of K particles. Diagram 30 
describes the photoproduction of a pair K+ K, and 
contains the vertex ymKK, which can be determined 
by the process y + N—K+K+N. The same vertex 
appears in diagrams 31 and 32, which describe the 
bremsstrahlung emitted by K particles and K par- 
ticles scattered by nucleons. Bremsstrahlung can 
also accompany St cea ae scattering of K 
particles. 

Scattering of electrons by nucleons, and produc- 
tion of pions and K particles by electrons. The 
same vertices which were considered above, with 
different values of the momenta, appear in the dia- 
grams which describe the interaction of electrons 
with nucleons. The electron-nucleon scattering 
amplitude contains two terms, one proportional to 


T3, and the other an isotopic scalar. Goldberger’® 
proved that the first of these terms is described 

by diagram 33, and the second by diagram 34. The 
vertices yaa and yam, which appear in these dia- 
grams with virtual photons having k? 20, also ap- 
pear in diagrams 35 and 36, which describe the pro- 
duction of pions by electrons, e+N—-e+7+N 

and e+N—e+t 27+N. 

The diagram for the process e+ N—-~e+N+ 
K+K is similar to diagram 36, and differs from 
it only in the replacement of the vertex yam by 
yrKK. 

Interactions involving neutrinos. The process 
e~+p-—-n+vp, involving the weak beta-decay in- 
teraction, can occur in electron-proton collisions. 
If the angular distribution of the neutrons from this 
process could be analyzed into angular momentum 
states, then for large angular momentum the main 
contribution comes from diagrams 37 and 38. These 
diagrams contain the vertices tev!’ and rev, 
the former carrying an axial vector interaction, 
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the latter a vector interaction. When high-energy 
electrons collide with protons, hyperon production, 
for example e~ +p—A+v, is also possible. 
Diagrams 39 and 40 describe this process and con- 
tain the vertices Kev and Kmev. Like the vertices 
jmev and mmev, the vertices Kev and Kzev can 

be measured independently by studying the decays 
=" Oa, ah = Tar ae ID, Ua ae DS Naa Ye as 
All the remarks in this section apply equally to col- 
lisions of 4 mesons with nucleons. 


6. CORRELATION OF THE VARIOUS PROCESSES 


We have enumerated in the table all the processes 
considered above, and the strongly interacting ver- 
tices which can be determined by studying these 
processes. The numbers 1, 2, 3 denote the number 
of virtual mesons linking the vertices in the corre- 
sponding diagram. Thus for example, in the row 
corresponding to the process 7+ N-—27+N, the 
number 1 stands in the column corresponding to the 
vertices NNa and ama. These two vertices ap- 
pear in diagram 7, and are linked by one virtual 
pion. In the same row, the numbers 2 correspond 
to the diagram in which the vertices mmm and 
tmrmNN are linked by two mesons. By examining 
the one-meson diagrams we shall show how the 
vertices determined by the various processes can 
be correlated with one another. 

The vertex NNz, the renormalized coupling 
constant, can be determined independently from the 
processes N+N—-N+N, N+N—NHN, yin 
—n1+N. These processes do not contain other un- 
known vertices. Knowing the vertex NNz, we can 
determine the following vertices: 


TTT from the process dN ere aN 
NNarz ” N+N—>N+N43t 
Lin if SN Sey 
2Atr Z2+N+>A+N, 
aesay ” E+N>E-+N, 
independently from rt+NoKLK+LN 
sere the three different | Kote Ne Gta Ne 
processes KOON Rese Ny 
TNKA from the process N+N>N+A+4+K 
TY ” jess Wee IN. 
ae és f ~+N—>2r+QN, 
meen ete ies bet Poles 
F feneteNies Rect Keats 
yak K ” KE Nie veel Kee 
( KE Na KEN 


When we determine a vertex from a one-meson 
diagram, we obtain its value for the special case 
in which one of the lines incident at the vertex cor- 
responds to a virtual pion. 

In a similar way, the two-meson diagrams can 
determine values of the vertices involving two vir- 
tual pions. In many cases the same vertex can be 
determined from both one-meson and two-meson or 
three-meson diagrams, for example the vertex yrrr. 


Ya. POMERANCHUK 


This allows us to find the value of the vertex when 
the momenta of the incident mesons are in the non- 
physical region. It is to be emphasized that the 
same vertex, when determined from one-meson 
and two-meson diagrams, appears with different 
momenta for the incident particles. 

We have discussed the amplitudes for various 
processes with orbital angular momentum / > 1. 
Experimental measurement of amplitudes with very 
large I is of course impossible in practice. How- 
ever, in case of nucleon-nucleon scattering, we can 
show that at low energy the experimental amplitude 
can be described by a peripheral one-meson inter- 


action already when 1 =3. The shape of the experi- 


mental angular distribution of the nucleons in the 
process 7+N-—22+N indicates that the periph- 
eral one-meson interaction can be very large, and 
can dominate the amplitude for quite small values 
of J. Thus an experimental study of the processes 
enumerated above, and a determination of the data 
necessary for their analysis, may in many cases 
be possible in the comparatively near future. 
Relations, similar to those which exist between 


the various processes involving nucleons, will also - 


hold for processes in which a deuteron or a more 
complicated nucleus replaces the nucleon. In par- 
ticular, by comparing the scattering of nucleons 
and hyperons by nuclei, we can find the relation 
between the pion coupling-constants with nucleons 
and with hyperons. 

We emphasize, in conclusion, that all our argu- 
ments about peripheral interactions do not depend 
upon the nature of the strong interactions at short 
distances. In particular, the arguments are un- 
changed, whether the pion is an elementary or a 
compound particle. 

The authors are grateful for criticism and help- 
ful comments from V. B. Berestetskii, N. N. Bo- 
golyubov, A. F. Grashin, B. L. Ioffe, L. D. Landau, 
A. P. Rudik, K. A. Ter-Martirosyan, and I. M. 
Shmushkevich. 

The authors are indebted to Professor Chew for 
sending a preprint of his paper. 
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Letters to the Editor 


QUANTUM CORRECTIONS TO RADIATION 
FROM A RIGID ROTATOR 


L. B. IOGANSEN 
Moscow State Pedagogical Institute 
Submitted to JETP editor June 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 313-314 
(January, 1959) 


AM series of Soviet and foreign papers, quite com- 
plicated mathematically, have been devoted to the 
calculation of quantum corrections to synchrotron 
electron radiation (in particular, see reference 1.) 
The authors begin from the equations of motion for 
particles in an axially-symmetric magnetic field 
that assures circular motion and provides weak- 
focusing forces around the stable orbit. 

It is shown in the present note that practically 
the same results can be obtained by entirely neg- 
lecting the excitation due to the betatron oscilla- 
tions and considering the electron to be an abso- 
lutely rigid rotator. The character of the forces 
that ensures such a rigid focus are not specified. 

A possible interaction of the electron spin with the 
focusing fields is not taken into account. 

We taken the orbit of radius a to lie inthe xy 
plane, with its center at the origin. Dirac’s equa- 
tion for free azimuthal motion has the form 


(ac/ia) (sin gay — oe gay) Ob/Oe = (E + Bmc?)d. (1) 
We obtain the positive energy eigenvalues 
E, = ho, = {(he/a)*l (1 + 1) + (inc?)?}2 
(L=1,2,...). (2) 
Two eigenfunctions correspond to each Ej: 


t 


(es elle 0 

aa, — 5 
Qn (14+%2 ) i he 

xe? 

oN 
AC RL a ia 
V ht Malik * 14 ihe 

Oh) yg 

E, + me Ep mer 
Rea arene Sete ne Serres ee 


They are also eigenfunctions of the z component 
of the angular momentum, belonging to the eigen- 
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value fi(/ +4). In the nonrelativistic approxima- 
tion wf) corresponds to the z components of 
orbital angular momentum m=J/+1 and spin 

s = —%, while a corresponds to m =Z1 and 


s=+3. 

We are interested in motion at relativistic ve- 
locities in a circle of macroscopic radius a. Such 
motion is quasi-elassical, that is, 2 >1, so 
Lh ayn ?, therefore, Ky = Ky, = kz. We con- 
sider the transition of an electron from the state 


at? to the state V3 furthermore, we shall take 
1—1,=n<l1, so that we can restrict ourselves to 
the first order in an expansion in powers of n/l. 
The frequency of the photon emitted in this transi- 
tion is 

c 9 


@ = O7-— O7, = 6A = oO == [1 


4— Bn 
a : 2 


2 |; 
E, 


mc? ~ 


B= Vly ye (4) 


It is easy to see that the probability of a transi- 


(+) (+) 
[ey 


tion W with a change in the z compo- 


nent of the spin is proportional to (n/ yes there- 
fore, only transitions with conservation of the spin 
component play a role in our approximation. 

In first-order perturbation theory, the intensity 
of radiation of frequency w, ina solid angle dQ, 
given in terms of the angles 6’ and 9g’, is equal 
to 


1 pdQ = 


e*c 9,9 4 72 : , 12, . ’ 

els {{cot?o Jn (ms sin 9’) + oJ, (nz sin 9’)] 

He n { B2V4— B24 = cos? 6” 
l 6 sin 0’ 


Jn (nz sin 6") Jj, (no sin 6’) | dQ. 
(5) 


In the limit 1— © we get precisely the classical 
formula.? Integrating Eq. (5) over the angles, we 
get the full power for the n-th harmonic: 


e?cn 
I, 
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‘ (6) 
In the most interesting, ultrarelativistic case, when 
y~>1, 6 1, itis possible to calculate the total 
radiated power. 

For this we sum Eq. (6) over n and with the 


help of an asymptotic formula (see reference 3) 
we find 


w= ser li-(-3)2 p (1) 
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The result obtained has the same appearance as 
that of motion in a magnetic field,! but the numeri- 
cal coefficients are somewhat different for the 
quantum correction. 

In conclusion, I should like to express my grati- 
tude to Professor M. S. Rabinovich for much valu- 
able advice. 


‘ Sokolov, Klepikov, and Ternov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 632 (1952) and 24, 
249 (1953). Also J. Schwinger, Proc. Natl. Acad. 
Sci. (U.S.A.) 40, 132 (1954). 

Gia AM Schott, Electromagnetic Radiation, Cam- 
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°J. Schwinger, Phys. Rev. 75, 1912 (1949). 
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ENERGY SPECTRUM OF FRAGMENTS 
FROM THE PHOTOFISSION OF U?*® 


B. S. KOVRIGIN, M. Ya. KONDRAT?” KO and 
K. A. PETRZHAK 


Leningrad Technological Institute 
. Submitted to JETP editor June 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 315-317 
(January, 1959) 


A systematic study of the variation of the nature 
of fission with excitation is possible by comparison 
of the energy spectra of any one isotope for differ- 
ent excitation energies. This should show a pref- 
erence for excitation of the nucleus by gamma 
quanta, since the number of nucleons in the nucleus 
is not changed by this method. Some data for such 
a comparison can be gained at present from the be- 
havior of U?*8, for which the spectrum of spontane- 
ous fission fragments!” and the spectrum of frag- 
ments from photofission for a maximum gamma-ray 
energy of 16.7 Mev? have been investigated. The 
purpose of the present work was to obtain the en- 
ergy spectrum of fragments from the photofission 
of U?*®> at a maximum betatron gamma-ray energy 
of 12.5 Mev. 

The measurement of the kinetic energy of the 
photofission fragments was made in an apparatus 
consisting of a differential pulse ionization cham- 
ber, an amplifying channel, and a photo-recording 
pulsed oscillograph. The chamber had two parts 
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— working and compensating — with a common 
collecting electrode and high voltage electrodes 

of opposite sign. The working part of the chamber 
was an ordinary pulse chamber with a grid. The 
compensating part of the chamber gave better com- 
pensation in the absence of a grid electrode within 
it. A layer of U303, which had been a target for 
a beam of gamma-rays and had a surface density 
of 0.4 mg/cm”, was placed on the negative elec- 
trode. No collimation of the direction of the frag- 
ments was made. 

The angular distribution of fragments in photo- 
fission is anisotropic with a maximum in the direc- 
tion perpendicular to the gamma-ray beam. When 
the orientation of the chamber axis was parallel to 
the beam axis an additional distortion of the frag- 
ment spectrum could have arisen at the expense 
of absorption, since a significant part of the frag- 
ments could have flown out at very small angles 
to the plane of the preparation. Therefore in prac- 
tice the chamber axis was set up at an angle of 15° 
to the beam axis. 

The energy spectrum of fragments from the 
photofission of Uu?38 for a maximum betatron 
bremsstrahlung energy of 12.5 Mev is shown in 
Fig. 1. The energy distribution of fragments from 
the slow neutron fission of U®® was obtained with 
the same apparatus and with the same preparation. | 
This distribution is also shown in Fig. 1. 
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FIG. 1. Fragment energy spectra: © — photofission of U?** 


at a maximum gamma-ray energy of 12.5 Mev, o — slow neutron 
fission of U?**. 


The spectrum of the photofission fragments has 
the most probable energies of (55.1 + 1) and 
(86.9 + 1) Mev for the groups of heavy and light 
fragments, respectively. To take the absorption 
in the preparation layer into account, these values 
must each be increased by approximately 5 Mev. 

In Fig. 2 the U8 photofission spectrum is com- 
pared with the spontaneous fission spectrum ob- 
tained in reference 2. The comparison was made 
by means of the energy spectra of fragments from 
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FIG. 2. Comparison.of energy spectra of fragments from: 
© — photofission and A — spontaneous fission of U**®. 
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the slow neutron fission of U**, determined, by 
the way, both in the present work and in reference 2. 

Owing to the different thicknesses of the prepa- 
rations (the surface density of the preparation in 
reference 2 amounted to 0.15 mg/cm? ), the neutron 
fission spectra differ somewhat among themselves. 
The main difference consists in the most probable 
energies of the spectrum in the present work being 
2 Mev less, on the average, than those of the spec- 
trum found in reference 2. Moreover, the increase 
of the thickness of the preparation is connected with 
an additional distortion of the spectrum, which con- 
sists in each peak obtaining some spread and be- 
coming more asymmetrical at the expense of the 
appearance of a “tail” in the low-energy region. 

It is evident that if the neutron fission spectrum 
undergoes a distortion, then the photofission spec- 
trum will undergo a similar distortion. However, 
the two neutron fission spectra do not differ from 
each other in form within the limits of error. 
Therefore the corrections to the distortions of the 
spectrum form caused by the large preparation 
thickness were not introduced into the photofission 
spectrum. In the comparison of the photofission 
and spontaneous fission spectra they were shifted 
with respect to one another so as to guarantee the 
best superposition of the U?*® neutron fission 
spectra obtained in both cases. Thus the influence 
of the difference in the surface densities of the 
preparations was eliminated. 

Comparison of the spectra shows that they differ 
mainly in the ratio of the notch height to the height 
of the light fragment peak. For the photofission 
spectrum this quantity is 0.60, and for the spon- 
taneous fission spectrum it is 0.33. 

This difference may depend both on the large 
excitation of the nucleus in photofission and on the 
superposition of fluctuations of the compensated 
gamma background. These fluctuations are due to 
a differential effect between the gamma pulses in 
the two parts of the chamber. The average mag- 
nitude of the pulse fluctuations on a pulse amplitude 
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scale graduated in fragment energy units is about 
4 Mev. The fluctuation pulses were superposed on 
the fragment pulses, producing a small broadening 
of the energy spectrum peaks. However, an esti- 
mate showed that the increase of the half-widths 
of the photofission spectrum peaks from this cause 
consisted of not more than 1 Mev, which can lead 
to an increase of the ratio of the notch height to 
the peak height of approximately 0.05. Hence, the 
main increase in the ratio of the notch height to 
the peak height by 0.22 should be carried at the 
expense of an increase in the number of symmetric 
fissions due to the high excitation of the fissioning 
nucleus in photofission. 

Notwithstanding the considerable excitation en- 
ergy, there is no essential increase observed of 
the most probable fragment energies and of the 
total kinetic energy in photofission compared with 
spontaneous fission. One can note also a certain 
pulling together of the photofission spectrum peaks 
compared with those of the spontaneous fission 
spectrum. 


‘Ww. J. Whittehouse and W. Galbraith, Phil. Mag. 
41, 429 (1950). 

2B. S. Kovrigin and K. A. Petrzhak, Aromuaa 
aHeprua (Atomic Energy) 4, 547 (1958). 

3Korotkova, Cerenkov, and Chuvilo, Dokl. Akad. 
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1, 104 (1956). 
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THE BETA SPECTRA OF F?° AND F"" 


S. S. VASIL’ EV and L. Ya. SHAVTVALOV 
Submitted to JETP editor July 5, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 317-318 
(January, 1959) 


gen beta spectrum of F2° has been investigated 


with the aid of a beta-ray spectrometer with a mag- 


netic lens. A beam of 4-Mev deuterons, acceler- 
ated in the cyclotron of the Research Institute for 
Nuclear Physics, Moscow State University, was 
led into the chamber of the beta-ray spectrometer. 
The arrangement of the experiment was described 
by us earlier.! LiF of about 0.4 mg/cm? served 
as a target. The beta spectrum obtained by us is 
a superposition of the beta spectrum of F?? (pro- 
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duced by the reaction F!(d, p) F2°) on the beta 
5 SEA GaN of Li? (produced by the reaction 

bi (djep) ae ). Since the upper limit of the Li® 
beta spectrum exceeds that of F?° by more than 

a factor of two, approximately half of the area 
under the Li® beta spectrum curve lies beyond the 
upper limit of the F*? beta spectrum. 

The beta spectrum of F2° was obtained as a re- 
sult of subtracting the beta spectrum of Li® from 
the beta spectrum of Li® and Fo: the correspond- 
ing section of which was obtained by us separately 


(see Fig. 1. Hp in kilogauss-cm). 
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A Kurie plot for eee fe presented in Fig. 2. As 
is obvious from the figure, the Kurie plot obtained 
is a straight line. The upper limit of the F?’ beta 
spectrum is (5.45 + 0.05) Mev. An estimate of 
the half-life made for the region of the spectrum 
around 1840 kev by separation in the beta-ray spec- 
trometer gave the value (12.5 +2) sec. The re- 
sults obtained were found in agreement with the 
data of Wong,” Alburger,? and Littauer* who inves- 
tigated the F?° beta spectrum with the aid of mag- 
netic spectrometers. 

When a thin target of LiF is irradiated with 
deuterons, the relative number of radioactive Li® 
and F?° nuclei in the target and, hence, the rela- 
tive intensity of their beta radiation in radioactive 
equilibrium is proportional to the ratio of the total 
cross-sections of the reactions Li’(d, p) Li® and 
FY (d, p) F20. Since the half-lives of Li® and F?? 
are sufficiently short and the target current during 
the experiment varied only slightly and slowly, one 
can assume that the measurements have been made 
under equilibrium conditions. Consequently, taking 
the isotopic composition of the target into account, 
one can determine o ( F!)/o( Li") from the ratio 
of the areas (normalized to Hp = 20 kilogauss-cm, 
i.e., beyond the upper limit of the F2° beta J hae 
font under the beta spectra curves of Li® and 
F2°, This ratio turns out to be about 1.5 for deu- 
teron energies around 4 Mev. 
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We also plotted the beta spectrum of F!” (pro- 
duced according to the reaction O!*(d,n)F!"). The 
target tee was celluloid film (CgH,j0;), about 
0.5 mg/cm? thick rather than the lead oxide usually 
used in such cases. The advantage of the celluloid 
film over a film of lead oxide is that the former 
contains no heavy elements, hence the positron 
scattering effect appears much weaker. The devi- 
ation from a straight line Kurie plot for F!" begins 
at approximately 800 kev, i.e., at approximately 
the same energy at which a deviation is observed 
in those cases when lead oxide is used as a target. 
Therefore the deviation from a straight line Kurie 
plot for F!" is apparently not connected with the 
scattering of positrons in the target. On the other 
hand, in the beta decay of F!" to the ground level 
of O!" the total spin of the nucleus does not change, 
In Tf = 3.38, i.e., the transition must be allowed, 
and, consequently, the Kurie plot must be a straight 
line. One may suppose that the beta spectrum of 
F" isa superposition of two partial spectra and 
that the decay also proceeds to an excited level 
which the nucleus has at 880 kev. However, this 
supposition requires further experimental verifi- 
cation. Besides, the change of the total nuclear 
moment in the decay to the excited level is 2(%—- 
’,), which strongly decreases the probability of 
such a beta transition. The half-life and the upper 
limit have the previous values.! 

We shall make use of this opportunity to express 
our gratitude to Yu. M. Shirokov for valuable dis- 
cussions, to B. M. Makun’ and Z. I. Tikhomirovaya 
for help in the work, and to the cyclotron crew, 
particularly G. V. Koshelyaev, A. A. Danilov, V. P. 
Khlapov, and A. P. Ozyabkin. 
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W: have recently! formulated the electrodynam- 
ics of superconductors that contain small atomic 
concentrations of impurities at T=0. The method 
of reference 1 is not applicable at finite’tempera- 
tures. 

The authors of the present paper obtained, to- 
gether with I. E. Dzyaloshinskii, a generalization 
of the method applied at T=0. It was basically 
founded upon the formulation of the thermodynamic 
theory proposed by Matsubara.’ An exposition of 
this method will be given in a separate paper. We 
note here only that the evaluation of the basic func- 
tions at T =0 is formally very similar to the cal- 
culations at T= 0. In the case of equilibrium prac- 
tically the only change involved is the replacement 
of the integrals over the frequency by sums over 
the discrete variable 


fos) foo) 


EG: : ENS 
os \ dof () > ae wl | 


n=—0o 


f (in), (1) 
where wp = (mT/f)(2n+1), and T is the tem- 
perature in energy units. 

This method was applied by us to study the equi- 
librium properties of superconducting alloys at fi- 
nite temperatures. All calculations are exactly the 
same as the evaluations performed! for T = 0 
apart from the transformation (1). 

The evaluation of the functions G(x, x’) and 
F (x, x’) leads to the conclusion that in alloys, as 
at T=0, these functions are simply multiplied 
by an exponential factor 


G(x x’) = Gy (x, x’) exp {— |x — x’|/ 20}, 


2 
EES Os. exp i= (RAK Tel, Y 


where 7 is the mean free path in the normal state. 
To find the thermodynamic functions it is suffi- 

cient to determine the particle density N (yu, T) 

as a function of the chemical potential and temper- 

ature: 


N = <p (x) (x) =i [G (x, KS) lpsete?? 1p eae (3) 


One sees easily that the function N(yu,T) is 
the same as in the case of a pure superconductor. 
In the model under consideration, where one as- 


N4[No = 2nT A? Si (hoon)? + A?) = 


LETTERS kFO DRED 


sumes that the impurities do not influence the in- 
teraction between the electrons, but only scatter 
them, the occurrence of impurities will therefore 
not change the thermodynamic functions. In par- 
ticular, the critical temperature Te is not shifted. 
We emphasize once again that this result is, of 
course, valid only if the impurity concentration is 
supposed to be small. 

We have considered the behavior of alloys ina 
constant magnetic field. The connection between 
the current and the vector potential is local in the 
London case. At finite temperatures it is of the 
form 


j = a QA, (4) 


N e 2 


mc 


(Oe 


Qn TA? Dy 1 / [(hern)® + 2] (V (ha)? + A? 4- hf 2a) 
0) (5) 
where wy, = (7T/fi)(2nt+ 1); A(T) the tempera- 
ture dependent “gap” occurring in the paper by 
Bardeen, Cooper, and Schrieffer;? Tt = 
[{ w(@)(1—cos 6) dQ ]7 is the transport collision 
time for the metal in its normal state, and N is 
the electron density. 
From Eq. (4) together with the Maxwell equation ~ 
one obtains the connection between Q and the pene- 
tration depth: 


b= Ve/4xQ. (6) 


In the limiting case of large free paths, Atty/h 
>>1, this formula goes over into the usual result 
for a pure London superconductor, i.e., a supercon- 
ductor with 6 > hv/A: 


8 = V me /4zN 2, (7) 
where Ng is the number of superconducting elec- 
trons (see Ref. 3), 


ze \ ede 


cosh? 5 Ve -R 
iia seme (8) 

In the opposite limiting case, Atty /f « 1, 
6 = (c/2z) [k/As tanh (A/2T)]”, (9) 


where o= Netty /m is the conductivity of the alloy 
in the normal state. 

It is well known that superconductors fall into 
two classes. For London superconductors 6 > fiv/A. 
In that case the connection between A and h/tty 
can be arbitrary. In the case of the Pippard super- 
conductors, for which 6 < hv/A, the condition 
6 >> 1 leads to Atty/h «1. Hence, only Eq. (9) 
refers to Pippard superconductors. 

As was noted in reference 1, all formulae ob- 
tained for 6 can by analogy with this be applied 
for the characteristics of films of thickness d < 6. 
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In that case the quantity 6 no longer plays the role 
of the penetration depth, but this quantity goes over 


into the effective dielectric constant for low frequen- 


cies and determines the magnetic susceptibility. 
Since the connection between j and A is local, 


€ and x, expressed in terms of 6, have the usual, 


London form: 


& = — c2/w26?, (10) 
BAS DEY Teed ae Hf) NP 
k=. dx (2 q tanh 95) pe cel (11) 


In conclusion the authors express their gratitude 


to Academician L. D. Landau for diseussions of this 


paper. 
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Ir has been pointed out!? that longitudinal plane 
waves are excited if a medium exhibits spatial dis- 
persion; Ginzburg has noted! that a very convenient 
means for the excitation of these new waves may be 
the Cerenkov effect. 

In this connection it is of interest to develop the 
theory of the Cerenkov effect as applied to the case 
in which longitudinal electromagnetic waves are 
excited by an electron. We consider an isotropic 
medium. We start by noting that one cannot use 
the usual Lagrangian L = (cE? - H’)/8m because 
the energy density of the field, given by the expres- 


sion (¢€E? + H’)/8, vanishes for longitudinal waves 


(both H and € vanish). 


In order to avoid this difficulty we start with the 
Fock-Podolsky Lagrangian,‘ making the necessary 
extension to the case of an isotropic madium. We 
have 


i {(nE) — H? — (div A + = ey} (1) 


where E and H are the intensities of the electric 
and magnetic fields respectively, A is the vector 
potential, gy is the scalar potential and n is the 
index of refraction (n is considered an operator, 
cf. reference 5). 

Introducing the existence condition for a longi- 
tudinal field, curl A=0, and the fact that there 
are no free charges, (~@=0), using the analysis 
in reference 1 we find the following expressions 
for A and the energy density respectively: 


{A — (n?d?/c?ot?)} A = 0, 
Tq = {(div A)? -+ (OnA/cdt)?)/8x. (2) 
In order for Eq. (2) (vector potential) to be con- 
sistent with the field equation in the medium, the 
condition «E =n? {E—k)(E-k))} must be satis- 
fied; this follows from the analysis in reference 1. 
Now, writing the solution of Eq. (2) in the form 
A= LV 2xchfen a exp! — ic — + int] 
09 


-- a’ exp lie * t — in-t\ ; 
we find the energy of the longitudinal field: 


Jil = > (chx/n) (a‘a), (3) 


where hk and chk/n are the momentum and en- 
ergy of the longitudinal photon. To satisfy the ex- 
istence condition for longitudinal waves explicitly 
we write 


A= 0%, A = ZX, % = %/%, (4) 


then, using Eq. (3) in the usual way (cf. reference 
6), we find that the operators g and et satisfy 
the Bose commutation relations. The phenomeno- 
logical quantum electrodynamics developed above 
for the longitudinal field agrees in form with that 
given in reference 6 — the only differences lie in 
the meanings of the operators a and a’. Hence, 
in applying the analysis to the Cerenkov effect we 
can use the results obtained by Sokolov.”*8 Substi- 
tuting Eq. (4) in Eq. (8) of the paper by Sokolov and 
Loskutov® and assuming that there are no longitudi- 
nal photons at t=0, after some elementary 
transformations we find the following expression 
for the energy radiated per unit length of path 

in the form of longitudinal waves: 


222 
oe Re 
= \ o [2 cos? f) = (cos & + 1/8) dw 


1 


Wi Ch) 


(5) 


for a particle with half-integral spin and 


Os 


2 3 Root \ 
WO) —- = \ ) (cos? fy — a cos 4) dw (6) 


1 


for a particle of zero spin. Here 


cos § = 1/Bn -+ (nwh/2pc) (1 — n°) (7) 


(p is the initial momentum of the electron, @ is 
the angle between p and the direction of photon 
emission). The integrations in Eqs. (5) and (6) 
are taken over the frequency regions for which 
the inequality cos 6 < 1 is satisfied. 

The following remarks may be made concerning 
the derivation of Eqs. (5) and (6): first, the quan- 
tum correction is proportional to fh as in the case 
of the transverse field of longitudinally polarized 
electrons;? second, in the case of the longitudinal 
field there is no specific quantum correction pro- 
portional to fh? due to the electron spin in the 
transverse field. The latter situation leads one 
to believe that the indicated correction is due to 
the transverse field rather than the spin of the 
electron. There is at least one important differ- 
ence from the case of the transverse field; in the 
classical analysis of Cerenkov radiation of trans- 
verse waves there is no radiation threshold; in the 
case of longitudinal waves, however, the radiation 
remains finite at the threshold, even in the classi- 
cal approximation. Thus, neglecting terms of order 
h and higher in Eq. (5) we have 


We — WO = (e / 2c?) (we — w?). (8) 


I wish to thank A. A. Sokolov for his interest in 
the present work and a number of stimulating re- 


marks and Yu. M. Loskutov for valuable discussions. 
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In studying Coulomb excitation of nuclei one can 
observe various excitations in the target nucleus. 
It is also possible to observe excitations in the 
bombarding particle if the latter exhibits levels 
for which the Coulomb excitation cross section is 
large. In most of the work on Coulomb excitation 
the bombarding particles have been protons or @ 
particles. Inasmuch as H! and He‘ do not have 
suitable levels the effect noted above has not been 
observed. In certain cases, however, the use of 
heavy ions as bombarding particles makes it pos- 
sible to observe the excitation of nuclear excita- 
tions in these particles. 

The present authors have investigated Coulomb 
excitation in Ne?’ and Ne. The first excited 
levels are at 1.63 and 1.275 Mev respectively. 
Coulomb excitation of these levels has still not 
been studied because the intensity of the y rays 
produced when neon is bombarded by protons or 
a@ particles is low unless the latter have high en- 
ergies, i.e., energies comparable with the potential 
barrier. For this reason the measurements are 
complicated by background effects. In the usual 
method, when the element being investigated serves 
as the target (if a thick gas target is used), it is 
difficult to measure the beam current. It is prob- 
ably for this reason that in the work reported in 
references 1 and 2, concerning an investigation of 
Coulomb excitation of krypton and xenon, the au- 
thors were able to determine only the relative 
values of the y yields. 
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In the present work accelerated neon ions have 
been used as the bombarding particles. Neutral 
neon was admitted to the ion source of the cyclo- 
tron. The cyclotron was tuned for the different 
ions (Ne2? or Ne?2) by varying the magnetic 
field, keeping the frequency of the accelerating 
field fixed. The average beam current at the tar- 
get was 1.5 x 107-8 amp for Ne®? and 1.5 x 1079 
amp for Ne (these figures correspond to the 
isotropic composition of the neutral neon). The 
energy of the Ne?:4+ ions was approximately 
23.5 Mev, the energy of the Ne?**4* ions was 
25.8 Mev. The following materials were used 
as targets: Be, B, C, Mg, Al, Si, Mg*40, Mg*o, 
Mg**O and ScO. Calculations indicate that the 
y -ray intensity associated with the Coulomb ex- 
citation of Ne*’ or Ne falls off rapidly with 
increasing atomic number of the target. For this 
reason only light targets were used in the present 
experiments. 

The y rays were detected with a y spectrom- 
eter in which a Nal(Tl) crystal was used.** The 
energy losses of the neon ions in these targets were 
computed by means of the method proposed by Long- 
champ? and by the range-energy curve for neon ions 
in lead, plotted by A. Papineau using a method sug- 
gested in reference 6.* In the latter case the cal- 
culation of stopping power in the element of inter- 
est was carried out using the ratio of the specific 
energy loss in lead (obtained experimentally ) to 
that in the given element for protons with the same 
velocity as the neon ions. The values of dE/dpx 
obtained by both methods agreed to within 12%. 


4d 0$4 Mev 
peomnte: 
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In Figs. 1 and 2 are shown the spectra of y rays 
emitted in the Coulomb excitation of the level char- 
acterized by AE = 1.63 Mev for Ne”? ions and the 
level characterized by AE = 1.275 Mev for Ne” 
ions. In both cases the target is aluminum. Similar 
spectra were observed in the bombardment of the 
other targets. The only exceptions were boron and 
beryllium. No peak for E = 1.63 Mev was observed 
in bombardment by Ne?" ions because of the very 
strong y background due to nuclear reactions. In 
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the bombardment with Ne” there was a well-de- 
fined peak for E = 1.275 Mev but the calculation 

of B(E2) gave a value which was considerably 
higher (in the case of beryllium, a factor of 10) 
than those obtained with the other targets. This 

is apparently due to the fact that in the (Be+ Ne”) 
and (Bt Ne??) reactions the collision energy is 
approximately the same as the value of the Coulomb 
barrier. 

The mean values of B(E2) are 0.041e? x 107% 
cm! for the Ne? level characterized by AE = 1.63 
Mev and 0.025e2 x 1078 cm for the Ne” level 
characterized by AE = 1.275 Mev. The mean life 
times for these states (T) are respectively 8.6 x 
1078 see and 4.8 x 107! sec. The indicated value 
of T(Ne2°) is in good agreement with the value 
reported in reference 7 in which T was measured 
from the Doppler broadening of the y-line and 
found to be (7.6 + 3.3) x 1078 sec. 

We wish to thank A. B. Girshin, and the cyclo- 
tron crew, for providing uninterrupted operation 
of the cyclotron. 


*We are indebted to A. Papineau who kindly furnished us 


with a number of calculated curves. 
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‘le general expression for the Coulomb scatter- 
ing cross section of electrons with prescribed di- 
rections for the spin and momentum before and 
after scattering, and with neglect of radiative cor- 
rections, was given by Tolhoek.! However that 
work contains an error. Some results were also 
obtained by Passatore.? 

We make use of the projection operators method 
developed by Tolhoek, de Groot, Fano, and Michel.! 

If lowest order radiative corrections are taken 
into account one must include the second Born ap- 
proximation in the calculations. The second Born 
approximation for this problem was first considered 
by Mott? in connection with the question of asymme- 
try in doubie scattering. Dalitz* has given the ma- 
trix element for the second Born approximation in 
the Feynman form. 

The matrix element for the transition, including 
the second Born approximation and radiative cor- 
rections, has the form 


M = Ay, —iBBq +C. (1) 


A, B, and C contain no Dirac matrices; 4 = 
p.—- $j, where p; and py, are the four-momenta 
of the particle before and after scattering. Further 
A =A)+A, where Ay = 27iZe?/|q|?._ Terms bilin- 
ear in the small quantities A;, B, and C may be 
neglected in the matrix element squared.° 

For the cross section for pure elastic scattering 
we find 


4 A A < 
smile a7 SP (Ata = iBrug 1 C) (1 4 iSy75) (a Fm) 


Aaa et Be Na gles) (lets iS.) (De -|- m)} . (2) 


do, = 


where v is the velocity and € the energy of the 
particle, and S; and S, are Stokes’ four-vectors; 
the indices 1 and 2 refer to before and after scat- 
tering respectively. Expression (2) can be written 
as the sum of four terms 


does ,dae tPF sdo(W-t do(2) 4-ded\, 2): (3) 
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Here dog is the cross section averaged over the 
polarizations of the incident particle and summed 
over the polarizations of the scattered particle. 
The ratio dog (1 )/ dog gives the asymmetry in 
the scattering of polarized particles, the ratio 
2dag (2)/dog gives the degree of polarization in 
the scattering of unpolarized particles. The ratio 
2dcg (1, 2)/dog corresponds to the “degree of 
polarization correlation” of the scattered and in- 
cident particles, or in other words it describes 
the spin rotation. Mott® obtained expressions for 
dog(1) and dog(2). Lowest order radiative cor- 
rections do not contribute to dag(1) and dog (2) 
(i.e., they do not affect the asymmetry in the scat- 
tering of polarized particles, nor the polarization 
in the scattering of unpolarized particles). 

For pure elastic scattering we find for dog(1, 2):* 


4 
do.(1, 2) = Bed {| Ag |? + 2Re (Ay A%) + 41m (AyB*) m] 


(Fy el (2Re(A,C*) + 4 Im (ApB"s JF2}. (4) 


Here 

F == — (p1°Ji) (po- Jo) + [le — m) / (© + m)] [(Pe- Je) (Po°Ji) 
+ (PrrJx) (PieJe)] + (Si-Je) (— m? — &*) — (Ji-J2) (Pi Pe) 
+ (porJi) (PreS2)— [2/(e + 1)*] (Pe-J2) (Pied) (Pr-P2); 


F,=[(e — m) / (© + m)] [(pirJi) (Pur Jo) + (Poe Je) (Pee Ji)] iA 
enn(Jy-Js) — [2/(e + m)?] (Pa-Je) (PirJi) (Pepe). (4) 


J;, Jq are the spin directions of the particles in 
their rest system before and after scattering. The 
total differential cross section, which includes the 
emission of long wave length photons accompanying 
scattering with an energy change Ae, is of the 
same form as (4) with A; replaced by some Aj. 
The expressions for A, B, and C are given in 
reference 5. 

The expression for F, assumes a simple form 
if longitudinal polarization is considered: 


Fy tong = Fia~ [(e* + m4) cos 6 + 24 + mt — 22%m?] / (e? — m?). 


It Sige that in poe through an angle 0) = 

s7! [(e?—m*)?/(¢e*+ m4), Fig vanishes but Fyq 
ie not. Thus it may be expected that the meas- 
urement of residual longitudinal polarization after 
scattering through an angle 6, will provide the best 
experiment for the study of radiative corrections 
and the second Born approximation. It should be 
noted that the contribution to Fy, from the second 
Born approximation decreases with increasing en- 
ergy. Thus, at € =4m the ratio of the contribu- 
tions from the second Born approximation and the 
radiative corrections is already Z/10.6. 


At low energies, on the other hand, the contribu-- — 
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tion from the second Born approximation is domi- 
nant. 

The author expresses his gratitude to K. A. Ter- 
Martirosyan for many helpful discussions. 


*The error in reference 1 consists of having the sum 
L(p,-J.)(p2-Ja) a (p,-J2)(P2°J,)) P2*Pi instead of 2(p,-J,) x 
(p,-J,)(P,°P,). It is easy to see that if S,, S,, p, and p, 
enter the square of the matrix element as factors only once 
it is impossible to obtain the second term of the sum. 
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Ws: have observed earlier! that the 30-kev line 
appearing in the gamma-ray spectrum of U2 fis- 
sion is not monochromatic; it has been supposed 
that this line represents K-level x-rays from 
heavy fission fragments with different Z, arising 
apparently in the internal conversion of the harder 
gamma rays due to fission. We report here the 
results of new measurements of the spectrum of 
soft gamma rays from the fission of U2. these 
data have been used to estimate the widths of the 
distributions of the light and heavy fragments by 
charges. 

The experimental setup consisted of an ioniza- 
tion chamber with a layer of u2®> placed in the 
thermal-neutron beam of the RFT reactor of the 
U.S.S.R. Academy of Sciences, and a xenon propor- 
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tional counter for the gamma rays. The spectra 

of the gamma-ray pulses coincident with the fission- 
fragment pulses were measured with an ELA-2 am- 
plitude analyzer.” 

The diagram shows the gamma-ray spectrum 
of U*®* fission in the 10 —50 kev range. Curve A 
is the spectrum of all the y-f coincidences, curve 
C the random-coincidence spectrum, and curve B 
the spectrum of true coincidences from hard gam- 
mas and fission neutrons. This curve was obtained 
by measuring the spectrum of the y-f coincidences 
with an 180-y lead absorber placed between the 
chamber and counter. Curve D was obtained by 
subtracting B and C from A. 

Calibration was with the 32.2-kev barium K 
line, emitted from a Cs!3" source, and the Np 
17.7-kev Lg line emitted from an Am**! gource. 
The Cs!3" and Am?4! sources were thin layers of 
the substance, deposited on aluminum disks. During 
the measurements these disks were placed in the 
same position relative to the counter as the U2 
layer. The half-widths of the calibration 17.7 and 
32.2 kev lines were 20 and 14% respectively. 

As seen from the diagram, the spectrum con- 
tains two intense non-monochromatic lines, whose 
maxima correspond to 16 +1 and 31 + 1.5 kev, 
and whose half-widths are 35 and 22%, respectively. 
There is no doubt that these lines represent the 
K-level x-rays from the fragments of the light 
and heavy groups. 

It is obvious that the energy distribution of the 
K -level x-rays of the fragments, W(E), is con- 
nected with the charge distribution of the fragments, 
W(Z). It is therefore possible to estimate the 
width of W(Z) from the results obtained. For such 
an estimate we can assume that the distributions 
W(E) and W(Z) are Gaussian with total widths 
at half height 6f% and 67. Then 67 = 6pdZ/dE 
and, since Z * 10E'/*(kev) +1, where E is the 
energy of the K-level x-rays from an atom with 
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charge Z (Moseley formula), 57/Z) = 6p/2Eo, 
where E,) corresponds to the position of the max- 
imum on the distribution relative to E; the values 
of E) are 16 +1 and 31 + 1.5 kev, and the values 
of Z) are 4041.5 and 56 + 1.5. 

It is necessary, in the determination of df, to 
take into account the instrument line width. Since 
the line shape, for a proportional counter, can be 
assumed Gaussian with a half-width 6,, the con- 
nection between the value of 6p and the experi- 
mental line width, dexp, is given by 6 = 
(Sexp — 6p )'/2, From the experimental values of 
Sexp/Eo, 35 +44 and 22 + 2 percent for the 31 and 
16 kev lines respectively, and from the values of 
6k/Ey, which are 20 + 2 and 14+ 1 percent for 
the corresponding calibration lines, we get values 
of 67 /Z) of 14.5'+ 1.5" and 1743 percent re- 
spectively for the light and heavy group. These 
values are approximately the same as the known 
half-widths of the fragment mass distribution, 
which are 17% for the light group of fragments 
and 11.5% for the heavy one.? 

It has been assumed in the foregoing analysis 
that the probability v of emission of a K line is 
the same for fragments with different Z, which, 
in general, is not correct. In our paper devoted 
to the measurement of capture gamma-ray spec- 
tra,* we determined the yields of x-ray K radia- 
tion for several rare-earth elements: 


Element up GG., an Dye-en ihoOse mm Ete ELL, 
Number of x-ray 
quanta to capture 053405150 0515 ie 028. 0245680239 


one neutron 


The above data show that v is not a monotonic 
function of Z, and that its deviations from the 
mean value reach +70%. For fission gamma rays, 
v should vary in a much narrower range than for 
capture gamma rays, since the fission gammas 
are emitted by a wide range of isotopes, while the 
capture gammas are emitted in most cases by es- 
sentially one isotope. Nevertheless, this factor 
makes it possible to consider the values obtained 
for the widths of the fragment charge distribution 
as a mere estimate. 

The intensity of the 16-kev line was found to be 
0.10 + 0.03 quantum per fission. This value is ob- 
tained from the ratio of the areas under the 16 and 
31 kev lines and from the value of the intensity of 
the 31-kev line, which is 0.42 + 0:12, obtained with 
a Nal crystal.! 

The authors express their deep gratitude to V. 
M. Strutinskii for valuable advice. 


Note added in proof (November 26, 1958). We 
were recently made aware (through Dr. R. B. 
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Litchman at the Second International Conference 
on Peaceful Uses of Atomic Energy, Geneva, 1958) 
of the results of Carter, Wagner, and Wayman, 
who observed in the gamma-ray spectrum of U** 
fission (measured with a scintillation spectrom- 
eter with a Nal crystal) 18 and 32 kev peaks cor- 
responding .K-level x-rays from the fission frag- 
ments. In the spectrum measured with an argon- 
filled proportional counter, they found 2.1 and 3.6 
kev peaks, corresponding to L-level x-rays from 
the fragments. No data are given on the intensities 
of these rays. 


'Sklyarevskii, Fomenko, and Stepanov, J. Exptl. 


Theoret. Phys. 32, 256 (1957), Soviet Phys. JETP 5, 


220 (1957). 

2Mel’nikov, Artemenkov, and Golubev, [pudopst 
uM TeXHHKa 9KcHepumMeHnta (Instruments and Meas. 
Engg.) No.6, p.57 (1957). 

3A.N. Murin, in ®usuKka jereHuaA aTOMHBIX Aep 


(Physics of Nuclear Fission), Atomizdat, M. 1957. 


4 Sklyarevskii, Stepanov, and Obinyakov, Aromnaa_ 


ogHeprua (Atomic Energy) No.1, p. 22 (1958). 
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CONCERNING A 100-kev TRANSITION IN 
THE SPECTRUM OF Ce‘ 


A. V. GNEDICH, L. N. KRYUKOVA, and V. V. 
MURAV’ EVA 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor September 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 329 
(January, 1959) 


fy ganeaer the radiation from Ce!** has been 
investigated by many authors, there is still no es- 
tablished Ce!“4—pr!44 decay scheme. 

Conversion transitions between certain levels 
of Pr** on different shells give very close elec- 
tronic lines. This feature makes it difficult to in- 
terpret the conversion spectrum of Ce!44 and 
makes the existence of certain transitions doubtful. 
In particular, there is no unequivocal answer to the 
question of whether a 100-kev transition is pres- 
ent.'~4 This is a low-intensity transition between 
the 134 and 34 kev levels. The electron line ob- 


| 
| 


LODE RS TO.THE+EDITOR 227 


served in the Ce!44 spectrum near 58 kev has been 
interpreted as either K-100 or M-59. The L line 
of the 100-kev transition has not been separated, 
since it is located near the K-134 line, which is the 
most intense one in the spectrum; this made the 
presence of this transition doubtful. 

We investigated the conversion spectrum of 
Ce! with the aid of a spiral beta spectrometer 
having a resolution of 0.25%. 
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The diagram shows the 57.7-kev conversion line. 


The shape of this line and the fact that its half-width 


(0.63%) is greater than the single lines of this spec- 


trum* make it obvious that this is a complex line. A 


_ graphical resolution of this line yielded two compo- 
nents with energies 57.76 and 57.45 kev. These en- 
ergy values are in good agreement with the energy 
values of K-100 and M-59 and confirm the pres- 
ence of both transitions. We also resolved the L,- 
100 line, with E, = 92.83 kev. According to our 
data, a more exact value of the energy of the 100- 
kev transition is 99.7 + 0.1 kev. From the ratio 
of the areas under the K andthe lL, lines we ob- 
taina ratio aK/a@y,, = 3.3 + 0.8 kev for the ratio 
of the conversion coefficient of this transition. The 
possible contribution of the M-95 line has been 
estimated by us and is included in the error. The 
value obtained for the ratio of the conversion coef- 
ficients corresponds to an M3 transition.>® 


*The 38-kev K-80 line has a half-width of 0.38%. 


‘Cork, Brice, and Schmid, Phys. Rev. 96, 1295 


(1954). 

2 J. Pullman and P. Axel, Phys. Rev. 102, 1366 
(1956). 

3 Hickok, McKinley, and Fultz, Phys. Rev. 109, 
113 (1958). 


4Parfenova, Forafrontov, and Shpinel’, Izv. 
Akad. Nauk SSSR, Ser. Fiz. 21, 1601 (1957), [Co- 
lumbia Tech. Transl. 21, 1590 (1957)]. 

57,, A. Sliv and I. M. Band, Ta6snupr 
Koadb*bulWeHTOB BHYTPeHHOM KOHBEpCHH (Tables of 
Internal Conversion Coefficients, part 1, K Shells). 
Acad. Sci. Press, M-L, 1956. 


1, A. Sliv and I. M. Band, Ta6snuus1 
KoadqbulyueHTOB BHYTpeHHOH KoHBepcun (Tables of 
Internal Conversion Coefficients, part 2, L Shells). 
Acad. Sci. Press, M-L, 1958. 
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CONCERNING THE Ce’ DECAY SCHEME 


N. V. FORAFONTOV and A. A. SOROKIN 
Moscow State University 
Submitted to JETP editor September 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 330-331 
(January, 1959) 


W: have measured the y-y and e -y coinci- 
dences to improve the accuracy of the decay 
scheme!~5s458 of Ce!44, 

The y-y coincidences were measured with a- 
scintillation coincidence spectrometer.® Figure 1 
shows the singles spectrum for Ce!*4 and the co- 
incidence spectrum for y rays in the 80-kev re- 
gion. Peaks corresponding to x-rays from pris 
and to y-rays with an energy ~ 53 kev were vis- 
ible in the coincidence spectrum. The peak at 
~ 46 kev in the coincidence spectrum corresponds 
to Compton electrons from 134-kev y rays and 
is due to the scattering of quanta from crystal to 
crystal. When the analyzer window is set at the 
134-kev peak, the coincidence spectrum has no 
noticeable peaks up to 80 kev. To determine the 
upper limit for the intensity of the proposed 41 to 
134 kev y-y cascade, comparative measurements 
were made for Ce!*4 and Sm!?. It was found that 
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FIG. 1. @) Singles y-ray spectrum; ©) y—y coincidence 
spectrum (with random coincidence background included). 
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the intensity of the y ray in cascade with the 134- 
kev line in Ce!** is less than 4 x 1074 of that for 
the 134-kev transition. This value is defined by 
the statistical accuracy of the measurements. How- 
ever, in a previous study,’ we found an indication 
of a soft 8 spectrum with Eg ~ 130 kev and we 
suggested that there may be a 41 to 134 kev cas- 
cade. 

The absence of coincidences among the y rays 
has prompted us to investigate coincidences of the 
134-kev y line with the 35-kev conversion line 
that had been observed in the primary 6 spectrum 
and that was identified as an L conversion transi- 
tion of the 41-kev level. These coincidences were 
measured with a device described previously .°»" 
Figure 2 shows a portion of the coincidence spec- 
trum which was obtained from one of a series of 
measurements. Also shown in Fig. 2 is the cor- 
responding portion of the singles 6 spectrum. 
These data indicate that the 41L conversion line 
is in coincidence with the 134-kev y line. 

All these data are in agreement with a decay 
scheme which includes a 175-kev level.?*4*’ In this 
case one must assume that the 41-kev transition 
undergoes practically total conversion. The values 
computed for the conversion coefficient in the L 
shell’ show that for a multipolarity which is not 
less than E2, or even for E2 with an admixture 
of M1, the conversion coefficient is close to unity, 
and this is in complete agreement with the data 
from our measurements of y-y and e -y coin- 
cidences. 


We wish to express our gratitude to A. G. Khudo- 


verdyan and L. P. Zherebtsova for their assistance 
with the measurements. 


TO THE EDITOR 


1” T. Porter and C. S. Cook, Phys. Rev. 87, 


464 (1952). 


2mmmerich, Auth, and Kurbatov, Phys. Rev. 94, 
110 (1954). 

3w. E. Kreger and C. S. Cook, Phys. Rev. 96, 
1276 (1954). 

“Cork, Brice, and Schmid, Phys. Rev. 96, 1295 
(1954). 

5 J, Pullman and P. Axel, Phys. Rev. 102, 1366 
(1956). 

6 Delyagin, Sorokin, Forafontov and Shpinel’, 


Izv. Akad. Nauk SSSR, Ser. Fiz. 20, 913 (1956) 


[Columbia Tech. Transl. 20, 828 (1956)]. 

™Parfenova, Forafontov, and Shpinel’, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 21, 1601 (1957) [Columbia 
Tech. Transl. 21, 1590 (1957)]. 

8 Hickok, McKinely, and Fultz, Phys. Rev. 109, 
113 (1958). 

°G. F. Dranitsina, Koadbcbunueuts: suytpenueii 
Kxousepcuu va L, L,, Ly, woxodono4Kax (The Coef- 


ficients of Internal Conversion in the Ly, Ly, and 


Ly Subshells) Acad. Sci. Press (1957). 


Translated by A. Skumanich 
54 


THE ELASTIC SCATTERING OF POLARIZED 


DIRAC PARTICLES BY A SHORT RANGE 


CENTER OF FORCE IN THE DAMPING 
THEORY 


I. I. GUSEINOV 
Moscow State University 
Submitted to JETP editor September 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 331-333 
(January, 1959) 


Tae elastic scattering of Dirac particles by a 
fixed short range center of force including the ef- 
fect of damping was investigated in references 1 
and 2 (in the following we shall adhere to the no- 
tations of these papers). Reference 2 also took 
into account the polarization effects for the special 
case of scattering from a 6 -function potential. 

In the present note we consider the elastic scat- 
tering of Dirac particles by an arbitrary center of 
force with the inclusion of the polarization effects, 
using the damping theory. The solution of the fun- 


damental integral equation of the damping theory is | 


[cf. formula (28) of reference 2 ] 


Pie PERS Osho Be DITOR 


5 a) 
, (n) 


Lia Sac 1 + ic) 


8r2ch 
m,, a kK 


Qim(k’, ms} Qin(k, Mms)Bm, + (1) 


Bm, = Bm,(k) and Bmg: = Bm,/(k’) are the am- 


plitudes corresponding to the Denycerton of the spin 
of the particle on the z axis (mg =+3) in the 
initial and final states; of) ) (k, Mg) are the com- 


ponents of the spherical spinors; the quantities 


+ (1 eta: | de) a) 
TK . 2 
(m= — tanga —- \ Virdipyderar (3) 
1) 
determine the scattering phase shifts for Dirac 
and spinless relativistic particles, respectively; 
n=1, 2 denotes the value of the quantum number 
j. forssiven 7: j=2a.5 for n=1, and j=1—4 
for n= 2. 
The differential cross section for elastic scat- 
tering, taking into account the direction of the spin 
of the incoming and scattered particles, is given by 


dom mm, = (K? / 4n°c?h?) (Bn Bm, i > Bm Bm, \dQ', (4) 


m 
Ss 


where dQ’ = sin 6’d6’dg’ is the element of solid 
angle. 

With the z axis taken along the momentum of 
the incoming particle (k||z), we obtain for the 


amplitudes By ae 


By, == (f(0')B,, — gl’ eo“ By, 
ch 
nas [g(8’) eB, + f(0') Boyd, (5) 
where 
aa) ae (2) 
KO) = 5, a[U+ DE —1)4+ 4" —1)| 
i 
oS JE COS) (6) 
‘ sien Ta?) 
eG’) = >| gel Tag | Pi (cos 9’). (7) 
eles a 


From (4) we find the following expression for 
the differential cross section, for an arbitrary ini- 
tial direction of the spins, 


g =>) dom jm. =e | i(6’) ? fi | g(8") 


mM, 


2 (g°(0')10)— gO )F EO) 


< {(Bi,B_1,e—” — Bi ,Bye’’) | (By,By, +- B-y,B-y,)}. (8) 


It follows from these formulas that the scatter- 
ane of an initially paper eet beam (BiypBip * 
Boe 12 = 13 BipBi2 + Bry2B-1/2 = Biy/2B-1/2 = 
BB i/2=9) is accompanied by a partial polari- 
zation according to the relations 
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BiB SSA BY Bis, 0) 
By,B_y, = — e*B",,Bi, 
= 2n°cPn?Ke*'(F*(6") @(6") — Aiea 
By,Byjp + Bos,,B_s), = 4x2 K*( | f(8’) 2 + | (0) 2). (9) 


The polarization of the scattered beam can be 
observed by a second scattering. Indeed, denoting 
the quantities corresponding to the second scatter- 
ing by a double prime (k’||z), we find for the dif- 
ferential cross section [formulas (8) and (9)]: 


da(0", 9") = day(6")(1 + 2(6', 6") cos (¢”—¢')), (10) 


where 
£(0', 0") = p(o')a(o"), p\8) 
= i(f(®)g"(0) — g(O)F*(8)) / (1 F(8) 2 + | 2(6) 2), 
ds,(6") = {| F(6") ? + | g(8") [P}dQ”; 


doy is the differential cross section for the scat- 
tering of an unpolarized beam in the damping theory; 
the quantities p(0’) and p(0”) determine the po- 
larization acquired by the initially unpolarized beam 
in the first and second scattering, respectively. 

Formulas (8) and (10) have the same appearance 
as the formulas of Mott.? However, in the case con- 
sidered by Mott, the quantities £{(@) and g(@) 
must be determined from differential equations and 
can only in special cases be obtained in exact form. 
In the damping theory, on the other hand, these 
quantities have a completely definite form for an 
arbitrary short range scattering potential with 
spherical symmetry. 

It is seen from formulas (10) that the asymme- 
try effect disappears in the general case for 
€(0’, 0”) —0, and that the unpolarized incoming 
beam remains unpolarized after the second scatter- 
ing. In particular, for small energies (k « ko) 
there will be no polarization at all, since in this 
case the scattering amplitude g(@), and hence 
€(0’, 0”) goto zero. Reversely, at high energies, 
the polarization plays an essential role. 

It can be easily shown that formula (10) goes 
over into formula (36) of reference 2 in the case 
of scattering from a 6-function potential. The 
latter formula describes the double scattering of 
Dirac particles by a 6 -function potential. 

We remark that the polarization effects disap- 
pear if the damping effects are neglected [{*(@) = 
£(@) and g*(@) =g(0@)]. This corresponds to the 
first approximation in perturbation theory. 


' Sokolov, Guseinov, and Kerimov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 110 (1958), Soviet 
Phys. JETP 7, 76 (1958). 
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2 Sokolov, Kerimov, and Guseinov, Nucl. Phys. 
5, 390 (1958). 

3N. Mott and G. Massey, Theory of Atomic Col- 
lisions, Clarendon Press, Oxford, 1933 (Russ. trans. 
IIL, 1951). 
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DECAY OF A BERYLLIUM HYPER- 
FRAGMENT 


A. O. VAISENBERG and V. A. SMIRNITSKII 
Submitted to JETP editor October 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 333-335 
(January, 1959) 

iN systematic scanning of Ilford G-5 emulsions! 
irradiated at an approximate altitude of 25 km we 
observed a non-mesonic decay of a beryllium hy- 
perfragments, which permits a relatively accurate 
measurement of the binding energy of the \ par- 
ticle. 

A primary star of the 12 +4p type (see micro- 
photograph) emits a slow particle hf. It is stopped 
in the same layer and forms a secondary three- 
prong star. The hf range is 60 microns. An esti- 
mate of the charge, made by comparing the thick- 
ness of hf track with the thicknesses of the tracks 
of the Be® fragments and the alpha particles from 
the Be® decay yields Z ~ 4. An analogous estimate 
was made for tracks 1, 2, and 3. The measurement 
details are listed in the table. 
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Track of Hyperfragment | 


Primary star 12 + 4p 
Connected phenomena None observed 
Length, p 60 +2 
Angle with undeveloped emulsion 28° + 30’ 
Proof of stopping Thinning 


Charge hf 4 


Energy of nucleon, Mev = 3.9, if Be® | 
Secondary Star 
Track 1 2 3 
Nature of particle p He* d 
Range 13145 158 842 
Experimental error + 120 te) al 0) 
Measured mass, m,(a,R) 1820 + 250 - 3400 + 1300 
Energy, Mev 6154:10°8. 19) 1-£ O22 76 12025 
Angle of inclination, 0 ~—1°10° 41°50’ —15°50’ 
Error AO + 10’ + 30' o 30s 
Polar angle » 182° 40’ 17° 4p’ 64° 
Error A — + 0.50 eal2 Bid i 


The total momentum of particles 1, 2, and 3 is 
345.7 + 2 Mev. Assuming that an equal and opposite. 
momentum has been carried away by the neutron, 
we arrive at the following decay scheme: 


wB&—>He+tdtptntaQ, Q= (160.0 + 1.3) Mev. 


We obtain for the binding energy of A° in the Be® 
nucleus Ba? = 9.2 + 1.6 Mev. 

The measured values of B,? for the known de- 
cays of »Be® are 3.7 +3 (reference 2), 0+5 
(reference 3), 9.3 or 6.6 (depending on the decay 
scheme, reference 4), and 5.9 + 0.5 (mesonic de- 
cay, reference 5). 

The three decay schemes 


wBe®—> Hee +d+pt+n+Q; 
neBe® —> He? a Leste a Tee 
noBe? > Het + H3 +ptn+teQ 


can be eliminated, for they lead to large negative 
values of Bad, equal respectively to 13.6 + 1.8, 
—18.3+41.8, and —27.5 + 2.2 Mev. 

Decay schemes with several neutral particles 
cannot be excluded, but are less probable. In the 
processing of the data we used the values of the 
constants from Shapiro’s review® and the range- 
energy relations from the paper by Fry, Gottstein, 
and Hain.' 


1A. O. Vatsenberg and V. A. SmirnitskiY, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 736 (1957), Soviet Phys. 
JETP 5, 607 (1957). 
2Fry, Schneps, and Swani, Phys. Rev. 101, 1526 
(1956). 
°M. Blau, Phys. Rev. 102, 495 (1956). 
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° Levi-Setti, Slater, and Telegdi, Preprint, 1958. 

°A. M. Shapire, Revs. Modern Phys. 28, 161 
(1956). 

‘Fry, Gottstein, and Hain, Nuovo cimento Suppl. 
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ON THE PROBABILITY OF DOUBLE BETA 
DECAY 


F. YANOUKH 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor October 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 335-337 
(January, 1959) 


As is well known, the experimental searches for 
double 8 decay undertaken up to now have not met 
with success, although the accuracy of the experi- 
ments has increased so greatly that one of the 
latest papers! gives for the lower limit on the half- 
life Ty/2 a value of 0.7 x 10! years. On the other 
hand theoretical calculations give for Tip (in the 
Majorana scheme, v =?) a quantity of the order 
of 10% to 10'* years.2-* Therefore the negative 
results of searches for double decay can be inter- 
preted as an indication that the neutrino is not a 
Majorana particle. At present, however, the accu- 
racy of the experiments is still not great enough 
for the discovery of double 8 decay with Dirac 
neutrinos (v #?P). 

In view of the new situation in the theory of 6 
decay it is useful to make a theoretical reexamina- 
tion of the problem of the probability of double 6 
decay, with due regard to effects of parity noncon- 
servation and nonconservation of the leptonic 
charge (the latter possibility is evidently not very 
probable, but cannot as yet be finally rejected). 
The Hamiltonian of the B interaction with non- 
conservation of parity and leptonic charge, has been 
discussed by Pauli.’ Enz,°® starting from Pauli’s 
results, obtained the expression in general form 
for the probability of double 8 decay. We note 
the fact that the probability of double 6 decay is 
proportional to a combination of the squares of the 


quantities 


fp CC; = CG, Ji = CO CG, (1) 


where C and C’ are the coupling constants for 
the terms conserving parity and not conserving it, 
and the indices i, j take the values S, V, T, A, 
PB. 

It can be seen from Eq. (1) that (for i=j) even 
in the case of the Majorana neutrino the probability 
of double @ decay can be much smaller than the 
value previously given if |C| ~|C’|, or can even 
be exactly zero if |C|=|C’|. One can get an idea 
of the ratio of the constants C and C’ from the 
data of experiments to measure the longitudinal 
polarization of $-ray electrons or the circular 
polarization of y-ray quanta. At present the pre- 
cision of these experiments is such that the equal- 
ity |C|=|C’| is established with an accuracy of 
10 to 20 percent. In this scheme the theoretical 
value of the half-value period of double £6 decay 
can be written as follows (i = j= V; the order of 
magnitude of T, pp is practically independent of 
the choice of type of interaction): 


Se nr Oe A 
Ipc Wo MOUS TEK@ z sec, (2) 


- where ft is the well known quantity characteristic 


of B decay, Z and A are the atomic number and 
mass number, and K(e) is a function depending 
on the energy ¢€ of the transition (its values* for 
several nuclei are given in the table). Setting 
|C| =0.8|C’|, we get for Ca*® the result Ti. 
2102 years. 

As can be seen from Eq. (1), in the case of 
equality of the constants, |C|=|C’|, double 6 
decay can occur only for the following choice of the 
signs of the constants: Cj = —Ci, Ce Cor 
Cj = Cj, Cj =—Cj. But the very latest data on the 
polarization of 6-ray electrons evidently agree 
with Cg/Cg = Cy /C’p=1 and Cy/Cy =Ca/Ca 
ame Using also the fact that the Fierz interfer- 
ence terms vanish, we get only the following two 
possible combinations of interaction types with 
which double 6 decay can occur: i=S, j=A, 
and i=V, j=T. It is well known, however, that 
double £8 decay occurs mainly between nuclei in 
0+ states. The probability of double 8 decay will 
be proportional to the product of the squares of the 
Fermi (Mf) and Gamow-Teller (MGT) matrix 
elements. For allowed transitions Mf gives the 
selection rules AJ =0 (no), whereas the allowed 
McrT give the rules AJ = 0, +1 (no), with 0—0 
forbidden. Therefore double 6 decay can occur 
only through the level 1” (or through levels with 
higher angular momentum), but then both the first 
transition (Z—Z+1) and the second transition 
(Z+1-> Z+2) will be singly forbidden. The 
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Element K (e) | F (s) 


latest data on the B decay of neutrons? evidently 
show that in B decay the V and A interaction 
types are realized; the precision of the experi- 
ment does not, however, exclude the possibility 
that there may also be present small amounts of 
the S and T types. Therefore it is of interest 
to calculate the probability of double 6 decay 
also in this scheme (transitions 0* —17 — 0°). 
We have obtained the following expression for the 
half-value period 


Ty, < 2-10" (ft)? Z? / (| 7? +} 4?) F (e) see, (3) 


where F(e) is a function that depends on the en- 
ergy ¢ of the transition (see table). A large un- 
certainty in the value of T,, is introduced by the 
quantity ft, which for the transitions in question 
can neither be calculated theoretically nor satis- 
factorily estimated from the experimental data. 
Making the usual assumption that ft = 10" for 
first-forbidden transitions,'° and supposing that 
LCG Ale= 0.1 s(or .|.C'1/ Ci \a=.001) 5 awe, get.tor 
Ca*® the value Dij/o = 22% 10” years. 

The results of our calculations show that at the 
present time the question of the existence of neu- 
trinoless double £8 decay cannot be regarded as 
finally settled by the work of Dobrokhov and others! 
and the search for this effect for the purpose of 
establishing higher values of the lower limit on 
Ty is of real interest for the theory. 

In conclusion the writer expresses his deep 
gratitude to I. S. Shapiro for the suggestion of this 
topic and help in studying it. 


*The function f(¢) used in references 2, 5, and 6 differs 
from our K(e) by the fact that in obtaining it account was 
taken of the energy dependence of the Coulomb correction 
factors. In references 5 and 6 the Coulomb factors are re- 
garded as independent of the energy, but the writers use f(e) 
instead of K(s). 

tIn Eqs. (2) and (3) the B-decay constant is included in 
ft, so that 0 <|C|< 1. 
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PAIR PRODUCTION BY A CIRCULARLY 
POLARIZED PHOTON 


I. M. NADZHAFOV 
Moscow State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 337-339 
(January, 1959) 


le theoretical prediction and experimental detec- 
tion of longitudinally polarized electrons and posi- 
trons in the 8 decay of non-oriented nuclei has 
heightened interest in the problem of bremsstrahl- 
ung and electron-positron pair production, taking 
into account the polarization properties of the par- 
ticles participating in these processes. Since the 
bremsstrahlung of a polarized electron has already 
been examined in references 1 to 4, we confine our 
investigation here to the pair production process. 
The bremsstrahlung and pair production process 

in the ultrarelativistic case was considered in ref- 
erencero. 

In the present work, we investigate pair produc- 
tion by a circularly polarized photon in the field of 
a point nucleus. The treatment is general, and is 
suitable for all values of angles and energies. 

In the Born approximation, the effective cross 
section for pair production is given by the formula 


dep (0,, 9.) dQ,dQ_ 
2 e \ Ki K_k,k_dK., 
Re \ Ch 


und 


(S*S)pdQ,d2., (1) 


where (S*S), is the square of the matrix element 
for pair production, E, = chK, = chy ke ke kg 
are the total energies and momenta of the positron 


and the electron, ¢€ h = chk = Ex + E_, Ak are the. ~ 


energy and momentum of the photon, hk’ = hk — hk 4 
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— hk_ is the momentum transferred to the nucleus, 
and d&. are the solid angles of the emerging posi- 


where 


tron and electron. 

Taking the spins of the photon, positron, and 
electron into account we obtain the following ex- 
pression for (S*S)p: 


(S*S)p = (4K ,K_**)™ [F po (9,, 9.) 


oh S,S_Fp) (9, _) > IS. F pe (Gn §_) es [s_F ps (6,, §_)], (2) 


where 
F py (64, 6) = — (KL — x? 4) R4 sin?64 / AX 
(KG x [Ay Resint bf A? +2 /2—KeK_— x? / 4) 
< 25/A,A_ + (ky sin’6, + k2 sin? 6_)?/2A,A_, 
Fp, (84, 68_) = — (2k, k_) ~* {[2 (ko — K,.K_) (K2. — x? / 4) 
— ko (38K2 + K4)) Ri sin?64 / AX 
+ [2 (kj — K4K_) (K4 — x? /4) 


hp (8K K2)) ke sin’ 6 / A2— 2 [2(k2 — K.K_) (x2 / 2 


— KyK_—x?] 4) — kj (K_— K4)"]8/ AA 
+ «kp (K_— K+) 8 (AZ? — AW) 4+ 4kP KK / Ay AL 
+ °K,K_(k4 sin? 04 + k2 sin? 6_) / A, A_ 
++ xko(K— — K+) (ky sin? 64 — Rk? sin? 6_) / A, A_ 
= hy (Ka A+ Ke [ Ap) — 7k (K(K— + kL) (AX 
+Ki (Kz +k) /A2)}, 


F po (84,62) = —(2k4) 

A(Rameek= = K xk © Kio? — 2k) Re sin? 65. | AX 
Shae ke Kank s Kix xk) ke sin’ 6 / AW 
— 2K. (xek_— xeks)8/ ALA + x (K yx — Ro) (RY sin? 64, 
ee eecineos Ae Aa oko (Aa — An yo ki (Re sin 0 

eaves ini os);/ Aas}, 


Booey 2k2) {Kx hk. — K_xsk 
4+ K_x«° — «k;) ky sin? 6. / AL +(Kx-k_—K_x-k, 
—K_x? + »k5)k7 sin?6_/A? — 2K_ (x-k_— %+k1)6/A+A_ 
eee Ne Ne) 
oe(K ax — h;)-(2 sin 62.— k=-sin” 6_)/ A, A» 
bee. (eecin oka sin 6.) A, A~), 
COM Ky en, Ne =a g as COS 04, 

6 = kik_sin 6, sin§_cos(¢,—o_), w°=/x. (3) 
The quantities 1, s,, s_ =+1 in Eq. (2) deter- 
mine the projections of the spins of the photon (in 
units of fh), the positron and the electron (in units 
of h/2), respectively, in the directions of their 
motion. 


Integrating the effective cross section over the 
angle of emergence @_ of the electron, we obtain 


ds, (6,) dQ, = Cp OF (6) ali $,8_Qpy (8) 
— 1s, Qp» (8..) — s_Qps (4,)| dQ.., (4) 


OnGn= \ (F pi (0,. dO) GG = 0D, S. 


can be expressed in terms of elementary functions 
(which we do not present here), and 


Cp = 22 (62 (ch) k,k_dK, | 4x22. 
After integrating Eq. (4) over 6,, we obtain 
AS, = Cp [Goo + 8,5. Gp, — Is,Gp2 — Is_Gpsl, 
C= | Or (6,)dQ,, i =0,1,2,3. (5) 


for the effective cross section. 

In the general case, the expressions for Gpi 
are quite unwieldy. However, in the ultra-relativ- 
istic case, they are substantially simplified: 


Gpo = Np (2K,K_ + 3K*. “+ 3K2)) Go = — Ip (Kea ele 
Gp = 74 BK 1), Gp3 = — tpx (3K_— Ky); 
Yip =2{ bp 1) 87/3, Kk, Lp = 2 In (Ey escent) 


The result obtained by McVoy and Dyson? follows 
from Eqs. (5) and (6) as a special case. 

In the case of complete screening, the quantity 
Ly — 1 in Eq. (6) is replaced by 2 In (183 z~1/3) 
(to within %). 

The degree of polarization of the pair can be 
determined as follows: 


3 do, (04) 44 — 25, (04))) 
do, (91), +o, (84), ) ’ 


iP. (6,) = 


do, (81)4, —ds,, (8+) 


, - +t 7 
Ps ( a) 7 do, (04) -+ ds, Onn. ( ) 


yf 


where the first and second of the symbols + and + 
correspond to the values +1 and —1 of the spins 
s, and s_. In the general case, Eqs. (4), (5), and 
(7) determine the angular and energy dependence 
of the effective cross section and the degree of 
polarization of the pair. 

Recently, Olsen and Maximon investigated the 
process of bremsstrahlung and pair production in 
the ultra-relativistic case, taking Coulomb correc- 
tions and screening into account® (the effective 
cross section was averaged over the final spin 
states of the electron). It turned out that these 
corrections have no significant influence on the 
degree of polarization. 

In conclusion, I would like to thank Prof. A. A. 
Sokolov for guidance, and B. K. Kerimov for dis- 
cussion of the results. 


18. K. Kerimov and I. M. Nadzhafov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 22, 886 (1958) [Columbia Tech. 
Transl., in press]; Hayan. yoxa. Boren. uncous1 
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RADIATION FROM A SPIN-2 PARTICLE 
MOVING UNIFORMLY IN A MEDIUM 
A. I. BEDRITSKII 
Vitebsk Pedagogical Institute 
Submitted to JETP editor October 13, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 339-341 
(January, 1959) 


le energy radiated from a particle with spin 2, 


moving uniformly in a medium with a velocity higher 


than the phase velocity of light in that medium 
(Cerenkov effect), can be determined in analogy 
to the phenomenological theory of this effect for 
the electron (see reference 1, 832). 


The free field operator for a particle with spin 2 


has, according to the general, relativistically-co- 
variant equations of first order,” the form 


D = ihy,0 [ Ot — he (yy) — me, (1) 


where the matrices y, of dimension thirty, are 
known from references 3 and 4. The interaction 
of charged particles with the electromagnetic field 
is obtained by changing the operator 90/d0x; to the 
operator 0/0x;, — (ie/fc)A,. The field of virtual 
photons interacting with the particle moving in a 
dielectric with a refraction coefficient n = c/c’ 

is obtained from the fundamental formula (1) in 
analogy to the theory for the electron.! The re- 
sult is 


w (r,t) = — ele al ‘Onch | K (y-a*) 
Iw 


X exp (e'K ot = Ker), (2) 


where e is the charge of the particle, K,, Kg, Ks, 


V Ki + i + Ke form ihe four- eS 


and Ky =K= 
sional wave cacioL of ys OOD Ari af ; at, a3 ay 
are the amplitudes of the photon field acting on a 
function of the number of photons included in the 
wave function. The a, satisfy the commutation 


relations 
ay ay — 0, AnQn’ = One 5 


and the condition of transversality (K- a) 0x 


The probability for the radiation process can be 


determined by considerations similar to those of 
the electron case. The energy W radiated from 
the particle per unit time is 


1 py ieel (pbb 
byob Ty gb 


(4) 


where b and b’ are thirty-component functions 


of the wave vectors kg and ke; the primes refer 


to the state of the particle after radiation; wy, is 


the maximal radiation frequency, which depends on 
the momentum of the particle according to the for- 


mula 


() — 
ue ne eS 


the direction of the radiation is determined by. 


cos b= 1 (mB 2k) = me), (6) 


B=v/c, where v is the velocity of the particle. 
The conservation laws are fulfilled: k’ = k—K, 
ko = ky —K/n. The frequency of the light radiated 
from the particle is equal to w = cK/n. 


The classification of the wave functions accord- 


ing to the projection of the spin on the momentum 
of the particle and the normalization with respect 
to the charge ~*Ay,=1 in the calculation of the 
quantity G were carried out with the help of the 
covariant method proposed by Fedorov.° 


In the general case, as well as in the nonrelativ- 
istic approximation, we were faced with exceedingly 
complex calculations, which we were unable to mas- 


ter. The comparatively simple calculation in the 
extreme relativistic case leads, with (4), to 


@m 
eA (E — nh ow cos 9)4 
Ni 7 OR aa \ (t) (32  (E-hay 


Oar 


_, (ho)? sin? 6 
: E—ho (E 


nhw cos 9) + (E — hw) (E — nho cos 8) 
n® (hw)® sin’ 8 yy 
(E—hw)4 |! 


n° (ho)® sind 0 
(E — hw)4 


n4 (iw)! sint 0 
E— ho)? 


+ 4cos? 4 [ -+- 3n? (hw)? sin? 0| 


+ 8cos § sin a] (E -— nho cos 6) -- 87 


— hw 
n® (hw)? sin? 0 


eS ae rae 


Kink | K (3) 


Ya We 6 


md ee Ra ay (5) 


+ 32(E — nhw cos 6)? 


SS sin’ 0 


(E — nh cos 6) i dw, (7) | 


| 
| 
} 
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where 


cos) = 


Hes te tae i ny 2pc 

ie xe (! or came ae 

E is the initial energy of the particle, and Ey = 
me? is the rest energy. 

For a medium with a refraction index close to 
unity (cos 6 +1, sin @ = 0), we obtain from (7): 
iat. ONC ES c 5 pe 

Wire ern cE \ w(E —ho) do, o,, = feet (8) 
( 
If the energy of the emitted quantum is signifi- 
cantly smaller than the energy of the particle 
(hw «< E), then cos @=1/n, and we have for thé 
radiation energy, from (7), 


Om 


VW = — (=) \ wd, (9) 
where only wy = 2pe/(n+1)h(n > 1) depends on 
the index of refraction. 

A specific feature of these results is the unlim- 
ited increase of the radiation energy with growing 
initial energy of the particle. This is in agreement 
with the latest experimental data on the intensity of 
the Cerenkov radiation caused by the particles of 
the cosmic radiation. Jelley notes® that Bassi and 
his co-workers have established, in a series of ex- 
periments on the changes in the intensity of the 
Cerenkov radiation of cosmic-ray particles, that 
the yield of light increases with increasing energy 
for very high particle energies. Jelley’s view’ is 
that this increase of radiation for high energies 
cannot be explained by knock-on electrons, nor by 
any other cause, and that the results of these ex- 
periments confirm the conclusions of Budini, who 
predicted a logarithmic increase of the radiation 
of the particles at extremely relativistic energies 
in dense media, in analogy to the increase of the 
ionization losses at such energies. 

I express my sincere gratitude to Prof. F. I. 
Fedorov for valuable advice. 
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Sciences, U.S.S.R. 


Submitted to JETP editor October 18, 1958 
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Tae theory of finite disturbances in gas, based 

on the differential equations of hydrodynamics with- 
out supplementary assumptions, leads, in the com- 
plete absence of dissipative factors and continuous 
initial conditions, to absurd triple-valued flow pa- 
rameters.! To eliminate this difficulty, Stokes and 
Riemann postulated a flow discontinuity that satis- 
fies the boundary conditions.” Rankin and Rayleigh,® 
staying within the framework of a continuum, ex- 
amined a heat-conduction mechanism by which 
“jumps” can be realized, and considered the re- 
sults of Stokes, Riemann, and Hugoniot as a trivial 
neglect of the dissipation mechanism. Rayleigh 
observed here that the heat-conduction structure 

of a compression wave with a profile that remains 
unchanged in time can be continuous only if 


Psceopl Pigs ORR Nf (3 2) sae at) aL) 


Waves of greater amplitude experience an “over- 
turn” similar to the Riemannian overturn of adia- 
batic wave. The “isothermal jump” (see reference 
4) resolves the Rayleigh paradox, although the 
meaning of such a solution again reduces somehow 
to ignoring, within the scope of the stated problem, 
dissipative factors other than heat conduction (such 
as viscosity and diffusion). In this solution one has 
in mind a radiant heat conduction, but the radiation 
density is neglected, and the conclusion is that the 
structure of a wave of amplitude (1), with the in- 
equality sign reversed, includes the isothermal 
jump. 

Considering, as before, the gas to be a continu- 
ous heat-conducting medium that retains local ther- 
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modynamic equilibrium, we shall show that the iso- 
thermal jump vanishes in a sufficiently hot gas. 
We determine the equation of state 


DP, tp SORT aif (o— pe pa eV (2) 
and the enthalpy 
- 4 Seige / 
= Cl par =(- 5 Pa 4p.)V (3) 


with allowance for the radiation density. By virtue 
of the fact that in such a gas the isothermal veloc- 
ity of sound increases relatively slowly, 
a? =: (Op | Oo)r = (0/ O0)7 (ORT +- 1/3 @yT*) 
=i = pV, (4) 
the following relation is satisfied behind the shock 
wave at certain amplitudes 


= Vite (Pices — Pte) ji (V 00 — Vico) 


(5a) 
= they > at = Vig (Op / V)r, 420 
or 
— (dp [ OV) 1,00 = (Pi-c% —Py,+0) / V +00 
Sa eee Pao V 20) 3 
which leads to the condition 
(D/P) +20 (V—20 / V+ — 1) 
BV eal Vs eos 92) Ae ah] WO 00: (5b) 
It is easy to see, for example from the p-V 
diagram, that condition (5a) is equivalent to stating 
that the temperature is monotonic along the line of 
evolution of the heat-conducting gas within the shock 
wave: 


This is correct also for a non-radiating gas [in 

the latter case we obtain Eq. (1)]. For strong waves, 
from the conservation conditions for the flow of en- 
ergy and momentum 


RVs Vos) 22 tea NO 221) Dyes eo ON rele 
P (Vcs — Vico) = Pro: 


we get the total compression on the wave in the ra- 
diating gas: 


Vin / Vis SPA) pp asT 


ae 6 
for Py ,+00 / Pio I. 
Expressing (py/p)+. in terms of Vio/Vio in 
(5b) we obtain the inequality 


HV sees SV a EE (7) 


which means that waves on which 
View |View 2 4+YV3 +i = 6.45 (for i = 3) (8) 


(we disregard the second root, for we specified 
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large amplitudes) have a monotonic temperature 
profile in the heat-conduction approximation. The 
equality corresponds to the transformation of the 
isothermal jump into isothermal sound. 

In conclusion, I consider it my pleasant duty to 
express my indebtedness to my associates at the 
Institute of Chemical Physics, K. E. Gubkin, O. S. 
Ryzhov, and A. A. Milyutin, for valuable discussions. 
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pp. 383-385. 

3 Lord Rayleigh, Scientific Papers, Vol.5, pp. 
247-284. 
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I N the literature there are several references to 
the effect of ultrasonics on the luminescence!~4 
and photoconductivity of semiconductors.° 

We have examined the influence of ultrasonics 
on the conductivity of a number of semiconductors, 
and have studied specimens of selenium, cadmium 
sulphide, lead sulphide, cuprous oxide, stannic 
oxide and germanium, irradiated with 10 w/em? of 
ultrasound at 600 Kes. In all cases a change of con- 
ductivity was found on irradiation, but analysis of 
these changes shows that the ultrasound does not 
have a specific action on the conductivity, but that 
the effects follow from the heating of the specimen. 
The conductivity did not change immediately on 
switching on the ultrasound, but increased or de- 
creased (depending on the sign of the temperature 
coefficient for the specimen) during the heating of 
the sample on irradiation. Simultaneous measure- 
ment of the temperature and conductivity shows 
that the latter varies as o = o) exp {—E/kT}, ice., 
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there is no variation in conductivity over and above 
the temperature effect. On switching off the ultra- 
sound, the specimen cools down and one finds that 
any temperature corresponds to the same value of 
conductivity, whether it is reached during irradia- 
tion or during cooling. This shows clearly the 
purely temperature action of the ultrasound. These 
results are illustrated in Fig. 1, which shows the 
dependence of conductivity on temperature for lead 
sulfide, on a log o vs. 1/T plot, during irradiation 
(full circles) and on cooling at the end of the irra- 
diation (open circles). 

Similar results were obtained with copper oxide, 
stannic oxide, cadmium sulfide, and germanium, 
but there were some differences in the case of se- 
lenium. We examined two groups of selenium spe- 
cimens, one with positive and the other with nega- 
tive temperature coefficients. On increasing the 
temperature by irradiation the conductivity of the 
former increased while for the latter it decreased. 
The conductivity of selenium showed some hystere- 
sis on heating and cooling (this is shown in Fig. 2, 
in which curve 1 applies to a specimen with posi- 
tive temperature coefficient and curve 2 to a nega- 
tive coefficient). The cause of this instability in 
conductivity was examined in studies of the tem- 
perature dependence of the conductivity of selen- 
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ium.® Investigation of the influence of ultrasound 
on the photoconductivity of cadmium sulfide and of 
selenium also shows that this effect corresponds 
to a thermal action. 

In view of the foregoing, it is essential to have 
some confirmation of a specific action of ultra- 
sound on luminescence, as Leistner did not meas- 
ure the temperature of the irradiated specimen. 
Some differences between the variation of the in- 
tensity of luminescence with irradiation and with 
external heating could be explained by the different 
heating conditions in these two cases. 
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ANNOUNCEMENT 


Beginning with the current issue, this journal will change its trans- 
literation system from that of the Library of Congress to that known 
as the British Standard. This latter has recently achieved wide adop- 
tion in England, and will be used in 1959 by a large number of abstract- 
ing journals in the United States. 

The changes from the Library of Congress system are few; they are 
listed below. The primary advantage of the new system is that it per- 
mits unambiguous re-transliteration from English to Russian. At the 
same time, there is strong reason to hope, and grounds for believing, 
that this system will achieve virtually universal adoption, at least in 
the Anglo-American scientific community, 


The changes are as follows: 


Russian Library of Congress British Standard 
it i i 
TC ts t-s 
bl yj y 
9 e é 
10 iu yu 
A ia ya 


The bar will be placed over the letter y only if the Russian »1 is fol- 
lowed by a‘y or a, 


